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THE ISOLATION OF BIOCHEMICALLY DEFICIENT 
MUTANTS OF BACTERIA BY MEANS OF PENICILLIN 

By Bernard D, Davis* 

From the U. S. Public Health Service, Tuberculosis Research Laboratory, 
Cornell University, Medical College, New York 

Communicated by R. J. Dubos, November 18, 1948 

It is a simple matter to isolate bacterial mutants when the mutants can 
proliferate or survive in an environment which suppresses or eliminates the 
parent strain. There is consequently no difficulty in obtaining mutants, 
even of low frequency, which differ from the parent strain by being resist¬ 
ant to antibacterial chemicals or viruses, or by having decreased nutri¬ 
tional requirements. Mutants with increased nutritional requirements, 
however, have been much less convenient to isolate. Recently developed 
techniques ^ permit a considerable improvement over the earlier prac¬ 
tice of random selection, but still permit selection from only a few hundred 
colonies per agar plate. This paper is concerned with a method of obtain¬ 
ing biochemically deficient mutants from very much larger populations. 
The method is based on the unusual mode of action of penicillin, which 
stm^es only growing bacteria. Mutants which are unable to grow in 
minimal medium therefore survive, while the predominant non-mutant 
population is sterilized. 

Historical Inlroduction. —The systematic isolation of microbial mutants 
with increased nutritional requirements was initiated by Beadle and 
co-workers,^ ^ ® using the mold Neurospora crassa^ and has since been ex¬ 
tended by others to Escherichia coli and other bacteria (cf. 6), and to other 
molds. With respect to the genetic interpretation of the mutations, 
Neurospora has advantage of permitting cither sexual fusion or 
asexual multiplication at will; with bacteria, on the other hand, recom- 
bioation of genetic characters, which has been discovered only recently,’* * 
is apparently a rare event and is demonstrable with few bacterial strains. 
Prom the point of view of thdr use as biochemical tools, however, mutants 
of bacteria have certain advantages, especially with respect to ease of 
handling* Thm rapid multiplication leads to maximal growth in 24 hours 
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or less, arid their growth as discrete cells and isolated colonies, in contrast 
to the mycelial mat of Neurospora, permits precise quantitative treatment 
of populations of any size. Bacterial numbers below the visible level can 
be measured by plating out ojii solid media, while denser growth can be 
measured most simply by turbidimetry. The possibility of aerobic or 
anaerobic growth increases the variety of problems which can be attacked. 
In addition, the uniform production of colonies and streaks on solid media 
permits easy recognition of the production by one bacterial strain of a 
growth factor which diffuses through the agar to stimulate another strain 
streaked nearby.® Finally, as will be described below, it has become pos¬ 
sible to isolate bacterial mutants considerably more efficiently than has been 
possible with molds, although recent developments may also render the iso¬ 
lation of mold mutants quite efficient.*®' ** 

The analysis of the behavior of deficient mutants, so far studied mostly 
with Neurospora, represents one of the major developments in biochemistry 
of the past decade. It has permitted recognition of a number of distinct 
exxzytnic steps in the course of various biosyntheses—a method of excep¬ 
tional interest as the attention of biochemistry is increasingly focused on 
anabolic reactions. This devdopraent may also be expected to have 
several important applications, including microbiological assay; the recog¬ 
nition of previously unknown metabolites which can serve as models for 
synthesis of chemotherapeutic analogs; and perhaps microbial production 
of rare biochemicals, since certain deficient mutants have been shown to 
accumulate the substrate of the absent enzyme.^* 

In particular, illustrating the unity of cellular metabolism,**' **• ** the 
growth factors (nutrilites) of various microorganisms found in nature have 
almost without exception turned out to be essential participants in the 
intermediary metabolism of higher animals and plants. In a number of 
instances the microorganisms have provided the first means of recognizing 
and isolating vitamins (essential growth factors of animals). But since 
the growth requirements of a large proportion of “wild type" organisms 
have already been identified, it appears reasonable to suppose that in the 
future the discovery of unknown metabolites will increasingly depend on 
the production of mutants for which these metabolites are nutrilites. 

Under these circumstances, it would be highly desirable to have a tech¬ 
nique for isolating biochemical mutants of microorganisms more effi¬ 
ciently than has hitherto been possible. The work on Ncurospora has been 
done with mutants obtained by testing large numbers of unselected indi¬ 
vidual spores. The total frequency of detectable biochemically deficient 
mutants following irradiation is reported to be about 2% with Neurospora;* 
maximal values of 6% have been recorded with bacteria. The inddence 
of any given type of mutant is extremely small. With tiiis method it 
would not be profitable to undertake to isolate apecifieaUy any single type 
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of mutant which might be wanted by a biochemist, nor could one expect to 
obtain, except by rare chaiice, those mutants whose frequency of appear¬ 
ance following irradiation is less than perhaps 10""*, and whose existence 
can at present only be postulated. 

A considerable improvement in efficiency of isolating biochemically defi¬ 
cient bacterial mutants has been effected by Lederberg,^ based on the de¬ 
layed production of colonies by the mutants as a result of delaying the 
enrichment of the minimal agar medium until the non-mutants have 
grown for a while. A related method has recently been described which 
involves the production of small colonies of mutants by limiting the amount 
of enrichment.* Both these methods, however, still restrict the search to 
comparatively common mutants, since a maximum of approximately 500 
bacterial colonies per plate can be studied. 

Principle of the Penicillin Method *—The possibility, with biochemically 
deficient mutants, of selectively elittiinating a large non-mutant population 
suggested itself on the basis of the reports'^* “ that penicillin sterilizes only 
multiplying bacteria. The data on which these reports were based show 
only that penicUlin failed to sterilize bacteria in a grossly deficient •men¬ 
struum, such as physiological saline, or in an adequate mediiun kept in the 
refrigerator. In order to test whether penicillin would also fail to sterilize a 
deficient mutant in a medium which was adequate except for the specific 
deficiency, the present investigation was begun by isolating a tryptophane- 
requiring mutant of JS. coli by one of the earlier methods. * This mutant was 
not sterilized by penicillin in a minimal medium lacking tryptophane, while 
the parent stock strain was rapidly sterilized by penicillin in this medium 
(and the mutant in a medium containing tryptophane). It therefore 
appeared that penicillin should be an ideal selective agent for sterilizing large 
non-mutant populations in a minimal medium, while permitting survival of 
those mutants which fail to grow on this medium. Accordingly, a search was 
made for biochemical mutants among the survivors of extensive but incom¬ 
plete sterilization by penicillin. 

Experiments carried out over a period of nearly a year with several 
bacterial species consistently failed to yield any mutants among the sur¬ 
vivors of irradiated populations exposed to penidllin in minimal medium. 
Success was attained, however, when the bacteria were passed through an 
extra stage of cultivation in enriched medium after irradiation, followed by 
washing to eliminate the growth factors present in the enriched medium. 
They were then suspended in minimal medium containing penicillin and 
finally plated in enriched agar media. This modified procedure yielded a 
large number of survivors (up to a hundred per plate, from 10^ organisms 
exposed to penicilHn). These colonies consisted practically exclusively 
(90 to 100%) of a variety of strains unable to grow on minimal medium. 
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The introduction of the extra stage of cultivation was based on the hy¬ 
pothesis that the previous failures were caused by the syntrophic effect of 
metabolites released by the relatively dense populations of bacteria ex¬ 
posed to penicillin following irradiation. This hypotliesis was supported by 
experiments on mixtures of the washed tryptophane-less mutant and the 
stock culture; these showed that the mutant became increasingly suscep¬ 
tible to penicillin in minimal medium when the density of stock bacteria, 
either normal or sterilized by irradiation, exceeded 10* cells per milliliter. 
Since in the early experiments the suspensions used as sources of mutants 
were irradiated until the proportion of viable survivors was 10"“^ to 10"**, it 
was necessary, in order to expose appreciable numbers of viable bacteria to 
penicillin, that the total population density be very high. The extra stage 
of cultivation eliminated the harmful excess of metabolically active but 
non-viable products of irradiation. 

Following this adaptation of the method, it was found that the basis on 
which the extra cultivation had been introduced was not correct after all, 
even though the procedure was successful. Once the irradiated bacteria 
had passed through the intermediate cultivation, a certain number of 
mutants could be obtained even at very high population densities. It was 
therefore impossible to account for the requirement of intermediate culti¬ 
vation simply on the basis of the syntrophic effect. We believe the main 
factor is rather the following. Mutations of the desired type are produced 
by eliminating the function of a gene which nonnally produces molecules 
of a given species of enzyme; these enzyme molecules in turn control a 
step in the biosynthesis of a given metabolite. But when the gene has 
undergone a mutation following irradiation, even though the product of the 
gene can no longer be formed, the pre-existing gene products (enzyme 
molecules) continue to function and to synthesize their metabolites. The 
cell is therefore able to grow to a certain extent on minimal medium, 
and is consequently sterilized by penicillin before the products of the mu¬ 
tated gene are exhausted. During the process of intermediate cultivation, 
however, the original gene products are so diluted out or exhausted that the 
mutants are unable to grow on minimal medium, and hence are insensitive 
to penicillin, To describe this “phenotypic lag” more briefly one might 
say that the new genotype finds phenotypic expression as a biochemically 
deficient mutant only after it has undergone sufficient growth (possibly 
requiring several generations) to lose the physiologic character of the old 
genotype. The syntrophic effect appears also to play a definite but sec¬ 
ondary r61e in detennining survival from peniclUin. Experiments are in 
progress to analyze the syntrophic effect and the phenotypic lag quanti¬ 
tatively. 

By this technique a variety of mutants of JS, coU (“Waksman” strain, 
ATCC #9637) have been obtained with individual requirements for all the 
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naturally occurring amino acids except alanine, aspartic acid and hydroxy- 
proline; for several multiple sets of amino acids; for the naturally occur¬ 
ring purines or their nucleosides or nucleotides; for the naturally occur¬ 
ring pyrimidines or their nucleosides or nucleotides; for the vitamins biotin, 
niacin, p-oxaino benzoic acid, thiamin, pyridoxin and panthothenic acid; 
and for unidentified factors in yeast extract. Mutants requiring vitamins 
have been isolated with less efficiency than the others; we have evidence 
that the syntrophic effect is much more striking with at least some of the 
vitamins, which act as nutrilites in much smaller traces, than with amino 
acids or nucleic acid components, which form the* bulk of the protoplasm. 

The experimental details underlying this paper will be published later. 
A brief protocol of a typical experiment follows, in which only amino acid 
mutants were sought. 

ExperimentaL —A 24-hour turbid culture of E. colt (“Waksman"' 
strain, ATCC #9637) in minimal medium was irradiated for 2 minutes 
in a quartz flask with constant shaking at a distance of 39 inches from an 
ultraviolet mercury lamp (General Electric “Sterilamp"). This procedure 
reduced the viable coimt from 10® per milliliter to 10^ per milliliter. (In 
most exj>eriments the irradiation was more extensive.) One milliliter 
of the suspension was added to 2 ml. of minimal medium supplemented 
with 0.2% tryptic hydrolyzate of casein (Sheffield “N-Z-Case’’), and the 
culture was incubated for 24 hours at 37°C., at which time the viable count 
had reached 1.5 X 10^ per milliliter. The bacteria were centrifuged, 
washed once with water and resuspended in 3 ml. of water. Serial tenfold 
dilutions of the suspension were prepared in water, and 0.1 ml. of each 
dilution added to 3 ml. of minimal medium containing 300 units of crys¬ 
talline penicillin per milliliter. Following incubation at 37 °C. for 24 and 
48 hours, 0.1 ml. from each tube was plated in 10 ml. of minimal agar and 
in the same medium supplemented with 0.2% casein hydrolyzate. (It 
was determined that this dilution of the inoculum in agar was sufficient to 
remove the antibacterial effect of the penicillin.) Because of the frequently 
delayed appearance of colonies following exposure to penicillin, the plates 
were incubated for 48 rather than 24 hours. Table 1 shows the much 
larger numbers of colonies appearing in the enriched mediumi Ten 
colonies chosen at random from one of the plates of enriched medium were 
all found to be biochemically deficient mutants, unable to grow on min¬ 
imal agar. The mutant strains were spot-tested ** for their response to all 
of the naturally occurring amino acids. Because of the multiplication 
during the intermediate cultivation between irradiation and selection by 
penidllin, a number of replicate colonies with the same requirement, 
presumably a clone derived from a single mutation, arc generally found in 
the same plate. In a typical experiment S to 10 distinct types are found 
on a single plate. 
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Discussion. — E. coli was the organism chosen because of its hardiness, 
its ability to grow on the simplest medium, its completely dispersed growth 
in liquid medium, and the large amount of information already available on 
its biochemical mutants. Though it requires much higher concentrations 
of penicillin than those species which are considered fully sensitive to the 
drug, it fortunately shares with these species the requirement of bacterial 
growth for bactericidal action. With more sensitive species the separation 
of mutants from non-mutants by penicillin might well be even more quan¬ 
titative. 

It may be emphasized that those mutants which have survived peni¬ 
cillin under these special conditions are not penicillin resistant in the or¬ 
dinary sense. In the presence of their growth requirements they display 
no resistance to the bactericidal action of penicillin. It would not be ex¬ 
pected that biochemical deficiencies should be associated with resistance to 
penicillin; on the contrary, it has been pointed out that the development 
of a high degree of penicillin resistance by Staphylococcus aureus is accom¬ 
panied by loss of most of the growth requirements of this normally fas¬ 
tidious organism.** 


TABLE 1 


Survival of Mutants and Non-mutants aftbr Exposurb to Pbnicuxin (300 
U./Ml.) m Minimal Medium 


lNOCm.UI« XN S-ltL. tUBB 


-COLONXBS IM rtATIHO OP 0.1 ML.- 


APTICK 24 SMB. XN PBNXCXXXXN APTBK 4S SMB, XN PieNXCXf.LIN 

MINIMAL BNKXCBBD MINIMAL BMBtCHBO 

MBPXOM NBDXOM MBDtUM KBDKJM 


10* bacteria 
10» 

10 * 


ca. 400 ca. 400 

36 162 

7 79 (10/10 mut.) 


12 

1 

0 


61 

67 

36 


So far as is known to the author, penicillin is the only antibacterial 
agent which has been shown to require growth for its bactericidal action, 
but few others have been tested as carefully. Streptomycin* and sul¬ 
fonamides have other modes of action. For microbial species which are 
completely resistant to penicillin it might be worth while to search for at 
least parUal sdection of mutants by other antimicrobial agents. It is 
well known that a variety of disinfectants sterilize cells from the loga¬ 
rithmic phase of growth more rapidly than cells from the stationary phase. 

It was incidentally anticipated, in undertaking this investigation, that 
light might be thrown on the mode of action of penicillin, since a selective 
survival of certain classes of mutants, but not ai others, would have fur¬ 
nished an indication of the site of action of the drug. As it turns out, the 
apparently universal sturvival of all types of non-multiplying mutante 
makes this procedure particularly valuable as a tool for selecting mutants, 
but valueless for narrowing down the search for the point of metabolic 
attack of penicillin . One can conclude otdy that sterilization by this com- 
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pound requires extensive protoplasmic synthesis—an integrated process 
which apparently is interrupted at all points (including the point or points 
of attack of }>enicillin) soon after a deficiency appears at any one point. It 
may be pointed out, however, that actual cell division is not required. 
Considerable sterilization by penicillin occurs during the lag phase, before 
the number of cells has increased in a parallel culture without penicillin.* 

This method as developed so far does not appear to yield quantitative 
survival of mutants, and hence cannot be used for accurate determination 
of mutation frequencies. The total fraction of mutants obtained with 
casein hydrolyzate as a supplement is approximately 10of the viable 
cells exposed to penicillin, whereas a frequency of approximately 10’~* was 
obtained when the same irradiated suspension was tested by another 
method® which permits survival of all the members of a small population. 
The virtue of the penicillin method lies chiefly in the use it pennits of huge 
populations. It is possible by this method to isolate certain specific types 
of mutants conveniently. For example, when it turned out that all of the 
cystine-requiring mutants on hand responded to sulfide, an experiment 
was performed to isolate mutants blocked at another level. Cystine was 
added in the intermediate cultivation, and sulfide in the penicillin tube to 
eliminate the sulfide mutants. Subsequent plating yielded several kinds 
of cystine mutants which did not respond to sulfide. 

The relatively high frequency of several per cent of detectable biochem¬ 
ical deficiencies in irradiated bacteria has been interpreted by Burkholder 
and Giles^® as implying a haploid, uninucleate state of the bacterial cell. 
Otherwise, it was suggested, the heterozygous sets of genes in the same cell 
would lead to mixed colonies, in which the unmutated strain would regu¬ 
larly have prevented detection of mutants by tlie methods in use, which 
involved formation of a colony from each cell immediately following ir¬ 
radiation. Although this argument was advanced in connection with 
BacUlus subiiUs spores, it would apply equally, if valid, to other bacteria, 
which have similar mutation frequencies following ultra-violet irradiation. 
Actually, this interpretation is in conflict with recent cytological evidence 
that bacilli, including £. coli, are multinucleate.®^ Although the residence 
in these nuclear bodies of the genes for biosyntheses has not been proved, 
it seems very probable. The argument of Burkholder and Giles, in any 
case, is open to question if we recall that the irradiated suspensions do not 
contain 1% mutants and 99% non-mutants; rather, in a typical case, with 
10"^ viable survivors, the proportions would be 10*“® mutants, 99 X 10”® 
non-mutants, and 0.9999 non-viable cells which may be regarded in a gen¬ 
eral way as lethal mutants. It is obvious that under these circumstances 
a viable mutant set of genes in a multinucleate cell would almost invari¬ 
ably be accompanied by a lethal set which could not give rise to a mixed 
colony, and presumably would not interfere with the propagation of the 
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viable set of genes. This consideration is also applicable to the sug¬ 
gestion that polyploidy might be a cause of the delayed appearance of 
phage-resistant bacterial mutants. 

Delayed phenotypic expression appears to be much the most likely, 
though not the only possible, explanation of the failure to isolate mutants 
by exposure to penicillin immediately after irradiation; for it seems not 
only plausible, but practically inevitable, that enzymes should persist in 
the cell for some time after radiation has altered the corresponding gene. 
It is not permissible to refer to this process as a “cytoplasmic lag," such as 
has been demonstrated with Paramecium,®^ for we have no certain knowl¬ 
edge of the location in bacteria of either the genes or ^eir products. It 
would be desirable, however, for the biochemical analysis of genetic proc¬ 
esses, to have a collective term for the products of gene action, defined on 
a functional rather than a morphological basis. Genome has long been 
used to denote the sum total of the autoreproductive units (genes) in a cell. 
We here propose the term phenome^^ for the sum total of extragenic, non- 
autoreproductive portions of the cell, whether cytoplasmic or nuclear. 
The phenome would be the material basis of the phenotype, just as the 
genome is the material basis of the genotype. * What has been called a 
delay in phenotypic expression would, then, depend on the transformation 
of the phenome to correspond to the new genome. Since the word pheno¬ 
type is purely formal and has somewhat special implications as ordinarily 
used in genetics, it is suggested that the process under discussion be referred 
to more concretely as a phenomic lag, 

A delay in the appearance of mutants induced by irradiation has also 
been described by Demerec for phage resistance.®** Newepmbe®® has 
recently demonstrated indirectly a similar delay among spontaneously 
appearing phage-resistant mutants, and favors the view that in both in¬ 
duced and spontaneous phage resistance the delay is one of phenotypic 
expression of the mutation. Biochemically deficient mutants are a simpler 
case in the sense that we have some conception of the biochemical nature 
of the change, whereas the mechanism imderljing phage resistance is more 
obscure. The similar delay in phenotypic expression of both types of 
mutation therefore supports the notion that in phage resistance there is also 
an alteration of the composition of the phenome, presumably primarily 
involving one or more enzymes controlled by a single gene. 

Summary,~A method is described for the isedation of biochemic^ly defi¬ 
cient mutants of bacteria. This procedure is based on the fact that peni¬ 
cillin sterilizes only growing bacteria; mutants selectively survive exposure 
to penicillin in a minimal medium whidi is inadequate for their nutrition. 
By this technique a large variety of mutants of JE. coli have, been obtained 
with requirements for amino acids, nucleic add components, and vitampa 

Mutants induced by ultra-violet irradiation do not survive exposure 
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to penicillin in minimal medium unless they are first permitted a period of 
growth, during which the new genotype achieves physiologic expression as a 
deficient phenotype. The term phenome is proposed to denote the total 
extragenic material of the cell, and the term phenomic lag to describe the 
delay in phenotypic expression. 

Syntrophism dso contributes to the susceptibility of mutants to peni¬ 
cillin in minimal medium. 

The excellent technical assistance of Mrs. Harlean Cort is gratefully 
acknowledged. 

* The use of penicillin to isolate biochemically deficient mutants was also developed 
independently by J. Lederbcrg and N. Zitider. Communications by these investi¬ 
gators and by the author are being published in the December 1948 issue of the 
Journal oj the American Chemical Society. 
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RIBOFLAVIN-SENSITIZED PHOTOOXIDATION OF INDOLE- 
A CETIC A CID AND RELATED COMPOUNDS 

By Arthur W. Galston* 

Kbrckhoff Lahoratories of Biology, California Institute of Technology 
Communicated by G. W. Beadle. November 18, 1948 

Indoleacetic acid (lAA) is known to exert profound effects upon growth 
and morphogenesis in higher plants (cf., the review by Went and Thi- 
inann^^). Since its natural occurrence in plants has been directly demon¬ 
strated by chemical isolation (Haagen-vSmit, el its status as a plant 

hormone seems well established. Obviously, any infonnation concerning 
the genesis and disappearance of this hormone is of fundamental importance 
to plant physiology. 

During a series of experiments on the physiology of light action in etio¬ 
lated peas (Galston and Hand*), we noticed that the addition of small 
amounts of riboflavin (Rbf) to the growth medium resulted in a marked 
growth inhibition if the tissue were exposed to light. No such inhibition 
occurred in the absence of light. Since this inhibitioji could be partially re¬ 
versed by the addition of relatively large quantities of lAA to the medium, 
it appeared possible that riboflavin in some way caused the photo-inactiva¬ 
tion of indoleacetic acid. This interpretation was completely confirmed by 
in vitro experiments, as described below. 

Methods. —The test solutions were put into Erlenmeyer flasks of such 
capacity that a layer 1-2 cm. deep was formed. Duplicate series were 
prepared, one being mixed and stored in a dark room, the other being ex¬ 
posed to about 200 foot-candles of light from ''Daylight'' fluorescent bulbs. 
Such light as was necessary in the "darkroom" was supplied by a TVa-watt 
ruby-red bulb. In the determination of lAA, a 1-cc. aliquot of the reaction 
mixture was removed to a test tube, mixed with 4 cc. of Salkowski reagent 
(see Tang and Bonner*^), and allowed to stand for 30 minutes. The inten¬ 
sity of the resultant pink color was then measured in a Klett-Summerson 
photoelectric colorimeter, using a green filter, and the concentration of 
lAA in the aliquot determined by reference to a previously prepared stand¬ 
ard curve. 
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The riboflavin employed was the Merck product, made up into a stock 
solution of 100 7 /cc. and stored in a red bottle in the refrigerator to re¬ 
tard decomposition. The lAA utilized was made up into a stock solution of 
50 7 /cc», adjusted to pH 7.0 and similarly stored in the refrigerator until 
use. 



acid. Solution contained 26 7 /cc. lAA and 10 7 /cc. 

Rbf. 

ExperimefUSn —^Although solutions of indoleacctic add are quite stable 
both in light and in the dark, the addition of as little as 0.01 7 /cc. of ribo¬ 
flavin renders the lAA susceptible to rapid light inactivation. Thus, in a 
solution containing 25 7 /cc. lAA and 1 7 /cc, riboflavin, practically all of 
the indoleacetic add is inactivated within 1 hour. Typical data are pre¬ 
sented in table 1 . 

To determine the time course and rate of the reaction, 26 7 /cc. lAA and 
10 7 /cc, of riboflavin were incubated at 23®C. under the fiuorescatii lights. 
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Every five minutes, a l-cc. aliquot was removed from the ^solution and sub- 
jected to colorimetric analysis. The data (Fig. 1) show that the reaction is 
50% complete in about 16 minutes, 75% complete in about 31 minutes, and 
virtually complete at the endof one hour. 

TABLE i 

The Effect of Riboflavin and of Light on the Disappearance prom Solution of 
lAA. Duration of Experiment, 1 Hour; Temperature, 23®C. 


-- aolutton- 

y/cc. 

>/CC. IAA RIBOFLAVIN 

.—% DrSAFl|*BARAMCB OF lAA -^ 
DARK LlOJtT 

26 

0, 

0 

0 

26 

0.01 

0 

16.0 

26 

0.1 

0 

22.4 

26 

1 

0 

98.8 

25 

10 

i) 

98.4 


8 100 

o 
u 

g 80 

i 60 

z 

p 

S 40 
X 
0 . 

< 20 
< 

0 

0 0.1 I 10 

r PER CC. RIBOFLAVIN 

KIOURB 2 

The effect of riboflavin concentration on the rate of 
photoinactivation of lAA. Solution contained 26 
y/cc. IAA; duration of reaction was 40 minutes. 

If the log of the residual concentration of IAA is plotted against time, a 
straight line is obtained, indicating that the reaction is first-order. The 
reaction rate constant, K, as determined by multiplying the slope of this 
line by 2.303, was 1.2 X 10~* reciprocal seconds. This value checked 
closely with other determinatbns of A made by means erf the formula 
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K 


2,303 

t 



where » original concentration and C — concentration at time t. 

To determine more precisely the relation between rate of tiie reaction and 
concentration of riboflavin, a series was set up similar to that in table 1, but 
aliquots for colorimetric analysis were taken after 40 minutes. As shown in 
figure 2, there is approximately a straight line relationship between the log 
of the riboflavin concentration and the rate of the reaction. This indicates 
that the reaction will be strictly first-order with respect to lAA only in the 
presence of an excess of riboflavin. 

The effect of temperature and of pH on the reaction rate are shown in 
tables 2 and 3. Raising the temperature from 3^C. to 23°C. results in a 
50% increase in the rate of the reaction, and further elevation of the tem¬ 
perature to 48°C, has a proportionately smaller effect. The fact that the 
reaction proceeds best at the lower pH values would indicate that the undis- 
societted molecule reacts more rapidly than does the indoleacetate ion. The 
pK of indoleacetic acid is 4.75 (D. Bonner^. 

TABLE 2 

The Effect of Temperature on the Rate of Photo-Inactivation of TAA. Ali. 

Solutions Have 26 t/cc. lAA and 1 y/cc. Riboflavin 


TtMIS AVTBII start 

OR IIXrilRlMRNT, 

MSN. 

— 

OF IAA PHOTO-INACTIVATBD- 

23°c. 4S®c. 

16 

18.0 

28.8 

32.0 

30 

26.8 

38.9 

51.9 

46 

38,4 

66.3 

60.0 

60 

46.8 

66.6 

70.4 


, TABLE 3 

The Effect of pH on the Rate of Photo-Inactivatxon of lAA, All Solutions 
Have 26 t/cc. IAA, 1 t/cc. Riboflavin, and 0.01 M KH2P04'NAaHP04 Buffer 


pH 

% OF IAA 

rHOTO-INACTlVATBD 
AFTER 40 MINUTES 

4.5 

62.4 

5.6 

60.7 

6.6 

56.8 

7.0 

60.4 

7.4 

44.7 

8.0 

40.0 

9.2 

32.0 


To determine whether the photo-inactivation requires oxygen, duplicate 
flasks containing 25 t/cc, IAA and 1 y/cc. riboflavin were prepared in the 
dark room. Through one flask a swift stream of argon gas was bubbled for 
30 minutes and ^ flask was then sealed. The other flask was kept as an 
aerobic control At rcro time, both flasks were brought into the light. 
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It was noted that the riboflavin in the anaerobic flask became decolorized 
in about 20 minutes, whereas that in the aerobic flask remained bright yel¬ 
low. At the end of 1 hour, aliquots were removed from each of the flasks 
and assayed for residual lAA as before. Whereas 95.5% of the lAA had 
been photo-inactivated in the aerobic flask, only 11 . 6 % had been photo-in- 
activated in the anaerobic flask. Admission of oxygen to the latter flask 
resulted in the rapid disappearance of lAA. This indicates that the reac¬ 
tion may be represented as follows: 

Rbf + Rbf* 

lAA + Rbf* oxidation product + Rbf • Hj 
Rbf-Ha + V20a Rbf + HgO 

The activated riboflavin (Rbf*) therefore acts as a hydrogen carrier between 
lAA and oxygen. 

In order to elucidate the mechanism of the reaction and the nature of the 
products formed, experiments were conducted in a Warburg apparatus 
equipped with a battery of 60-watt bulbs seated under the reaction vessels. 
Into control cups were placed 1 cc. of either lAA (500 y/cc.) or riboflavin 
(20 y/cc.); experimental cups contained both the lAA and riboflavin 
mixed after the cocks were closed. Vessels with and without KOH in the 
center well were employed to determine both O 2 absorbed and possible CO 2 
evolved in the reaction. At the conclusion of the experiment, a 1-cc. ali¬ 
quot of the reaction mixture was removed for the determination of residual 
lAA, and therefore of the quantity of lAA photodxidized. Typical data are 
presented in table 4. They seem clearly to indicate the release of 1 molecule 

TABLE 4 

Gas Exchange During PhotoOxidation of IAA 




-- tm 

0 * CONBUMBD-s 

.- NV COi EVOLVED—. 

icxpr. NO. 

MH IAA 
OXIDISED 

TOTAL 

PER mM IAA 
OXIDIZED 

TOTAL 

PER tm UA 
OXIDISED 

P-308 

2.76 

3.16 

1.16 

, , 

, , 


2,47 

2.91 

1.18 


4 . 

P-314 

2.73 

2.68 

0.96 

2.78 

1.02 

P-316 

2.77 

3,23 

147 

2.94 

1.06 


2.77 

3.24 

1.17 

3.03 

1.09 


of CO 2 per molecule IAA oxidized, and the absorption of about 1 molecule of 
Oa per molecule oxidized, though oxygen absorption values averaged about 
12 % higher than this value. A balanced over-all reaction may therefore be 
written: 

riboflavih oxidation + COj 

IAA + Oa-- 4 

light product 

The nature of the oxidation product is still under investigation and win be 
reported separately. 
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Specificity of the Reactants ^—It became of interest to determine whether 
compounds related to riboflavin and to indoleacetic acid could react in the 
same way. Samples of lumichrome and luraiflavin (originally obtained 
from Dr. J. W. Foster) were made available to the author through the 
kindness of Dr. H. K. Mitchell. As shown by the data of table 5, lumiflavin 

TABLE 6 

Comparative Effectiveness of Riboflavin, Lumichrome and Lumiflavin in Sen¬ 
sitizing THE PhotoOxidation OF lAA. Temperature, 21 


SOLUTION 

•'-% OP XAA DB8TROVBO APTRR-- 

1 MS. 2 OKH. 17 HRS. 

25 y/cc, lAA 

0 

0 

0 

25 7 /cc. lAA 4* 1 7 /cc. riboflavin 

70 

92 

90 

25 7 /cc. lAA 4- 1 7 /cc, lumiclirome 

12 

1 « 

90 

26 7 /cc. lAA 4 “ 1 7 /cc. lumiflavin 

0 

0 

0 


was completely incapable of sensitizing the photo^ixidation of lAA, whereas 
lumichrome reacted at a much slower rate than did riboflavin. 

To determine whether other compounds containing an indole ring could 
be photodxidized in the presence of riboflavin, 10”"* M solutions of such com¬ 
pounds were made up and sensitized by the addition of 10 7 /cc. riboflavin. 
At zero time, a Hopkins-Cole color was obtained by mixing 3 cc. of the so¬ 
lution with 1 cc. glyoxylic acid reagent, 0.2 cc. 0.01 M CUSO 4 and 5 cc. con¬ 
centrated H2SO4. At intervals, aliquots were removed todetennine whether 
the intensity of the Hopkins-Cole color had decreased. Such decrease 
with respect to the zero time color for each compound was taken as evidence 
of its photochemical alteration. All indole compounds tested were found to 
react in the same way as does lAA, although at considerably lower rates. 
A list of such compounds is found in table 6 . 

TABLE 6 

Compounds Capable of Being Fhotochemically Altered in the Presence of 10 
y/cc. Riboflavin. All Solutions Tested Were 10“♦ M 

Indole.Indole aldehyde 

Skatolc.Tryptamine 

Indoleacetic acid.Tryptophane 

Indolebutyric acid.5-Methyl tryptophane 

Possible Biological Significance of the Reaction .—It has been reported by 
several investigators (van Overbeek,^* Burkholder and Johnston,* Konings- 
berger and Verkaaik,* Stewart and Went,^* Oppenoorth,** Gustafson*) that 
tissue exposed to strong light has a lower auxin content than does unillu¬ 
minated tissue. If this auxin is indoleacetic add, then the reaction de¬ 
scribed in this paper may proceed, destroying either lAA, its precursor, 
tryptophane (Wildman, s/ of J*), or both. Whereas it has been reported 
(van Overbeek^®) that only auxin a and b may produce differential growth 
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effects in light and dark, this reaction provides a mechanism whereby in- 
doleacetic acid may also yield such differential effects, as previously re¬ 
ported by Galston and Hand.® 

Since the absorption maxitnum of riboflavin in the visible portion of the 
spectrum (Ca 460 m^) is quite close to the most effective wave-length in the 
action spectrum for phototropism, it is also possible that riboflavin is a re¬ 
ceptor pigment in the phototropic response of plants. Recent demonstra¬ 
tions (Galston,^ Bonner and Thurlow,® Leopold and Thimann^^) that there 
may be a relation between auxins and photoperiodic response of plants may 
also be interpreted by means of such a reaction, although tlie reported ac¬ 
tion spectnim for photoperiodism (Parker, et seems to preclude the 
participation of riboflavin. These and related questions are at present un¬ 
der investigation in this laboratory. 

Summary, —In in vitro studies, it has been fotmd that riboflavin can sensi¬ 
tize the photodxidation of various indole-containing compounds, including 
the plant growth hormone indoleacetic add. Under the conditions studied, 
the reaction goes to completion in 1 hour, Kinetic studies indicate that it 
is first-order. 

The reaction requires oxygen. Warburg manometric studies indicate 
that approximately 1 mol. Os is absorbed and 1 mol. CO 2 is liberated per 
mol. indoleacetic add oxidized. The nature of the oxidation product is as 
yet unknown. 

The reaction proceeds best at the lower pH values tested, suggesting 
that the undissociated lAA molecule reacts more quickly than the indole- 
acetate ion. The reaction rate is somewhat accelerated by an increase in 
temperature. Riboflavin analogs work more slowly than riboflavin, or not 
at all. All indole-containing compounds tested reacted. 

It is suggested that riboflavin-sensitized photo-inactivation of auxin may 
be an important phenomenon in the normal physiology of the plant. 

* The author wishes to express his appreciation to Margery H. Hand and Rosamond 
S. Baker for their expert technical aid during the course of this investigation. 
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A GGREGA TION PHENOMENA IN EGG A LB UMIN SOL UTIONS A S 
DETERMINED B Y LIGHT SC A TTERING MEASUREMENTS* 

By M. Bier and F. F, Nord 

DHPARTMEfn* OP Organic Cbbmistrv,** Fdrdham Univbr3itv. New York 68, N. Y. 

Communicated by F. G. Keyes. November 23. 1948 

Thfe various ultracentrifugal measurements reported for the molecular 
weight of egg albumin are not in complete agreement, as values between 
34,5(X) and 46,000 have been obtained,^** Investigating the behavior of 
this protein, Sjogren and Svedberg® have reported also that, within the pH 
range 4 to 9, egg albumin is stable and monodisperse. 

During the course of extensive studies on the effect of freezing on various 
proteins and enzymes, it was found, however, that freezing causes, solely 
because of its physical influence, a change in the state of aggregation of egg 
albumin, inducing an aggregation at higher concentrations and a disag¬ 
gregation at lower concentrations of the protein particles in solution.^ 
These results were recently confirmed by Neduzhii*^ and others. Further¬ 
more, experiments of Putzeys and Brostcaux,® and of Heller and Klevens,’ 
extended these results by noting that egg albumin also undergoes aggrega¬ 
tion at normal temperatures within the above mentioned pH range of al¬ 
leged stability. 

The causes influencing the state of aggregation of this protein under the 
above conditions were not yet investigated, and hence we studied the fac; 
tors governing the aggregation occurring at normal temperature. To study 
the influence of concentration and time, we adopted the light-scattering 
method, which is very suitable for the study of aggregation phenomena,’ 
the rapidity of the single measurements offering a notable advantage over 
the determination of particle weights by ultracentrifugation. This is to our 
knowledge the first attempt of a study of the mechanism of protein aggre¬ 
gation and denaturation by a continuous direct measurement of changes of 
particle weights. 

Regarding the kinetics of aggregation, Oster® has pointed out that, in a 
system of polymerizing or aggregating particles, the light scattering in¬ 
creases with the progress of the reaction. Namely according to Rayleigh,* 



18 


CHEMISTRY: BIER AND NORD 


Pkoc, N. a, S. 


the intensity of scattered light r, called also turbidity, and expressed in 
terms of the extinction coefficient, is proportional to the number N of par¬ 
ticles per unit volume, and also to the square of the volume of each particle: 

r * ANV^ (1) 

Although, because of aggregation, the number of particles is decreasing, the 
mean volume of each particle is increasing in the same proportion. In a 
polydisperse system the intensity of the scattered light is the sum of the 
contributions from each of the comjionents of the mixture. 

Equation (1) is limited to a system of independent, dielectric, spherical 
particles of small diameter as compared with the wave-length of the light. 
Putzeys and Brosteaux® have already established the fact that no correc¬ 
tion for the turbidity due to depolarization of the scattered light is required 
in the case of egg albumin, owing to the symmetry of its particles, whereas 
the radius, r = 27.2 A, of these particles in the hydrated state, as calculated 
by BuU,^® is certainly small enough as compared with the applied wave¬ 
length (Xair — 4358 A). 

For calculating the particle weight M from the turbidity measurements, 
Debye’s^* formula 

— = + 2 BC (2) 

T M 

was applied, where c is the concentration, is a constant for a determined 
system, and H is a function of the wave-length and of the refractive indices 
of the solvent and the solution. For calculating this constant we used the 
specific refractive increment of egg albumin reported by Barker.*® For 
computing the average particle weight at various states of aggregation, it 
was assumed that the specific refractive increments as well as the coefficient 
B are not affected by the state of aggregation. For highly aggregated par¬ 
ticles, a correction for the asymmetry of the light scattering would probably 
be necessary; this, however, would only further raise the reported values. 

Experimental .—^To determine the intensity of the scattered light we 
modified the photoelectric Tyndallometer of the type described by P. P. 
Debye.** The instrument^ was calibrated with a sample of polystyrene, the 
absolute turbidity of which was determined in Debye's laboratory.* 

The egg albumin was prepared according to the method of La Rosa,*^ 
recrystallized twice, and dialyzed against distilled water for 3 days. The 
preparation of the protein was carried out at 4®C., the resulting 6% solu¬ 
tion being stored at this same temperature until use. 

For each series of measurements the stock solution was centrifuged, fil¬ 
tered in a specially designed sintered glass filter of fine porosity, then trans¬ 
ferred into several rectangidar glass cells used in the Tyndallometer and 
there diluted to the various desired concentrations with distilled water. 
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The cells were then placed in a thermostat and at regular intervals the tur¬ 
bidity of the solutions measured, first allowing sufficient time for the solu¬ 
tions to reach the temperature of the bath. The pH of the solution was de¬ 
termined with a Cambridge meter and found to be 4.18^.20, independent 
of the dilution of the protein solution (no buffers used), remaining un¬ 
changed throughout the time of each experiment. 


12 
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Concentration (g./lOO cc.) 
FIGURE 1 

Change of turbidity with time as a 
function of concentration, (a) 3 hrs. at 
25*^C.; (6)20hrs. at26^C.; (c) 2 hrs. at 
35*^0.; (d) 5 hrs. at S5^C. ; («) 13 hrs. at 
35*^0.: (/) 24 hrs. at 35*C. 



Concentration (g./lOO cc.) 
FIGURE 2 

Change of average particle weight with 
time as a function of concentration. For 
explanation of curves see legend for hgure 
1 . 


Turbidity-concentration curves for the albumin solutions at 
varying time intervals are shown in figure 1, the concentrations ranging 
from 1 to 6%. The temperature was initially kept at 25°C., and then raised 
to 35®C„ as indicated in the legend. Due to the fact that the coefficient B 
of equation (2) was found to be approximately zero, there is a nearly linear 
relationship between the initial turbidities (curve la) of the various solu¬ 
tions and their concentrations. The increase in turbidity with time, which 
is characteristic of the more concentrated solutions, is due to aggregation. 
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At the temperature of 25'^C. only the 5 and 6% solutions show a rapid ag¬ 
gregation, whereas the solutions of lower concentration are relatively stable. 
As we raised the temperature to 35®C. a rapid aggregation occurred also 
with the more dilute solutions,"namely at 2, 3 and 4%, whereas the turbid¬ 
ity of the 1% solution still remained nearly constant. Thus, a very marked 
influence of concentration on the rate of aggregation is evident, and may 
be immediately recognized from the shape of the curves. The aggregation 



Concentration (g./lOO cc.) 
figurb 3 

Change of turbidity with time as a 
function of concentration, (a) 1 hr. at 
20«C. ; {b) 2 hrs. at 40‘’C.; (c) 14 hrs. at 
40X.; (d) 24 hrs. at 40«C.; («) 48 hrs. 

at 40‘*C. 



0 0.210.42 0.03 0.84 1.06 1.26 
Concentration (g./lOO cc.) 
FIOURB 4 

Change of turbidity with time as a func¬ 
tion of concentration, (a) 1 hr. at 26^C,; 
(b) 6 days at 26**C.; (c) 1 day at 30®C. 


proceeds until a visible cloudiness appears, when the turbidity readings 
were stopped. This is the reason why the curves Id, e and/ do not show the 
values for the more concentrated solutions. 

The same results in terms of average particle weight of the egg albumin, 
calculated on the basis of the above-mentioned assumptions, are presented 
in figure 2. Each curve clearly indicates the relation between the concentra* 
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tion and aggregation. By extrapolating to infinite dilution, a relatively low 
value of 37,000 for the molecular weight of egg albumen was obtained, 
which, however, is within the range of the values recorded in the literature. 
In figures 3 and 4 is shown the influetice of concentration and time on the 
turbidity of more dilute solutions: namely, 0.43“2.58% and Q.21-1.26%, 
respectively. Again an initial linear relationship between turbidity and 
concentration was found. On standing, the turbidity increases indicating 
that aggregation has occurred, the rate being of the same over-all depend- 



Change of turbidity as a function of 
time. During the first 20 hrs. the tempera¬ 
ture was kept at 25^C., then raised to 
35*^0. (a) 1% solution; (6) 2% solu¬ 
tion; <c) 3% solution; (d) 4% solution; 
(«) 6% solution; (/) 6% s<rfution, 



FIGURE 6 

Change of average particle weight as a 
function of time. For explanation of 
curves see legend for figure 5. 


ence on temperature and concentration as above. Presentation of the re¬ 
sults in terms of particle weight is omitted, as the curves are similar to those 
recorded in figure 2. 

In figure 5 the turbidity values presented in figure 1 are plotted against 
the time of observation. The turbidity increases nearly linearly with time 
when the temperature is kept constant. The strong inflection of the curves 
is caused by the change of temperature from 25 to 35*C. Similar is the re- 
latiotiship of the increase in particle weight of the egg albumin with time, 
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presented in figure 6 . The same linear dependence of aggregation on time 
was observed in all the other experiments, particularly in that shown in 
figure 4, where the very slow aggregation, due to low concentration and low 
temperature, was measured over a period of 6 days. 

Discussion ,—The rate of aggregation of dialyzed crystalline egg albumin 
was found to be particularly dependent upon the temperature and the con¬ 
centration of the protein solution. However, thus far, no simple mathemat¬ 
ical relationship could be found between the concentration and the rate of 
aggregation. The temperature coefficient Qio, defined as the ratio of the 
reaction rate constants k at the temperatures T + 10 to that at T, i.e., 
kr \^/kr may be calculated from the relation deduced by Oster,® where 
the turbidity, r, at any time, /, can be expressed by the relation 

rr - ANoVo^l + krO (3) 

assuming that the aggregation is a second-order reaction analogous to the 
linear polymerization. From equation (3), by derivation, we easily obtain 

^ 10 {dr/dOr “ r' + 10 ... 

Qiq “ “T— "^'7^ v . (4) 

Whereas for ordinary chemical reactions Qio is 2-3, temperature coefficients 
higher than 600 have been reported for protein denaturations.'® The 
temperature coefficient of our aggregation reaction, while assuming inter¬ 
mediate values between the above expressed limits, was not constant but 
continued to increase with rise in temperature. Further experiments over 
a wider temperature range will be reported later. 

The difference in the temperature constants of the aggregation reaction 
just mentioned and the heat denaturation of egg albumin indicates that the 
two phenomena are not identical. Supporting evidence for this postulation 
is that our solutions during the aggregation do not show any measurable 
increase in free sulfhydryl groups, and do not seem to have their ability to 
crystallize impaired. Both phenomena are characteristic for the heat de¬ 
naturation. The phenomenon seems also to differ from the denaturation of 
egg albumin by adds, as this occurs below pH 4, with larger aggregates 
appearing only below pH 3. • 

We have, therefore, to consider egg albumin as being a very labile system, 
upon the state of aggregation of which a small change in environment, such 
as concentration or temperature, has a profound effect. The influence of 
other factors, such as pH and ionic str^gth, and the particle size distribu¬ 
tion of the aggregates, will be discussed in future communications. 

Summary ,—The particle weight of crystalline egg albumin was deter¬ 
mined by the light-scattering method. Aggregation phenomena were ob¬ 
served at pH 4.20, i.e., within the usually accepted pH range of stability, 
Wberetiis riie turbidity increases linearly with time, the rate of this increase, 
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coinciding with the progress of aggregation, was foiind to be particularly 
dependent on the concentration and the temperature of the solution. Dur¬ 
ing the aggregation no increase in free sulfhydryl groups could be detected, 
and the protein did not seem to have its ability to crystallize impaired, 

* This work had the support of grants of the Bache Fund of the National Academy 
OP Sciences and the Office of Naval Research. 

** Communication No, 168. 

I EdsalP* lias recently discussed the influence of the pH and ionic strength on the 
coefficient B of the proteins. 

t Built by Mr. W. H. Baker, Elmhurst, L. I.. N. Y. 

§ The sample was obtained through the courtesy of Mr. T. J. Deszczynski of the 
Department of Chemistry, Columbia University, New York, N. Y. 
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UNUSUAL GENE-CONTROLLED COMBINATIONS OF CARBOHY¬ 
DRATE FERMENTATIONS IN YEAST HYBRIDS* 

Bv Carl C. Lindeoren and Gertrude Lindbgrbn 
Southern Illinois Univbrsity, Carbondalb 
Communicated by C, F. Cori, November 4, 1948 

The ability of Saccharomyces to ferment different sugars is gene-con¬ 
trolled and we have built up breeding stocks which are differentiated by 
their abilities to ferment galactose, mdiWose, maltose, sucrose, raffinose and 
alpha methyl glucoside (1944, 1947, 1948). Many combinations of gene- 
controUed fermentative abilities which have not been hitherto described 
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have been produced by hybridization* The criterion of gene-control is the 
fact that when a large number of tetrads is isolated from a hybrid, two cul¬ 
tures from each tetrad are fermenters and two are non-fermenters» 

The Fermentation Test .—^The fermentation test is performed in a 12- X 
100 -mm. fermentation tube containing 3 cc. of a 4 per cent concentration of 
the carbohydrate and an inverted insert, 7 X 50 mm. Each tube receives 2 
cc. of the following medium, without added sugar, is plugged with cotton, 
and sterilized with the inverted insert in place. 


COUPONHNTS 


AMOUNT PEN tlTSR 


Peptone 3.5 g. 

MgS04 1 g. 

KHsPOi 2 g. 

Liquid Yeast Extract* 60% dry matter 2 cc. 

Inositol 10*000 tig. 

Thiamin 200 Mg. 

Pyridoxine 200 Mg. 

Pantothenate 200 Mg* 

Nicotinic 200 mS- 

Para-amino-bcnzoic acid 50 Mg. 

Biotin 2 Mg* 

Adenine 2*000 Mg. 

Methionine 2,000 Mg* 


One cubic centimeter of a Seitz-filtered 12% solution of Pfanstiehl car¬ 
bohydrate is then added to make a final concentration of 4%. The tube is 
inoculated with a large loop of organisms from an agar slant and fermenta¬ 
tion generally occurs within 24 to 48 hrs. at 30®C. and results in filling the 
inverted insert with gas. In addition to the gas production, an abundant 
growth occurs. Occasionally growth occurs without gas production, but 
this is rare. 

The yeasts described are all able to ferment glucose and fructose {and 
mannose), and any hydrolysis which splits off one of these hexoses results 
in a positive fermentation test. The conditions in the tube are relatively 
anaerobic and whether an aerated culture might ferment differently has not 
been determined. 

The fermentations are adaptive except for glucose dnd fructose. A posi¬ 
tive test may involve “mutation” and selection of a mutant from an orig¬ 
inally non-fermenting stock, since considerable growth occurs before fer¬ 
mentation begins, or adaptation may occur without mutation. No attempt 
was made to distinguish between these possibilities, for single character dif¬ 
ference is all that one seeks to demonstrate* The tubes are observed for 
several Weeks, but active fermenters usually fiU the insert with gas within 86 
hours. There are occasional slow fermenters that may require from 5 to 10 
to 15 days before fermentation occurs. 

Galaciost-Melibiose Combinaiims.-^Tht fermentation of galactose and 
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the hydrolysis of melibiose are controlled by two independently segregating 
genes. This means that four kinds of progeny are produced when a gamete 
capable of fermenting both galactose and melibiose {G ME) is mated to one 
incapable of fermenting either sugar (g me) \ 

Production of CO2 w^bn Different Sugars Are Used in the Fermentation Test 


OBNOTyPB 

GALACTOSB 

MBLIBIOSU 

G ME 

4- 

4- 

G me 

+ 


g ME 

- 

4- 

g me 

— 

— 


Over 1000 asd have been analyzed in which these two alleles segregate in¬ 
dependently of each other; the gene controlling the ability to ferment ga¬ 
lactose does not interact with the gene controlling the ability to hydrolyze 
melibiose. The existence of a yeast capable of fermenting melibiose. but in¬ 
capable of fermenting galactose, raised an interesting point, since melibiose 
is a disaccharide containing glucose and galactose. Fermentation tubes 
containing galactose or melibiose were inoculated with the four different 
genotypes and, after ten days, each tube was tested for the presence of re¬ 
sidual galactose by the mucic acid test. The following table shows the re¬ 
sults: 

Tests for the Presence of Galactose by the Muck Acid Test in Fermentation 

Tubes After 10 Days 

UBNOryPk OALACTOBB MBLIBIOBB 

G ME 

G me — + 

gME + -f- 

g me + 4* 

Residual melibiose is hydrolyzed by the nitric acid to produce glucose and 
galactose, and the galactose is converted into mucic acid. These results 
suggest that the Afi! gene controls the production of a hydrolytic enzyme 
which breaks melibiose down to glucose and galactose. In the absence of 
the galactose gene, the glucose is fermented and the galactose is left behind. 

Raffinose. —RaflSnose is a trisaccharide in which fructose, glucose, and 
galactose are linked together with glucose as the central molecule. The 
fructose and glucose molecules in raffinose are united by a sucrose linkage, 
and the ability to ferment one-third raffinose depends on the presence of 
the sucrose gene, which controls the production of a hydrolytic enzyme that 
hydrolyzes raffinose into fructose and melibiose. The fructose molecule is 
fermented and the residual melibiose is left behind. 

We have extensive yeast pedigrees in which the SU/su genes segregate 
regularly, producing offsining half of which are fermenters of sucrose and 
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raffinose^ and half of which are non-fermenters. We also have stocks distin¬ 
guished by their ability and inability to ferment melibiose; ME su yeasts 
are completely incapable of fermenting raffinose. 

Production of COj When Different Sugars Are Used m the Fermentation Tubes 

OBNOTYPRS MBLXBIORB StTCROAB BAFPtNOSK 

ME SU + + ^ 

ME 4 . — — 

me SU — « 4 . 4 . 

me su ^ ^ ^ 

Unless some evidence is forthcoming on differential permeabilities, these 
data indicate that (1) the hydrolysis of raffinose depends on the presence of 
sucrase, which is capable of hydrolyzing fructose from the raffinose mole¬ 
cule, leaving residual melibiose, (2) melibiase is not capable of hydrolyzing 
melibiose in the raffinose molecule, (3) the complete hydrolysis of raffinose 
depends on the presence of both melibiase and sucrase, the latter acting 
first. 

Alpha Glucosuies .—In alpha methyl glucoside and maltose, glucose is 
linked to the molecule by an alpha glucoside bond. Alpha methyl glucoside 
is used as an indicator of maltase because of the widely accepted view that 
they are both hydrolyzed by the same enzyme. We have discovered, how¬ 
ever, that different genes control the ability to hydrolyze alpha methyl glu¬ 
coside and maltose. The gene controlling the hydrolysis of alpha methyl 
glucoside is segregated independently of that controlling the hydrolysis of 
maltose and four kinds of yeast genotypes are obtained from heterozygous 
hybrids: MG MA , Mg ma, mg MA and mg ma. 

The MG ma and mg MA genotypes are unexpected since alpha (methyl) 
glucosidase is supposedly capable of hydrolyzing both maltose and alpha 
methyl glucoside. It has frequently been shown that the same enzyme is 
capable of hydrolyzing both substances in vitro. The data which we present 
do not contradict this view; the alternative explanation would require that 
the membranes of non-fermenters are impermeable to the specific carbohy¬ 
drate. The possibility that maltose is toxic to the maltose non-fermenters 
has been tested and excluded by the fact that in mixtures of alpha methyl 
glucoside and maltose, the alpha methyl glucoside is fermented, MG ma 
yeasts which are actively fermenting alpha methyl glucoside, when intro¬ 
duced into maltose, do not continue to ferment; the ma gene is a stable 
non-fermenter in the MG ma type. 

The existence of this variety of genotypes suggests either (1) that specific¬ 
ally different enzymes control the hydrdysis of alpha methyl glucoside and 
maltose or (2) that the genes involved control specifically different perme¬ 
abilities. 

From heterozygous hybrids, wc obtain eight kinds of progeny with re** 
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gard to the fermentation of alpha methyl glucoside, maltose and sucrose. 
Regularly segregating SU/su alleles can be introduced with the stock and 
members of each of the above four classes incapable of fermenting sucrose 
are available. ^ 

We are indebted to Dr$. S. Hestrin, J. O. Lampen, and Carl F. Cori for 
valuable criticism and helpful advice. 
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Dr. Caroline Raut has eliminated the possibility that the MA and MG genes control 
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A THEOREM ON CON VEX BODIES OF THE BR UNN-MINKOWSKI 

TYPE 

By Herbert Btjsemann 
University of Southern California, Los Anoblbb 
Communicated by S. Lefschetz, October 7, 1948 

The present note establishes a theorem on convex bodies in the w- 
dimensional Euclidean space E'* which is a coimterpart to the Brunn- 
Minkowski Theorem. The following formulation of the latter [compare 
Bonnesen-Fenchel, Thearie der konvexen Korper, Berlin, 1934 (quoted as 
B. F.), pp. 71,72] will exhibit the analogy; 

In let if be a convex body with interior paints and P a two-dimen¬ 
sional half-plane bounded by the line L. Let the hyperplane normal to L 
intersect K in the non-empty set H t\ K with (n — l)-dimettsional volume 
V{H r\ K). If (H n K) is laid off from the fwint H n £ on the 

ray H n P, then the restilting curve in P is convex (and turns its con¬ 
cavity towards L). 

The present theorem is concerned with the intersection of K by pencils 
of non-parallel hypeiplanes : 
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L In hi K be a convex body with interior points, L an {n — 2ydi- 
mensional linear space which intersects K, and P a 2-difnensional space 
normal to L at a point 0, Any half-hyperplane H bounded by L intersects 
K in a non-empty set II n K, If the (n — 1)-dimensional volume V{H n K) 
of H r\ K is laid off from 0 on the ray II f\ P then the resulting curve C is 
convex (C contains 0 in its interior if L contains interior points of K, other¬ 
wise P lies on C). 

Both theorems remain true, but are trivial if K has no interior points. 

Notice the following Corollary of I; 

IL Let K be a convex body in jET with 0 as interior point and center. 
If for any hyperplane H through 0 the volume V{II n K) is laid off from 0 
on the normal to H at 0 {in both directions), then the resulting surface S is 
convex, 

II follows frotn I because it suffices to know that the intersection of S 
witli a two-dimensional plane P through 0 is a convex curve C'. But C' 
originates from the C of I by revolving C in P about 0 through r/2 and 
tl.en dilating it in the ratio 2; L 

The result II is decisive for the theory of area in Finsler spaces and 
more specifically in Minkowski (or finite dimensional Banach) spaces. 
Its applications will be found in the author’s series of articles on “Curva¬ 
ture and Angle in Non-Rieniannian Spaces” which is appearing elsewhere. 

Theorem I is trivial for w = 2, so that n ^ 3 will be assumed in the proof. 
It may also be assumed that L contains interior points of K, because the 
other case follows from this one by an obvious limit process. Then V(II 
n K) > 0 for every half-hyperplane H through L. 

Let r and f be non-opposite rays in P with origin 0, and q a ray with 
origin 0 in the angle with legs r and f. Let the segment connecting the 
points r< r, 5 c f (r, 5 0) intersect q at q. If Z (r, q) « Z (q, f) = /J' 

then the fact that the area of the triangle ors equals the sum of the areas 
of the triangles orq and oqs yields 

or os sin (a' + /?') = or oq sin a' + oq os sin 

hence 


oq or os sin (a' fil/{or sin a' + sin /?')• (1) 


Let Hr, Hi, Ilg denote the half-hyperplanes bounded by L and through 
r* f, q, respectively. Then (1) shows that I is equivalent to the statement 


V(H n > sin (a' + $')V{Hr t>K)V(H,r ^ K) 

^ sin a' V(Hr n X) + sita /J' V(.H, n K) 



Witl> the notations a '*■ sin ^ sin fi', < sin (a' + ff') and V(II^ o 

K)-D. V(Hr nK) -‘A, V(H, n K) ^ B. the relation (2) becomes 
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D ^ iAB/{aA + fiB). (3) 

Let AziBy) denote the set at which the (n ~ 2)-dimensionaI space 
parallel to L through the point r with or =» a: on r (s with os y on {) 
intersects K. If A^By) is the (n — 2)-diniensional measure of AtiBt), 
then 


A = fAzAx B = fB^Ay. 

Following tlie original idea of Brunn for the proof of the Brunn-Minkowski 
Theorem, we map the interval of r for which 0 on the interval of f 
for which B, ^ 0 through the relations 

pA - fo*AAt pB = fo^BAt, 0 ^ p ^ 1 (4) 

so that 


dx ^ A dy B 
dp Az dp B^ 


(S) 


Sinc^if is conve)^it contains for every p the convex closure C, of Az^,) 
and Bd(p). Since Az and By lie in in — 2)-dimensiona! spaces parallel to 
L, the set C, lies in the hyperplane H, through these two spaces. 
intersects //, in an (n 2)-dimensional space parallel to L and q itself in 
a point whose distance «(p) from 0 is by (1) 


«(p) = 6x{p)y{p)/[otxip) + dy(p)]. 

hence by (5) 


( 6 ) 


du ax*y' + jSy®*' ^aBx*By^ -j- fiAy^Ax^^ 

dp (oac + /3y)* , (ax -|- ^y)> ^ ’ 

The intersection C„(,) of C, yvith H, lies in P » //, ft K because = 
Cy n Ily c K n n//, « p ri Therefore, if C«(,,) is the (» — 2)- 
dimensional measure of 


o » / «. - i f'c.,, ^ iL ± My 'AL 
J Jo •“ («, + g,)- 

In the original triangle orq we find, if F = oqr, that 


dp. 


(H) 


hence 


or:rq « sin F:a, os:qs = sin (w - 


rq-.qs = or-a.os-ff. ( 9 ) 

If (9). is appUed to the points q, r, s with oq - u{p), or >» *(p), os * y(p) 
then fjrjr equals the ratio of the distances dr, d, of if, n H.homH n H 
andjff, n£r.: ' 
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dr'.dt « oex:$y* 


( 10 ) 


Therefore the Brunn-Minkowski Theorem (compare B. F., p. 88) yields 
applied to 5y(p) and that 


01 ) 


W/(f»«2) > _ At/(n-2) i ^ 

ax + fiy ax + fiy 

hence by (8) and (11) 

pAy*AZ^){ax + fiy)~*dp. (12) 

In order to prove (3) it suffices to show that the integrand tn (12) is for 0 < 
p < I not less than AB(aA + /^B)””*. A similar procedure as in the proof 
of the Brunn^Minkowski Theorem in B. F., p. 89, will be used. If « — 
(n — 1)^\ then 

vV(«-9) 


( A 

J l i^ ) + 

aBx^ , My ■ ,x. 




B, Ax 


+ *‘+*«B* 


B. 


4t -» 

Putting t = the integrand in (12) may be 

written as 

,l/(«-2) / R \l/(n-2)nii-2 


r / >4 \ f B \ 


(1 - 


1 


B’~v 


B, 


] 


(a* + dy)" 


(13) 


By Jensen*s Inequality (compare Hardy, Littlewood, Polya, Inequalities^ 
Cambridge, 1934, Theorem 16, p. 26) 

[(1 - t ) aV ’’ + [(1 - Oof ’ + to ,-*]-' 

forO < / < 1, a*> 0. i»> 0 (14) 

and the equality sign holds only when a\ «* at- 
Application of (14) to (13) with » n — 2 yields that the integrand in 
(12) is at least 


(»^+*aB« + y^-^’dA')"-* /a*.**B‘+iJyyAY-‘ 1 


(ooc + $yy 


/ gyy’B* + gyyA* y 
\ ax + Py ) 


eac+ Py 


(15) 


Applying (14) again with >< « n — 1 - «“> and t » fiyiax + |8y)”‘ to the 
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first factor on the right in (15) yields that (15), and therefore the integrand 
in (12), is at least 

1 • ^ AB 

\ otx + fiy J ax ffy oA + fiB 

which proves Theorem L 

Conditions for the equality sign in (2) are important for several applica¬ 
tions. Because of the continuity of the functions involved, the equality 
sign in (2) requires the equality sign in (11) and in the two cases of Jensen's 
Inequality. Moreover C^ip) must coincide with D n //^. 

The equality sign holds in (11) only if the sets A^ip) and By(p) are homo- 
thetic (see B. F., pp. 72 and 88). The condition a* = for equality in (14) 
yields in the two cases 

AJA^^y^^ « andxB - yA 

so that Ax =“ By, 

Therefore Ax and xBp are not only homothetic but congruent. The 
relation x:A = y :B shows then that A ^ Hr o K can be transformed into 
B ^ Hg f\ K by revolving A about L through a' + and dilating it at 
the ratio B:A in the direction of f. If w' is the point of B into which 
the point w of ^ is mapped under this transformation, it is easily seen 
that the segments connecting w to form a convex set E when w Iran verses 
At so that E is the convex closure of ^ u 5. Clearly the equality sign 
holds in (2) for K - E, Thus we find 

III. The equality sign holds in {2) if and only if Hr ^ K can be trans¬ 
formed into Hg K by a rotation about L and a subsequent dilahon tn the 
direction of f, and Hp K is the intersection of Hg with the convex closure 
of Hr n KandHg r\ K. 

From III and the fact that E is the union of the segments connecting 
w and w' we obtain the following addition to IT. 

I la. The surface S in II is strictly convex if K is strictly convex. 

But III shows that the strict convexity of K is not a necessary condi¬ 
tion. 


THE n-ALITY THEORY OF RINGS 
By Alfred L. Foster 

Department op Mathematics, University op California at Berkeley 
Communicated by G, C. Evans and read before the Academy, November 17, 1948 

I, Introduction .—The classic duality-symmetry which is exhibited 
by Boolean rings (and Boolean algebras), far from being characteristic of 
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this class, is actually a phenomenon inherent (though usually dormant) 
in all rings. This ring duality has been presented and variously explored 
in a series of papers. 

The present communication is intended as a brief partial r6sum4 dealing 
with extensions of this duality theory to n-ality^ and more generally to 
K-ality theories, corresponding to various groups K of admissible "co¬ 
ordinate transformations.'* The specialization jST » C = complementation 
group, of order 2 (see §3), yields the original ring duality, which latter we 
now designate as simple, or mod K, to distinguish it from rival theories. 

The elevation of the simple theory to the general iC-level, and a proper 
refinement thereof, throws new light on certain previous results on the 
C-level, particularly in connection with questions dealing with the (simple) 
logical-algebra definability of rings. However, the most important current 
results on the if-level center around the new concept, ring-logic {K). 
Roughly the latter is defined as a ring which both uniquely (equationally) 
determines and is uniquely (equationally) determined by its if-logical- 
algebra. On the simple level, for instance, a Boolean ring is a ring-logic 

(O. 

We introduce p-rings, a natural generalization of Boolean rings (which 
are coextensive with 2-rings), formulate their p-aliiy theory, and establish 
that 3-rings form a new class of ring-logics. These 3-ring-logics subsume 
the familiar 3-valued-ldgic; moreover, the relationship between the latter, 
general 3-rings, their logical algebras and the enveloping tri-ality theorem 
on the one hand, forms an exact generalization of the relationship between 
2-valued logic (= logic of propositions), general Boolean rings (« 2- 
rings), their logical algebras and the encompassing duality theory on the 
other. 

2. Fundamentals of the Simple Duality Theory, —If {R, +, X) is a ring 
(with unit), the concepts of R occur in dual pairs. For example, 0 and 1 
are dual elements; X, X'; *, are respective dual pairs 

of operations, the latter being self-dual, where 


aX'i«a + &-~(aX6) 
a X & « a +'i (a X'6)J 
a +' & =® a + i — 1 

a—— i-fl 
a — '6-f'O 


dual ring products 
dual ring sums 


( 2 . 1 ) 


^ dual ring differences 

= 'a (self-dual) ring complement 

Restricted for brevity to these concepts one has^* * the 
(Simple) Ring Duality Theorem. If P{0, 1; X, X'; 

is a true proposition of a ring (R, +, X), ^hen so also is its dual 


dl.P -- P{h0; X', X; +\ +; 


*) 
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obtained by replacing each argument by its dual, as indicated, with * left 
unchanged {self-dual ). 

Illustrations of the duality theorem in an arbitrary ring are given by the 
various dual relations (2.1). Again, by 


(a X i)* 
(a X't)* 


o* X' 6* 
a* X 


} 


ring "De-Morgan” formulas. 


( 2 . 2 ) 


a** = a, 0* = 1, 1* = 0 (2.3) 

{R, +. X) is a ring with 0 as zero element and 1 as unit. 

{R, +', X') is a ring with 1 as zero element and 0 as unit. (2.4) 

As additional illustrations, in a Boolean ring (or, more generally, in a 
Boolean-like ring,') one has 


a -h 6 = (a X 6*) X' (o* X b) 
a -f' i = (a X' 6*) X (o* X' b) (2.5) 


Again, in a field, for instance, 

-f 5 * o X' 6 X' (o'? X fe») 
)a+l=“l-fa>=aX'a’® 

■ )1 -t- 1 = o X'®'" X'a«' 

(l -f 0 ■= 0 + 1 * 1 

(o -f'6 = a X 6 X (a» X'b^) 

ab- 0 0® ® X 

10 •+■ 0 = a X o®' X a*® 

(o -f' 1 ■= 1 +'0 » 0 


(a =*: 1, fe =*■ 1) 
(a «*> 0, =*» 1) 
(a 0, >*= 1) 

(a * 0, 6 * 0) 
(a * 1, =t 0) 

(a 1, * 0) 


(Here a* and a® are the X and X ' inverses of a, respectively.) 

If R is a Boolean ring, the dual products X, X' reduce to the logical 
product, n , and logical sum, u , respectively; * to the Boolean comple¬ 
ment, -, and duality and "De-Morgan” theorems to the corresponding 
Boolean theorems. 

With this latter specialization as motivation, in an arbitrary ring the 
(operationally closed) system {R, X, X', *) was introduced in reference 1 
as the (simple) logical algebra, or briefly the logic of the ring. This is 
an illustration of a "mixed” concept; a ring in either of the forms (R, -f , 
X) or (2?, +', XO is “pure,” that is, formulated within a single “co¬ 
ordinate system,” but “mixed” in the fcwro {R, +, X, +', X', *). A 
(simple) logical concept of a ring is one definable in terms of the logical- 
algebra of the ring; a (simply) logically d^nable ring is one whose ring 
sum, +, and therefore the entire ring, is a simple logical (« C-logical) 
concept. It has been shown that Boolean rings,'- *• * Boolean-like rings,' 
fields,® and integral domains are examples of C-logically Hofinnhi^ rings. 

3, General Transformation Theory .— ^If V ■= ...} is a 
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(with or without structure), y, ...) any multitation of (« operation 
of one or more arguments in) and p(jc) any permutation (— 1-1 mono- 
tation) of U, with inverse written p“", then in the “p coordinate system^' 
the “point” x receives the new “codrdinate” p(3c:), and the multitation ^ 
“becomes” where 

= p~(<p(p{x), p(y), ...). (3.1) 

Based on this simple extension of the “transform” concept, the traditional 
(a) transformation and invariant theories (various groups, tensors, ma¬ 
trices, etc.), in all of which the underlying (6) “computational” disciplines 
(analysis, arithmetic, a particular ring—in fact any operational algebra) 
arc regarded as absolute invariants (unchanged by coordinate transforma¬ 
tions), may be brought under a single unifying theory in which a given 
such “computational” discipline may itself profitably be thought of as 
transforming “cogrediently,” or sometimes “contragrediently” with 
changing “codrdinates.” 

We consider here only rings. If (i?, +, X) is a ring and K a preassigned 
group of codrdinate transformations in (« permutations of) the set R, 
then in the p coordinate system the basic ring operations become 

a + b a b = p^(p(a) + p(b)) . 

a X b a Xp b p“*(p(<2) X p(b)) 

If 4-^, .. ^ and X, X', X^ ... are the (conjugate) classes {+^1 

and { Xpl of all transforms (3.1) of + and of X by the various p § K, then 
{R, +, X), (Rf X')t •..» etc., denote the “same” ring, in different 
codrdinates, precisely as in the (subsumed special) case of tensors, ma¬ 
trices, etc., in different codrdinates. 

If, in particular, the admissible group K of coordinate transformations 
is chosen as C (order 2), 

X* « 1 ““ X, X ** X « identity, (3.3) 

the C-ality ring theory reduces to the original simple theory. Further 
specialized to a Boolean ring, for instance, the duality of logical-sura 
u (« XO and logical-product n (« X) is simply a way of saying that 
these are identical notions, expressed in different codrdinates. 

For general K the Kdopcal algebra (« K4ogic) of a ring (i?, +, X) is 
defined as the (operationally closed) system 

(R, X, X', X". ....f,p,p',p", ...) (3.4) 

whose operations are the various monotations f (* identity), p, p\ p^, 

... of iC, and the (conjugate set of bitatiems) X ^ XX . of tranrforms 
(3.1) of X by the f, p, p', ... of K. 

A ring is: (a) Kdogically definable if its ring sum, + ^ (and hence the whole 
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ring) is a iC4ogical concept; {b) J^-logically equationally definable if its 
+ is compositionally generable by the iC-logical operations X, X^ X', 
■ -I ?i P, or, what is equivalent, if its + satisfies an identity 

a + b ^ tpia, b) (3.5) 

. a. b 

where <p is compositionally generable by a X ^)» p(fl)* pX^) * • t 

(t) K-logicaUy fixed if it is A’-logically definable, and if no ring (jR, +u X) 
exists (on the same class R and with the same X» but with different ring 
sum +1, =*= +), which is iC-logically definable. 

On the C-level the following results are established: 

Theorem I. (1^) A Boolean ring is C4ogically fixed and equationally 
definable, {2^) A Boolean-like ring is C4ogically definable but not in 
general Cdogically fixed. (5°) A field is C-logically fixed, but not in general 
C-logically equationally definable. 

We introduce the concept ringdogic (K) as sjmonynious with a ring which 
is both jFl- logically fixed and equationally definable. The above Theorem 
asserts that a Boolean ring is a ring-logic (C), while a field, or a Boolean¬ 
like ring is generally not. In a ring-logic (K) we capture in generalized 
form the extreme intimacy between ring and logical algebra which, on the 
C-level, is exemplified by the class of Boolean ring-logics. The generalized 
parallelism is still closer when the jfiC-ality theory which permeates ring 
and logic is recognized. 

4. p-Rings ,—We arrive at a new class of ring-logics by considering 
p-rings, a natural generalization of Boolean rings. A p-ring {p = prime 
integer) is a commutative ring with unit (5, +, X), in which for all a tS 

of «aXaX,..Xa«a (4.1) 

pa «a + a+ ...+«*0 (4.2) 

Thus the concepts 2-ring and Boolean ring coincide; for = 2, (4.2) 
follows from (4.1), but not for p> 2, For given p, the simplest p-txng is 
{Fp, + X), the field of residues mod p. As in the special Boolean case, 
all finite /?-rings are direct products 

X X X ... X F, (4.3) 

of the prime field F„ and hence have p^ elements. We here omit con¬ 
siderations of general ideal structure. 

The "cyclic negation group’' N (of order p) of a p-ring is the cyclic group 
generated by 

« h + X (4.4) 

(For 2-rings N is seen to be identical with C, since x^« l + x«l —x« 
X* in a Boolean ring.) 



MATHEMATICS: A. L. FOSTER 


FBoa N. A. S. 


Since we here consider only the above group N of coordinate transforma¬ 
tions in a J>-ring, we may omit reference to it. Thus, />-ality *-* p^ity 
(iV), etc. 

Each p-nn% has a p-ality theory, that is, each concept or proposition of 
the ring is one of a p-al set of p such concepts (or is self p-al, i.c., the same 
in all admissible coordinates). For convenience, however, we shall deal 
with the tri-ality case (p = 3), from which the form of the general p-ality 
theorem will at once be clear. For p = 3 we abbreviate = ac'', and 
hence 


^Av ^ ^ ^ ^ 

= x\ x'^ = x^. 


(4.5) 


From (3.1) and (4.4) the tri-als if the ring product X are given by: 

a X'h ~ (a''X b'^)^ a X b + a + b 
a X" b ^ (a'' X b'^)'' ~ a X b + 2(a + b) + 2, 


and similarly 

a b = (a'' -+■ b'')'* => o -H 5 + 1 

fl ^ J Dt (flV jv)A »= o ft -j. 2 

a b = {a^ — = 0 — 5—1 

a b (flP — b'^'' = 0 — 5 — 2 


(4.7) 


In a formula a “multiplicative” constant, such as the 2 in 2 (o -f 5) is 
an apparent (or removable) constant. 


2(o -|-5) = o-f-5-i-o-|-5 

An “additive” constant is real. 

Theorem II. Tri-ality Theorem for 3-Rings. 

Let 


P(p, l,2; X, X’. X"; +, +'. +"; ^ '') 

be any true proposition in a 3-ring, S, where P involves no apparent constants. 
Then each of the propositions tri-al to P, 

P' = P{2,0,1; X', X'.X; +\+*, + ; .... 

P' - P{J, 2 , 0 ; x\ X, X'; ^ ^ 

obtained by (a) leaving each of the operations unchanged, (5) applying any 
cyclic permutation “cogredietUly” to aU other operations, and (c) the "corUra- 
gredient" (= inverse) permutation to the real constants, is again a true prop- 
osition of S. 

The “contragredient” element is not apparent in the duality case p = 2, 
since in this special case = x* is its own inverse. The sdf-tri-aU^ 

of ^ as well as ^ is similar to the situation for * in Ihe Boolean case. 
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Of the multitude of illustrations of the tri-ality theorem in any 3-ring 
we can here mention only two of the simplest. 

Theorem III. Transformation Theorem {or **De Morgan*' Formulas) 
for 3~Rings, In any 3~ring, 

aX' b == X b^)^ = (a^ X' b^)^ 

a X" h ^ (av X = (a"" X' (4.9) 

a X b ^ (a^ X*" b^y = {a^ X' b^)^ 

These are the equations of “conversion” from each permissible coordinate 
system to any other such. Similarly the conversion formulas for the tri-al 
ring sums and differences are given by 
Theorem IV. In any 3-ring, 


a 

+ ’b 

* a 


b + 1 = 

a 

+ 

'b 

+ '0 

a 


a 

+ 

b + 2 = 

a 

+ 

b 

+'0 

a 

4 - b 

a 

+ 

" b +* 2 - 

a 

+ 

b 

+• 1 

a 

h 

— a 

— 

b - 1 = 

a 

— 

' b 

-• 0 

a 

b 

« a 


b - 2 = 

a 

— 

b 

-'0 

a 

- b 

sx a 


" b 2 == 

a 

— 

b 

1 


5, 3-Ring-Logics. —For 3-rings, always referring to the cyclic negation 
group N (of order 3), we have established 

Theorem V. Fach 3-ring (S, +, X) is a ring-logic, with + logically 
definable by the egmtion 

a ^ b ^ alf" X' a^b X' a’^b'* (5.1) 

This theorem may readily be tri-alized. 

Since N ^ C for Boolean rings (=2 rings), if one compares (5.1) with 
the corresponding formula for 2 -rings> namely 

a + 5 ~ ah'" X ' af^b 

it is found that neither “covers” the other, that is, neither reduces to the 
correct formula for + in the other ring. It is conjectured that no (other) 
equational and logical definitions of + for ^ « 2 and /> « 3 exist which cover 
each other, and similar conjectures seem reasonable for />-rings and p'- 
rings, for p ^ 

Exactly as the logic of propositions (=« 2 -valued logic) is mathematically 
equivalent to the simplest 2-ring (« field-logic Fa), so the 3-valued logic is 
mathematically equivalent to the simplest 3-ring, the field-logic Fs. In 
3-valued logic the “logical language” is (F», X, X', 'Of while the 

“ring language” is (F*, +» X). The tri-ality theorem reigns over both of 
these, as it does over any 3-ring-logic, and throws new light on the 3-valued 
logic. We cannot enter into the details of this here. 

One of a number of basic questions opened up by the foregoing theory 
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and not yet completely settled, is the following: Given a ring Rj is there 
at least one group K which is fully adapted to jR, that is, which will convert 
R into a ring-logic (K)? 

^ Foster, A. L., “The Theory of Boolean-Like Rings/' Trans. Am. Math. Soc., 59, 
166»187 (1946). 

* Foster, A, L., “The Idempoteiit Elements of a Commutative Ring Form a Boolean 
Algebra; Ring Duality and Transformation Theory," Duke Math. 7., 12, 14:3-152 
(1945). 

* “Maximal Idcmpotent Sets in a Ring with Unit," 13, 247-258 (1946). 

* Foster, A. L., “On the Permutational Representation of General Sets of Operations 
by Partition Lattices,” to appear in Trans. Am. Math. Soc.^ June, 1949. 

* Foster, A. L., and Bernstein, B. A., “Symmetric Approach to Commutative Rings 
with Iluality Theorem: Boolean Duality as Special Case,” Duke Math. 11, 603-616 
(1944). 

* Foster, A. L., and Bernstein, B. A,, “A Dual S)rmmetric Definition of Field,” Am. 
J. Math., 67, 329-349 (1945). 

Harary, F,, “The Structure of Boolean-Like Rings," in process of publication. 


ON A THEOREM OF DIEUDONNE 
By ^aul R. Halmos 

Department op Mathematics, University of Chicago 
Communicated by A. A. Albert, November 12, 1948 

1, The fact that a measure preserving transformation may be decom¬ 
posed into ergodic parts was proved first by von Neumaim, under the 
assumption that the domain of the transformation is an w-space (- a com¬ 
plete, separable, metric space with a regular measure).^ Several years 
later I defined the concept of direct sum for measure spaces and, in terms of 
this concept, proved a more general decomposition theorem for measure 
spaces subject to certain separability restrictions.® My proof rested on a 
lemma, stated by Doob, concerning the existence of certain measures on 
such measure spaces. It was recently pointed out by Dieudonn4 that 
Doob’s lemma and my decomposition theorem are both false.* The 
situation, in greater detail, is that my proof of the decomposition theorem is 
valid for a measure space if and only if the conclusion of Doob's lemma is 
correct for that space. An examination of Doob's proof shows that his 
concli.sion is certainly correct if the measure space in question is the unit 
intei^al. Since, however, there is a wide class of measure spaces (called 
normal) for which it is known that they may be put into one to one measure 
preserving correspondence with the unit interval,* a large part of my 
original decomposition theorem is saved—all that has to be done is to re¬ 
place the original separability assumption by the assumption of normality. 
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Since every non-atomic w-space is normal, and since the few additional 
considerations required by the possibly atomic case are trivial, my treat¬ 
ment for normal spaces still constitutes a generalization of von Neumann*s 
theorem and a simplification of his proof. 

In addition to finding the error in the decomposition theorem as originally 
stated, Dieudonn^ has also proposed two partial replacements of it.® 
Since the second of these deals with compact (and a fortiori complete) 
metric spaces, it follows from the remarks in the preceding paragraph that 
that theorem is in fact a special case of the decomposition tlieorem for 
normal spaces. Dieudonn^’s first theorem, however, is a very beautiful 
and powerful addition to decomposition theory. Since his ])roof of this 
theorem rests on some earlier theorems of his concerning Banach space 
valued integrals, I propose in this note to offer another, somewhat simpler, 
and more direct proof and to make some comments about the relation of the 
result to previously known facts. 

2. Let Y be a totally disconnected, compact Hausdorff space and let E 
be the class of all open>closed subsets of L. Let B be the smallest Boolean 
(T-algebra of sets containing E; the sets in B are called the Baire sets of F. 
A Baire measure in »F is a finite (countably additive) measure on B, For 
every Baire measure m in Y and for every Baire set 

m(5) » snp\u{K):B o K e K\ ^ m{\fi{U):B c UeV], 

where K is the class of all compact Baire sets and U is the class of all open 
Baire sets; these relations are usually expressed by saying that every Baire 
measure is regular.® If an open-closed subset of F is the union of a class of 
open-closed sets, tlien. by compactness, all but a finite number of members 
of the class must be empty. It follows that every non-negative, finite and 
finitely additive set function defined on the class of all open-closed subsets 
of F is in a vacuous sense countably additive on this class and hence that it 
has a unique extension to a Baire measure in F. A Baire measure /x in F is 
positive if m(£) 0 for every E in E (and hence /x( t/) > 0 for every [/in U). 

If the space Fhas the property that the class E of all open-closed sets is a a- 
lattice, and if m is a positive Baire measure in F, then the pair (F, ju) will be 
called a Kakutani space* Equivalently, a Kakutani space is a totally dis¬ 
connected, compact Hausdorit space with a positive Baire measure and 
with the property that corresponding to any countable class of open-closed 
sets there is a least open-closed set containing them all. If B is a Baire set 
in a Kakutani space (F, ju), then there exists a unique open-closed set JE in F 
such that uiB a JE) « 0 (where B aE ^ {B - E) u (JS - B) is the sym¬ 
metric difference of B and JS). A Boolean <r-algebra J of Baire sets (i.e., a 
0 ‘-subalgebra of the algebra B of all Baire sets) will be called/ mU if for each 
B in /the open-closed set E for which fi{B a E) « 0 is also contained in /. 

I^t A be an abstract Boolean (r-aigebra, let X be a finite measure on A, and 
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denote by A/\ the quotient algeb^^. of A modulo the <r-idcal of all those 
elements A for which \{A) =« 0. By Stone’s theorem there exist a totally 
disconnected compact HausdorfF space Y and a one-to-one mapping ^ (the 
Stone mapping) from A/\ onto the class E of all open-dosed subsets of Y 
such that ^ preserves all finite Boolean operations. If ju(£) is defined for 
every E in by fxiE) = X(^“^(E)) then ju has a unique extension to a 
positive Baire measure in K. It is easy to verify that ( Y, m) is a Kakutani 
space; it Will be called the Kakutani space associated with A and X. It 
may be remarked that by combining with the natural homomorphism 
from the algebra A onto the quotient algebra A/\ one obtains a homo¬ 
morphic mapping of A onto E; it is convenient and hannless to use the 
satne symbol, i.e., for this mapping as for the original isomorphism. 
While with the new interpretation of it is no longer true that if — 

^(. 42 ), then Ax = 41 a, a similar and equally useful statement is still true: 
ii^{At) » ^{Ai),then Ax «= ^afX], where the equality of j4i and ^2 modulo 
X is of course defined by \{A 1 a ^ 2 ) == Ov 
The construction in the preceding paragraph is of particular interest 
when applied to a finite measure space (X, A, X), i.e., when .4 is a Boolean 
<r-algebra of subsets of a set X. In this cavSe it may*be shown’ that the 
mapping when viewed as a mapping between characteristic functions, 
has a unique extension, which may also be denoted by and which maps 
each essentially bounded, real valued, measurable function f on X into a 
real valued, continuous function g on Y so that 

(i) ^{otifx + azft) = aMfi) + 

(ii) 

(iii) if / S 0 [Xj, then €*(/) S 0, and 

(iv) if *(/) >» i, then'll/ll. “ l|g||, where 

ll/!|„ - |/(3C)|> k]) * 0l andljg!! = infU: |y:|g(y)|> k\ » 0}. 

3. In the language and notation introduced above, Dieudonn^’s funda¬ 
mental decomposition theorem may be stated as follows. 

Theorem. If (F, m) is a Kakutani space and if J is a full Boolean a- 
algebra of Baire sets, then there exist a Kakutani space (Z, v), a continuous 
mapping irfrom Y onto Z, and, for each z in Z, a Baire measure in 
suck that the set transformation induced by ir is a one-to-one mappingfrom J n 
E onto the class F of all open-closed sets in Z and such that, for every open- 
closed set Ein Y {i.e., for every E in E), 

lx{E) « n 

Proof: Let (Z, v) be the Kakutani space associated with J and m and 
denote the corresponding Stone mapping (from sets and functions of F onto 
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sets and functions oi^Z) by IT. Consider for each point y in F the class of 
all those sets in / n JS which contain y. Since n is a Boolean isomorphism 
between J n E and the image under n of this class of sets has the finite 
intersection property and, consequently, the sets of this image class have a 
non-empty intersection. Since, moreover, any two distinct points of Z 
may be separated by disjoint open-closed sets, it follows that this intersec¬ 
tion consists of exactly one point s, and that therefore a transformation ir 
from Y into Z is uniquely defined by ir(y) =*= z. It is easy to see that ir 
maps Y onto Z and, since the set transformation induced by r coincides 
with 11, that T is continuous. All that remains to be done is to construct 
the measures /x* and to establish the integral formula. 

Consider, for each E in E, the set function on J defined, for J in J, by 
n J). Since fig is absolutely continuous wiUi respect to it 
follows from the Radon-Nikodyni theorem that there exists a bounded, 
non-negative function pB on Y such that pt is measurable with respect to J 
and such that 

r\ J) ^ fj P«{y)dy^iy) 

for every J in /. Write »= TI{Pe)] it is sometimes convenient to write 
q{Et z) or q*{E} for . It is clear from the definition of q that 

n J) - /no) q{E, z)dv{z) 
for every E in E and / in J. 

Since pEx{y) + pEt{y) ^ Pm u miy) Im] whenever Ex and E% are disjoint 
open-closed subsets of F, it follows from the fact that g is a continuous 
function of its second argument that tlie set function g* is finitely additive 
on E for each z in Z, Each set function g* has therefore a unique extension, 
which may also be denoted by g*, to a Baire measure in F. 

The proof is almost complete. If m* is defined, for each Baire set B, in 
hy m*(5,) “ q{Bs, s), then it is clear that m* is a Baire measure. If it 
were known that, for every E in £, 

/(E n v~^Kz)) » g(E, s), 

the desired integral formula would follow from the defining properties of 
the functions p and g. Since the last written relation is equivalent to 

g(JE, z) » ^{E n ' 

the proof can be completed by showing that g*(£ — « 0 for every z 

in Z. Since g* is a Baire measure, and therefore regular, it is sufficient to 
prove that ^{K) » 0 for every compact Baire set K which is disjoint from 
Since ir(ijC) is a compact subset of Z which does not contain z. 
there exist two disjoint open-closed sets F and GinZ such that ir{K) c F 
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and z € Since and ir“^(G) e J (in fact both sets and 

belong to both classes E and /), it follows that 

0 ^ n t-KG)) - fcq(^-^KF).z)dp{z). 

Since g is a continuous function of its second argument, it follows, finally, 
that q*{K) ^ ~ g(7r“^(/0t z) 0, and the proof of the theorem is 

complete, 

4. One of the most important applications of this result is to the case in 
which J is the class of all Baire sets invariant under a measure preserving 
homeomorphism 5 of F onto itself; in this case the induced transformations 
5, on the spaces are the ergodic components of 5. If T is a one to 

one measure preserving transformation of a finite measure space {X, A, X) 
onto itself, then there exists a measure preserving homeomorphism 5 on the 
associated Kakutani space F such that ,4 1 » TA^ [X] if and only if — 
5^(42).® In other words, every measure preserving transformation may be 
represented, modulo sets of measure zero, as a measure preserving homeo- 
morphism on a Kakutani space, and consequently Dieudonn^’s theorem 
yields a solution of the general problem of decomposing a measure preserv¬ 
ing transformation into ergodic parts. This solution is better than previous 
solutions in that it does not depend on any assumptions of separability and 
in that it applies not only to cyclic and one-parameter groups but to arbi¬ 
trary groups of measure preserving transformations. 

^Ann. Math., 33 , 687-642 (1932). 

* Duke Math. 8, 386-392 (1941). 

* Ann. Univ. Grenoble, 23 , 26-63 (1948). In the sequel this paper will be denoted 
by D. 

* Ann. Math., 43 , 332-350 (1942). 

^ D, Theorems 4 and 5. 

* A proof of this statement and a complete discussion of the concept of regularity will 
appear in my forthcoming book entitled Measure Theory. 

^ D, p. 27. 

* In Dicudonn6*s formulation of this theorem an arbitrary real valued, continuous 
function appears in place of the arbitrary open-closed set E, It is easy to reconstruct 
his statement from mine by means of a familiar approximation argument. 

»D. p. 61. 
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OSCULATING CONICS OF THE INTEGRAL CURVES OF THIRD 
ORDER DIFFERENTIAL EQUATIONS OF THE TYPE (G)* 

By Edward Kasner and John Db Cicco 

Departments op Mathematics, Columbia Universitv, New York, and Illinois 
Institute of Technology, Chicago 

Communicated November 1, 1948 

1. Third-Order Differential Equations of the Type (G).—The importance 
in geometry and physics of third order differential equations of the type 
(G), 

y''" == G{x, y, y')y'' + H{x, y, y')y''^ (1) 

has been brought out in previous papers.^ 

Perhaps the most important case is the system S* of curves in a 
positional or generalized field of force.* A system 5* consists of curves 
along which a constrained motion is possible so that the pressure P is 
proportional to the normal component N of the force vector. Thus P ^ 
kN where ^( 3 ?*^ — 1) is the constant factor of proportionality. 

The systems S* of physical interest are (a) dynamical trajectories where 
^ — 0, (b) general catenaries where k — 1, {c) brachistochrones where 
^ — 2, and (d) velocity curves where ^ . 

Other cases of the type (G) are the » plane sections of a surface in 
ordinary space* and the curvature trajectories of a given family of 
00 2 curves in the plane/ 

2, Summary of Results, —The systematic development of the osculating 
parabolas (four point contact) of systems of «> * curves of the type (G) 
with special emphasis on the systems 5* has been given by Kasner. In the 
present paper, we shall begin the study of the osculating conics (five point 
contact) for the type (G). 

The » osculating conics constructed at a lineal element E to the »» 
curves of a system of the type (G) passing through E, not only pass through 

but also touch another conic section in general position. Their centers 
describe still another conic section passing through the point of £. The 
foci of these conic sections describe an algebraic curve of the sixth degree 
with a singular point of fourth order at the point of E, 

The Osculating Conics of a System o/ oo» Curves of the Type (G).— 
The osculating conics of a single curve y f{x) are given by 

y'X) + (Sy'V" « 4y"'»)(F - y'Xy - 

isy'HF-yx) - 0 , ( 2 ) 

where (X, Y) are the running codrdinates of a point on the conic relative 
to the point (ac, y » fix)) on the curve. 
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Upon substituting ( 1 ) into (2), it is found that the osculating conics of a 
system o/ oo * curves of the type (G) are 

+ (A/'iG + Hy")X(Y - fX) + (« + X 

{Y - yxy - isy^iY - yx) ^ 0, (3) 

where 

a ~ — G* -j- 3(C^ 4 . y'Gy)f 

^ GH+ 3(G,. + H, + y'H,), (4) 

y 2IP + 3Hy*. 

The conic (3) is degenerate if and only if the curvature of the curve is 
zero. In this case, the conic becomes the line Y — y'X counted twice. 

The conic (3) is an ellipse, parabola, hyperbola according as the expres¬ 
sion, 

(G + Iiyr -- (a + 0y" + 7 /'«), (5) 

is negative, zero, positive. Thus at a lineal clement E(x, y, y')» there are 
at most two integral curves which are hypcrosculated by their osculating 
parabolas. 

In the class of all differential equations of third order of the type (G), 
the subclass for which 7 « //*, or H* + =*• 0 , is of particular interest 

as this subclass contains the systems of <»* dynamical trajectories of a 
positional field of force. 

In this particular subclass, there is, at most, one integral curve through 
a lineal element E which is hypcrosculated by its osculating parabola. 

4, The Envelope of the Family of Conics (5).—^The equation (3) is quad¬ 
ratic in y". Upon setting the discriminant of the quadratic equation in 
y'' equal to zero, the following result is obtained. 

Theorem 1. Consider the »^ integral curves of a third order differential 
equation of the type (G) which pass through a lineal element E, The 00 i 
osculating conics constructed at E to these curves, not only pass through E, 
btU also touch the conic section 

36(a - G^)X^ + 12(2Ha - G^)X{Y - y'X) + (4a7 - /3*)(F * y'X)* + 

36[6GX + /3(F -- y'X)] - 324 « 0. (fi) 

The conic section ( 6 ) is degenerate only in the following two cases: 

(a) The case where a ^ 0, or 5(G, + y^Gf) G*. tn this case, the 
conics (3) form a linear family in point coordinates. They are all tangent 
at the lineal dement JS and pass through two other points given as the inter¬ 
sections of the following loci 

9X* + 6 ^X{Fy'X) + 7 (F - y'X)* « 0, 

6 GX + /}(F - y'X) - 18 « 0. (7) 
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(6) The case where y « fP, or IP + 3Hy» « (?. Here the conics (4) form 
a linear family in line coordinates. They are all tangent at the lineal 
element E and are tangent to the two straight lines 

+ H{Y - y'X)] - 6GX + /S(F ~ y'X) - 18. (8) 

These two straight lines intersect in the point 

vY + i{Y - yx) - 6(-// + 3f)/(/3 - 2GH). (9) 

The two lines (S) may be real and distinct, or real and coincident, or 
conjugate imaginary, or the line at infinity. 

5. The Central Locus of the Family of Conics {3 ),—The equations for the 
center (Y, Y) of the conic (3) are 

3y"[3y" -- y\G + Iiy^)]X + l3y''(G + ///0 - y'(a + X 

(K - yX) + 9y'y'' * 0. (10) 
3y"(G + Hy%X + (a + + yy'^){Y - yX) - 9y" - 0. 

Theorem 2. The centers of the go * conics described in Theorem 1, generate 
the conic section 

9(a - G^)X^ + 3(2a// - ^G)A"(r - y'X) + {yG^ + alP - X 

(F - yxy + 9G[3X + H{Y - yX)] - 0, (11) 

which passes through the point of E in the direction of slope y' — 3/H. 

The conic section (11) is degenerate only in the following two cases: 

(a) The case where G = 0. Here the conic section (11) is the straight 
line 

3A" + H{Y - yX) - 0, (12) 

counted twice. 

(]b) The case where y » IP, or IP 3IIy^ - 0. In this case, the conic 
section (11) consists of the straight line (12) and the straight line 

3(a - G^)X + [Il{a + G^) - /?G](F - y'Y) + 9G - 0. (13) 

6. The Focal Locus of the FamUy of Conics (5). There is no loss in 
generality by taking y' »* 0 in (3). The foci of the conic (3) is given by the 
equation in Z Y + tF, 

[(CC + 0y' + yy"®) - (G + Hyr]Z^ + 6[G + i/y" « 3fy''] X 

Z-9«0 (14) 

Theorem 3. Thefod of the conics described in Theorem i, gen^ate 
the algebraic curve of sixth degree 

ia - G»)(Y» + F«)H3Y + HYy - - 2GH) F(3Y + HY) X 

(Y» + F*) [G(Y* + P) - 3Y] + (7 m P[G(Y2 + F^) - 3Yp + 
9(3Y + /fF)(Y» + P)(2G(Y2 + P) -- 3Y + HF] - 0, (lo) 



46 


MATHEMATICS: E. /. McSHANE 


Proc. N. a. S. 


with double points at the circular points I and J at infinity and a singular 
point of fourth order at the point of E. 

In the case where 7 « TP or IP + 3//^^ = 0, it is found that the focal 
locus is the cubic curve 

(a - + Y^)(3X + IIY) - - 2G//) Y[G{X^ + Y^) - 3X] + 

9[2G(X® + Y^) -3X + IIY] = 0 , (16) 

with tWo minimal tangent lines and an ordinary point at the point of E, 
The cubic curve (16) is degenerate only when 


^ - 2GII ^ ^(a - G^) ^ ^ ~{IP + 9). (17) 

G II 

In this case it consists of the straight line 3 ^ — IIY = 0 , and the null 
circle with center at 


X + iY ^ 


311(11 - 3i) 
G(IP + 9) ■ 


( 18 ) 


The simplest physical theorem of the present paper is that the locus of 
centers of the osculating conics connected with dynamical trajectories is always 
a straight line; and these osculating conics touch two straight lines which in¬ 
tersect on the line of force. This is easily verified for the Newtonian field 
(Kepler orbits). 

* Presented to the American Mathematical Society, 1948. 

' Kasner, "Differential-Geometric Aspects of Dynamics," Amer, Math, Soc, Publica¬ 
tions, 1913. 1934. See a series of papers in the Trans, Amer, Math. Soc., 1906-1910. 

* Kasner and De Cicco. "Physical Curves in Generalized Fields of Force," Proc. 
Nat. Acad. Sci., 33, 169-172 (1948). 

* Kasner, "Dynamical Trajectories and the »* Plane Sections of a Surface," Ibid,, 17, 
370-376 (1931). 

< Kasner, "Dynamical Trajectories and Curvature Trajectories,” Bull, Amer, Math. 
Soc,, 44, 449-465 (1934). De Cicco, "Dynamical and Curvature Trajectories in Space," 
Trans. Amer. Math. Soc., 57, 270-286 (1945). 


REMARK CONCERNING INTEGRATION 
By E. J. McShane 

School ok Mathematics, University of Virginia 
Communicated November 23, 1948 

M. H. Stone has communicated* a scheme of defining an integral, closely 
related to the Daniell definition’* and affording unusually simple proofs of 
the main theorems. However, with this definition it seems impossible to 
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prove in full strength the theorem on the representation in integral form 
of the general bounded linear functional over the space of continuous func¬ 
tions on a locally compact Hausdorff space. The purpose of the present 
note is to propose a modification of Stone's definition which introduces no 
new difficulties and removes the difficulty just mentioned. 

Our postulates are the following, closely resembling those of Daniell and 
those of Stone. 

(la) @ ir a wn-void class of real functions on a non-void domain such 
that whenever r is real and ^ and ^ are in the functions r<p, + il/ 
and sup (<p, are also in 6. (The last is the function whose value 
^.txt Xis the greater of ^(.r) and ^(^).) It follows that if ^ «(5, 
so is |v>| " sup(jp, 

(15) E is a real function on 6 such that if r is real and <p and are in (i, 

E(rip) = rE{ip), E(<p + == E{(p) + /t(^), S 0. 

If as usual we understand ^ ^ ^ to mean ip{x) ^ ^(x) for all x € A"', the 
class of all real functions on X is partially ordered. More than this, it is 
directed, for if/, g are real on X, then sup(/, g) S / and ^ g. Likewise, by 
(la) the set ® is directed. If A is a directed set of functions/ on X, we de¬ 
note by lim(/| A, ^) the function whose value at jc e X is the Moore-Smith* 
limit of the functional values/(x) (/ c A) with respect to the partial ordering 
Likewise, if A c ($ we define lim(£(/)lA, ^) as the corresponding 
Moore-Smith limit. These limits coincide with sup(^|v? € A) and sup 
(£(^)1,^€ A), respectively. 

Our second postulate is 

(2) e ffi and A is a directed subset of @ such that lim(^l A, g then 

lim(£(^) I A, ^) £(^). This is easily seen to be equivalent to 

(3) If ^ and A is a directed set of non-negative (pc®, and lim(<pj A, 

g) g then lim(£:(v?) | A, S) ^ £(^). For if (3) holds and A is as in 
(2), let € A, and let Ao be the set — v?ol^ e A, ^ g ^o]. This is a 
directed subset of ® with limit fe ^ — ^o. By (3), lim(i5(^ — ^o)lv?« 
Ao) 2; — <pq), and (2) holds. 

If/is extended-real (allowing + «> and — as functional values), 
and there is a directed set A of non-negative ® such that 
liin(v»|A,g)S 1/1, we. define the norm N(f) to be 

(4) N{f) «■ inf lim(£(^)lA, ^)1 a a directed $et of non-negative 6 
such that lim(^lA, gl/|); 

if no such directed set A exists, we define N{f) — -f w . 

The first, second, fourth and fifth of the properties 

(5) 0 s s », 

(6) N{rf) - |fliV(/) unless r - 0a«d /V(f) - + ®, 
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(7) I/I ^ p/,1 implies N{/) ^ tm,), 

(8) m\/\) = N(J), 

(9) ^ @ implies iV(^) *= iE([^j) 

are easily established; the last requires the use of (2). To establish (7), 
let « be an arbitrary positive number, and for each positive integer n let A„ 
be a directed subset of 6 such that lini(^j A„, S) S |/n| and lim(£(v>)| An, 
^^ N{fn) + Let A be the aggregate of sums of finitely many func¬ 

tions all chosen from different An. Since each A* is directed, so is A. It is 

easy to show that lmi(^[A, ^ |/( and lim(£(^)(A, ^ H^ifn) + 

« «1 

€, whence (7) follows. 

From this point on, Stone’s paper can be followed without change. 5 is 
defined to be the class of functions on X with finite norm, functions / and g 
being identified if N{/ — g) = 0. 8 is the closure of (g in and the defini¬ 

tion of the integral is equivalent to defining HJ) (/ e ?) as lini E{ip) {<p c E; 

0). 

We now establish a lemma exhibiting a class of summable functions. 

(10) Let A be a subset of ®, directed with respect to on which E is 
bounded. Define / lim(v(A, S). Then f is summable, and its 
integral is L(f) * lim(£(^) [ A, S). Herein the order relation ]£ may 
be everywhere replaced by S. 

For let«be positive. There is a V* in A such that JE(f) > lim(£(«>) | A, S) — 
e. Let Ao be the aggregate of functions b tp — where ^ « A and 
This is a directed subset of, (g, and lim(i|Ao, S) ™ and lim 

(J2(i)| Ao, ^) * lim(£(v) | A, g;) — E{if) < e. Hence Nif < e, and/is 
in the closure 8 of (S, that is, / is summable. The statement concerning ^ 
follows by change of sign. 

One might suspect that (10) could be generalized by letting A be a di¬ 
rected subset of 8 on which L is bounded. This is false. Let X be the 
interval [0,1], <S the class of continuous functions, E{ip) the Riemann inte¬ 
gral of <p; then L(.) is the Lebesgue integral. Let/be apositive-valuednon- 
measurable function, A the class of functions ^fonX which vanish except 
on a finite subset of X. Then A is a directed subset of 8 and L vanishes on 
A; butlim(vs| A, S) «»/, which is not summable. 

If all directed sets A in the preceding: definitions are required^to be count¬ 
able, our definition reduces to that of Stone; if A is directed with respect to 
^ and is countable, A =• [^i, (pt, ...], we define — sup( 4 »i, ..., ^,), and 
then the sequential limits of and E(pn) sre the same as lim(^| A, 2;) and 
lim(£(^) I A, g), respectively. In many eutmples, there is a countable sub¬ 
set (So of IS such that for each ip t (S there is a directed subset A« of IS, such 
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that liTn(^|^ t Ao) ^ ip and liin(£(^)l^ e Ao) «• E(<p), Under these circum¬ 
stances each directed subset A of (£ can be replaced by a countable subset 
having tlie same limits for tp and E{(p), Then the present definition coin¬ 
cides with Stone's. 

If X is [0, 1], (S the continuous functions on X and E the Riemann in¬ 
tegral, our definition and Stone’s yield L(,) as the Lebesgue integral. But 
if S consists of all step-functions, the preceding example shows that our (2) 
is not satisfied. Stone’s (2) holds, and he again obtains the Lebesgue 
integral. 

Now let X be a locally compact Hausdorff space and ® the collection of 
functions continuous on X and vanishing except on a compact set. Then (S 
satisfies (la). Let Bond satisfy (15), To show that (3) holds, denote by 
K the closure of the set of x on which ^(x) > 0. For each positive t, there 
is a non-negative v>o € ® which is positive on K and has E{<pi) < «. Since K 
is compact, there are finitely many <pi e A such that the sets [x[^|(x) > 
^(x) v>o(^)] cover X, whence lim(£(^)| A, ^) g — 6, and (3) follows. 

Now the preceding discussion guarantees the existence of a functional L(.) 
with the fundamental properties of the Lebesgue integral. 

In his second note Stone hasdefinedaconcept of measurability of functions 
sitch that/^ 0 is measurable if and only if min (/,g) is summable for all sum- 
mable g ^ 0. The measurable sets are those with measurable characteristic 
function; the measure is the integral of the characteristic fimction when 
this exists. This measure possesses the properties commonly expected. We 
wish to show that every Borel set is measurable. It suffices to show that 
every open set G has a measurable characteristic function fa. For xo in G, 
there is a function ^ such that 0 g fp^fa* ~ L So the set A of all 
non-negative elementary functions ^ fa ha directed system with limit fa* 
Let g be non-negative and summable, n a positive integer; then there is a 
directed system A« of non-negative functions of <S such that g« =« lim(^| A,, 
^) ^ g and lim(E(^) | A„, g) < L(g) + 1 /». The set A»* of all functions min 
{k, fe) fc e A„, fe« A is directed with respect to ^ and its limit is min {fogn)f 
which is summable by (10). By the majorized convergence theorem min 
(fago) is summable, where go = lim min(gi, .... gn) ■ But go ^ g andX(go) « 

n 00 

X(g), so go and g are almost everywhere equal. Hence min (/o,g) is sum¬ 
mable, and G is measurable. 

If X is compact there is a non-negative function of ffi which is S 1 on X; 
X is measurable, being a Borel set, so it has finite measure. 

» Stone, M. H., Paoc. Nat. Acao. Sa„ 34, 336-342, 447-466, 483-490 (1948). 

• Daniell, P. J., Ann. Math., 19 , 279-294 ( 1917 ). 

»Moore, E. H., and Smith, H. L., Amer. Jour. Math., 44 , 102-121 (1922). 
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NOTES ON INTEGRATION, IV 
Bv M. H. Stone 

Department of Mathematics, The University of Chicago 
Communicated September 4, 1948 

The theory of integration presented in the earlier notes' postulates an 
elementary integral in terms of which all other a)ncef)ts are defined. We 
must therefore imdertake to compare the general integrals and other 
mathematical objects which are associated with different elementary in¬ 
tegrals, In this note we offer such a comparison, giving the appropriate 
general forms of such classical results as the Lebesgue decomposition the¬ 
orem and the Radon-Nikodym theorem. This is also a suitable context in 
which to consider an unpublished definition of a general integral recently 
introduced by N. Bourbaki.* As we shall see below, the general integral of 
Bourbaki differs in few of its essential properties from the one treated in 
these notes. By comparing the two integrals we obtain solutions to a num¬ 
ber of problems raised by Theorem 18 of our second note and mentioned in 
the corresponding footnote. 

On a fixed abstract set X, let S' and be families of elementary func¬ 
tions; and let EJ and E/ be elementary integrations defined over the re¬ 
spective families. It is easy to verify that the contractions of /£' and to 
the family (g *= (S' n fS*' share with them the postulated properties set out in 
I (1), I (2). Consequently the study of the relations between E* and E** 
breaks naturally into two parts—the first consisting in the study of two 
elementary integrals defined over the same family of elementary functions 
(viz., the contractions of EJ and F/ to (S); the second in the study of two 
elementary integrals, one of which is an extension or contraction of the 
other (viz., £' or and its contraction to ®). We shall discuss these 
situations separately below. 

As linear functionals the elementary integrals over a fixed family ® of 
elementary functions constitute an ordered additive semigroup admitting 
multiplication by positive real scalars: the definitions of aJS, E* + F/, 
and the ordering relation ^ are given by requiring that («£)(/) = a(E(/)), 
(£' + F/){f) - £'(/) + £"(/), £'(/) g E-'Cf) for all/in ®; and the various 
needed properties, including those demanded in I (1) and I (2), can be 
verified without difficulty. We note in particular that if £ — £' -f E^ then 
£' g JS and £' g £ and that if £' g £ then there is a unique £'', given by 
E^iJ) * £(/) £'(/)i such that £ « £' + In order to examine the 

relations between given elementary integrals £' and £', we shall first con¬ 
sider how each is related to the sum £ ==£' + £*' and then combine such 
information as we obtain in this way to yield results on the main problem. 
The various quantities and other mathematical objects associated with the 



VoL. 35, 1949 


MATHEMATICS: M, H. STONE 


51 


elementary integrals E, E' and will be distinguished by the use of the 
corresponding primes. Most of our results are of such a nature that we 
shall confine attention to the case where 1 e 9)?, that is, where the constant 
function everywhere equal to 1 is measurable in the theory associated with 
the elementary integral £, For practical purposes* indeed, there would be 
no objection to assuming that the property I (3), which implies 1 < 2W, holds 
for (£. All our deeper results depend upon the additional assumption that 

( 1 ) ? contains a sequence {/*,) such that {jc; sup |/n(3c)| — 0 } is a null 
seL^ 

An example given by Saks^ shows that this assumption, or a similar one, 
. is indispensable. Now we may note without formal proof that 

(2) the relation E* ^ Eon ^ implies N' ^ o 5, ^ 501' 3 

SO?: it also implies that V ^ Lin 

These preliminaries settled, we proceed to discuss an important portion of 
the Radon-Nikodym theorem,^ modifying for our purposes a method of 
proof originally introduced by J. v. Neumann:^ 

(3) (Radon-Nikodym) if £' ^ E, there exists an essentially unique func¬ 
tion tw 9W, 0 S ^ 1 , such that f if and o^y if <t>^f « 8 , while 
L'(/) » L(4»'f); in parlicidar, £'(/) « L{fpJ) when / e 

For h and k in 82 the product hk is in 8 . Hence L\hk) is a bilinear func* 
tional defined for all/f and ife in 82 . Since |L'(AA)1 ^ L\\hk\) S L{\hk\) g 
a standard theorem® about generalized Hilbert spaces 
asserts the existence of a continuous linear transformation A of 82 into it¬ 
self such that L\hk) « L{{Ah)k), If g is any bounded member of i01, then 
gA and gA are in 82 . The equations L((A (gA))A) == L\{gh)k) - U{h{gk)) 
« L((AA)gA) «= jL((g(^A))A) imply that A(gA) *= gAh almost eve^where. 
In order to exploit the latter relation, we use (1) to construct a bounded 
function go in 8 a such that \x; goC^:) — 0 } is a null set. Supposing (as 

we obviously may) that the sequence \fu\ of ( 1 ) contains no null func- 
«» 

tion, we put/o = £ 2""l/n|/I.(i/n|) «8 in harmony with I (12) and observe 

H ml 

that (ar; /o(*) » 0} isa null set. We can then put go = (min (1. 

For any h in 8a the function “ mid {h, n, —») is bounded and converges 
inSj toAasn-^ <». Thus go(^A,) - A{gf^) * A(h„gt) =* hniAgo) * 
{Ago)hn and passage to the limit in the extreme terms yields go(.<4A) » 
(,Ago)k almost everywhere. A measurable function 4>' is defined by putting 
Ago/go almost everywhere. Evidently Ah »« <t>'h. Hence if / « 8 
and* « i/r^‘*8,,* - l/l'^'sgn/*8*,wehavei'(/) - L'{hk) -= L{<t>'hk) 
»• L{<^'f). The inequalities 0 Si L'{J) S L(J) hold whenever / ^ 0 and 
imply with the help of (1) that 0 ^ £ 1 almost everywhere. Similarly, 
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if 4>x and are two measurable functions such that L{<t>[f) » L^if) —L{<l> *zf) 
for all/ in V, we have 0 for all such / and hence 4>2 

almost everywhere. Thus ^' is uniqudy determined (in the obvious sense). 
In proving the remainder of the theorem, we make use of the definition of 

i*/. A function/ is in S' if and only if to an arbitrary € > 0 there corre- 

00 00 

spond functions g and fn in (£ such that |/ - ^ \ fn\* S ^ *• 

« «■ 1 If 1 

Clearly we have \L'{f) — L'{g)\ S e under these circumstances. Since 
W'f - >t>'g\ ^ S <t>'\fn\, 4>'g 1 8 we see that N[4>'f - 4>'g) ^ ^ = 

n wl n «• 1 

= Ei'd/nl) = i: £'(!/,!) and hence that «7«iML(07) - 

L{<t>'g)\ S *• The equation l.(0'g) = L'{g) yields |L'(/) - L(07)| g 2t. 
In considering the converse, it is convenient to observe that the relation 
N' ^ N requires every null set in the £-theory to be a null set in tlie 
theory also. Thus when 0'/ < ? we see that / is finite almost everywhere in 
the vSense of either theory. %Since we can examine separately the two func¬ 
tions 1/ and I/! -where <t>'\f\^\4»j\ c </>'(!/1 “/) *= <^1/| <^'7« S 

and/ /1 — (1/1 — /)»there is no loss of generality in supposing that/ § 0. 
Then on putting g« » // (w<A' + 1)» “= »^'//(«</>' + 1) we see that the 

sequences ig„{, li„} are respectively raonotonically decreasing and 
increasing almo>st everywhere to the corresponding limit functions g and h. 
Since gn + / we have g + h « /, almost everywhere; and we verify 

similarly that <t>^g »= 0, — <t>y almost everywhere. The relation € ? 

implies that K « 8' and L'(^) « ^ L{<l>'f). Hence I (12) shows 

that A € 8'. Turning now to a consideration of g, we shall show that g € 8' 
and L'(g) - 0. For this purpose, we construct a function/u S 0 in 8 such 
that \x;fo{x) » Ojjs a null set, in the manner indicated above. Since 
/o € 8' ana ^/o < 8 we can express /o also in the form go + Ao just described. 
We note that go « /o “ Ao e 8', N'igtd * L'ign) » i(^'go) “ 0. Clearly 
we have go(ac) > 0 whenever 4>^{x) * 0, except possibly on a null set; and 
hence we also have go(Jc) > 0 whenever g(x) > 0, with a like qualification. 
The relation g ^ go + go + go + ... therefore holds almost everywhere and 
implies that N^(g) g iV'(go) + N'(go) + JV''(go) + ,.. ~ 0. Thus g is a 
null fimction in the JS'-theory and as such has the properties desired. 
Since g and A are both in 8' we have / »* g + A € 8'. This completes the 
proof of (3). It is desirable to mention without proof that (8) has the 
following easy converse: 

(4) if E is given and <l> is any function in ^ suck that 0 ^ ^ S h then the 
operation £' defined over @ by the equation E*{f) « L{^f) is an ele¬ 
mentary integration such that J2' S E; and the function obtained 
by virtue of (Z) differs from 4 at most on a nuU set. 
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Clearly (3) and (4) have the following interpretation: the correspondence 
FJ 0' is an isomorphism (both algebraic and ordinal) between the totality 
of E' ^ E and the totality of « 3K, 0 § ^ 1, identified modulo null 

functions. In particular, the familiar lattice properties of this totality of 
functions are reflected in the system of all S £. It is then easy to see 
that the system of all elementary integrations is a lattice with respect to the 
ordering relation ^ ; and that in it every monotonely decreasing sequence 
has a greatest lower bound.’ The isomorphism leads directly to the com¬ 
plete Radon-Nikodym theorem and to the Lebesgue decomposition the¬ 
orem, as we shall now show. It is convenient to introduce the following 
definition of a new order relation between elementary integrations; E* h 
E^ if and only if every null set in the E'-theory is a null set in the E'- 
theory (or, equivalently, if and only if every null function in the E'^-theory 
is a null function in the E'-theory). Evidently E' g E** implies £' hE'; 
and when E = E' + E*' the condition on the associated functions and 4>^ 
equivalent to the condition E' >^E" is that 4>'^{x) — 0 imply = 0 for al¬ 
most all a:. We can now state the Lebesgue decomposition theorem as 
follows 

(5) (Lebesgue) if £' and E'* are given elementary integrations aver (g, then 
E' has a unique decomposition of the form £'«=£( + £2 where E[ hE^ 
and{E^ n £'')([/1) - 0/oraM/tnffi. 

The proof is given by putting E — E' + E^ and considering the associated 
functions and In order to obtain the desired decomposition we 
evidently have to determine and <t>i so that <^3, <t>*^{x) = 0 im¬ 
plies 0j^x) « 0 for almost all x^ and min (0a» = 0 almost everywhere. 

Then and 4>2 are essentially unique and can be expressed in tenns of 
and by the formulae 4>[ ~ lim <^2 = hm + 1) 

Bft « 

similar to ones used in the discussion of (3). The complete Radon-Niko¬ 
dym theorem reads® 

(6) (Radon-Nikodym) if E' and E" are given elementary integrations over 
S such that E‘ t^E", then there exists an essentially unique non-negative 
function x in SR" such that ft 8' if and only if xf 1 8', while L'{f) = 

particular E'(J) = L''(xf) whenf t C. Conversely, if E" is 
given and if x w ony non-negative function in 3K* such that f t ffi im¬ 
plies xf t S*. Ihe operation E' defined by the equation E'if) =» 
L^ixf) is an elementary integra,tion such that E' t-iE". 

The proof is again based on the isomorphism established in (3) and (4). 
For given E' and we put £ ■» £' -1- £" and determine the associated 
functions and in 3)1 c SW' n SW' in accordance with (3). Since 

•* 1 and «■ 0 implies ^'{x) * 0 for almost all jc, we see that 
vanishes at most on a null set. Consequently the function x hm n^7 
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(w^*" + I) is equal almost everywhere to ^nd the equations 0' = 

x/(x + 1)» ” i/(x + 1) hold almost everywhere. It is dear that 

X «SW c From (3) we now condude that/ e 8' if and only if <^^(x/) =* 
4>y £ 8 and hence if and only if xf « 8*^* When these conditions are verified 
wehaveL'(/) - == L{(t>*'{xf)) — On the other hand, when 

and x are given it is easy to verify that E' is an elementary integration. 
We therefore put E ^ E' + E^ and determine the associated functions 0' 
and in aw. If/£(S wehaveL(07) « £'(/) - i"(x/) - Thus 

X is finite for almost all x and the product <t>^x is defined and non-negative 
almost everywhere. We observe now that the equation L{4>J) = L{<t>*'xf) 
can be established by continuity for all / in 8. For such an /, let |/»j 
be a sequence of functions in ® which converges in 8 to /. We may sup¬ 
pose in addition that lim /« exists almost everywhere and differs from/only 

on a null set. Then lim <t>''xfn = almost everywhere. At the same 

time L{\4>''xU - = M4>‘'x\U “ /«!) = U<t>'\U - M) g i(|/« - 

/„|) so that {<^''x/it} converges in 5?—^necessarily to ^*x/- We obviously 
haveI-(0"'xO = lim/.(^'x/i.) = lim L(<l>%) »= L{<t>'f). By (1) we can con- 

m «—► e» 

struct the function /o used in the proof of (3). Since we have ^'x/o * S it 
follows that (^'x = lim w^'x/o/Cw/o + 1) < SW. With further use of (1) we 

can infer from the fact that L{<l>' — - 0 for all / in 8, <t>^ — il}^x < SWi 

that<^>' — <l>^x - 0 almost everywhere. Thus<^*'(x) = 0 implies *= 0 
for almost all x, and we must have £' ^E'', The formulae connecting 
X are evidently the same as those noted above, and x « 2)?. The rela¬ 
tions E*^ E are both valid. We conclude the work of this section 
by an observation concerning the equivalence relation defined by putting 

^ if and only if both £' s jS' and E*' We have 

(7) with respecfio the order relation h and the equivalence relation ^ the 
tokUUy of elementary integrations defined on the family (5 of dementary 
functions is a <r-additive generalized Boolean algebra. 

If we consider the £' such that £' g £ and interpret the relations and h 
in the isomorphic system of functions <f>\ we see at once that each equiv¬ 
alence class contains exactly one characteristic function (modulo null func¬ 
tions) and that for characteristic functions the relation corresponding to h 
is the natural ordering for real functions. The system of elementary in¬ 
tegrations £' such that E' g £ is therefore a <r-additive Boolean algebra, 
as stated. The retnainder of the theorem then follows, provided that the 
ff-additivity be understood to mean that any bounded sequence has a Bool¬ 
ean sum. 

Turning now to the second part of our problem—the study of the ex¬ 
tensions of a given £—we see at once that 
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(8) if F/ is an extension of E from S to G', then iV' g iV, g' a g, S' d 8, 
and V is an extension of L from 8 to 8'; if in particular G c c 8 
ihenN^ ^ ^ 5,8' - 8andL' =« L. 

The first part is evident, the second almost so. However we may remark 
that the second part results most easily from considering L as an extension 
of E and E' over G*' = 8, since II (14) then immediately gives == N 
and hence iV^ g JV' g ^ iV, iST' «= iV. It appears that very little indeed 
can be said about the general problem of extensions, largely because the 
condition of I (2) makes the construction of extensions a matter of con¬ 
siderable delicacy. When this condition is dropped it is possible to obtain 
certain results which are not altogether without interest. We may illus¬ 
trate this by the following theorem 


(0) the elementary integration E over G has an extension J (wer g which is a 
positive linear functional with the properties 0 g y(|/|) g N{f), Jif) « 
L{f) when /e 8. 

The proof is an immediate consequence of the Hahn-Banach theorem: we 
put p{f) = N{f-^) where/+ = |(|/( - /), observing that 0 g p{f), p(f + 
g) S Pif) + p{g), p{af) = ap(f) when a ^ 0, and L(f) ^ L'lf+) = p{f) 
when / * ?; and we conclude that L has a linear extension J over such 
that J{f) S p{f) for all/ in J?, a condition which implies for any/ ^ 0 that 
./(-/) g />(-/) = N({-f)+) = iV(0) = 0, J(f) ^ 0. The relations 
0 g 7(1/1) g Ml/I) = m\fh = m\f\) = A^(/) then hold also. 

Having done what little we can with the extension problem, we shall now 
turn to a discussion of the general integral due to Bourbaki. This integral 
is defined in a manner quite similar to that followed in these notes; but 
somewhat more stringent conditions are imposed on the elementary func¬ 
tions and integrals, while more general processes are employed for the con¬ 
struction of tlie general integral. As we shall see, it follows that whenever 
the Bourbaki theory is applicable our theory is also and yields a general 
integration which has the general integration of Bourbaki as an extension, 
of remarkably simple type: this extension can, in fact, be obtained essen¬ 
tially by augmenting the class of null functions. It is thus apparent that 
the discussion of the Bourbaki integral is appropriately included in the 
present note. The definition of the Bourbaki integral rests upon the use of 
function-systems filtering with respect to the natural ordering for func¬ 
tions: a class of functions is said to be a filtering (or directed) system if 
whenever it contains/and g it also contains a function h such that h ^ max 
(/, g). Here we shall always denote such a system by the letter Let 
there be given a system G of elementary functions and an elementary in- 
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tegration E which satisfy the conditions of 1 (1) and of tlie following 
strengthened version of I (2), namely: 


(2) if is a filtering system in the system of non-negative functions in 

and if f is any function in ® such that \fix) | S sup k{x), then E{\f |) 

kt 9 

g sup E{k). 

k • 


A quantity analogous to N{f) can then be introduced through the definition 
(4) N{f) ~ inf |X; X ~ sup£(^), |/(x)| g sup^(^)) 

k 4 ft k 9 iBt 

CO 

If I/I ^ X) l/nl>/» ^ we can take as the totality of partial sums of this 

infinite series; and we immediately infer that S ^ N. Moreover properties 
I (5)-I (9) are readily verified for N. Hence whatever parts of the theory 
presented in these notes have been built directly on these properties have 
valid analogs in the theory of Bourbaki. In particular, we see that g = 
{/>■ S{f) < + “ ! is a Banach space, and we can define 8 as the closure of 
(S in §, taking L{f) == — S(f~) = F(J) for / « 8. A detailed check 

shows that the only results in our theory which depend upon a direct use of 
the definition of N are I (5)-I (9), II (10). II (14), III (1) and one observa¬ 
tion in the prtKjf of (3) above. Thus it remains for us to prove analogs of 
the last-mentioned results for the Bourbaki theory. We must observe 
further that in connection with the Fubini theorem in III and also at certain 
points in the present note it was necessary to check the validity of I (2) for 
particular families of functions. At the same points the corresponding 
check of (2) clearly has to be made in the Bourbaki theory. This can be 
accomplished in every instance without difficulty. Our program for treat¬ 
ing the Bourbaki integral has therefore been reduced to two steps, the first 
being to prove a result of general interest from which II (14), II (10) and 
the point referred to in the proof of (3) above, all easily follow, namely: 

(10) ft^if and only iff = g + h where g « 5 (ind h is a null function in 
the sense that N{h) = 0, if being possible when f 0 to choose g £ 0 
andh Osoikat N(f) = N(g) = N{g); likewise, f t^if and only if 
/ “ g + ft leftere g « 8 and i7(ft) » 0— and, when these conditions 
hold,L{f) ^ L{g) ^ L{g). 

We first observe that in consequence of the relation AT S we have 5 
it 3 and £(/) * !!(/) for all/ « 8. Thus T is an extension of L. The suf¬ 
ficiency of the conditions stated in the theorem is evident. In discus^g their 
necessity, we may treat the case where/ g 0 since the general case can be 
reduced to it by consideration of the functions/+ and /“. Asstiming/ 0 
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and /?(/) < + », -we choose a filtering system c so that 0 ^ S 

sup ^(x), i7(/) g Xp = sup £(fc) g i7(/) + l/p. Evidently this system 

f JTp k 4 

contains an increasing sequence such that \p =» lim E{knp)‘ In 

accordance with I (12) this sequence has a liifiit kp in Putting gp — 
min (/, kp) S 0, we see that gp e g. We also put hp * max (/, kp) — kp ^ 
0 and show that N{hp) ^ 0» The equation / *= gp 'i- hp then gives the 
desired result. In order to estimate N{hp) we put knp = max (/, kpp) “ 
knpt obtaining a sequence which decreases with 1/n to the limit hp. Hence 
^{hp) g N{hnp). The functions max (fe, knp) -- knp ^ 0, k € Jlp, con¬ 
stitute a filtering system in S'*' and for each in X have a supremum not 
less than hnp(x) g 0. Consequently N(hnp) g sup (£(max(^, knp) 

Ap 4 It p 

E{knp)) — Xp — E{knp)^ Passing to the limit we have N{hnp) 0 and 
hence N(hp) = 0. It is clear that N(gp) g N(f) g ^(gp) + ^(hp) and 
hence that N(gp) N(f). However all we know concerning A^(gp) is that 
Nif) == Nigp) g A^(gp) g N{kp) ~ Xp g N{f) + 1/p, To complete the 
discussion we therefore put g =» inf gp ^ 0, noting that / S g» g « 5» / “ g 
almost ever3rwhere in the Bourbaki theory. Writing A «= / — g ^ 0, we 
have N{h) « 0. Now N{f) g N(g) + N{k) - N{g) g N{g) g N{gp) g 
^(J) + 1/P for all p, and N{f) ^ N{g) « N(g), as we wished to prove. 
Assuming now that/is an arbitrary function in 2 we know that there is a 
sequence {/«1 in ffi such that i7(/ — /„) » L{f — /») “^ 0 while /?(/« — 
/«+l) L(\fn — fn^l\) « £(|/n /n+lj) ^ 2“'”. It folloWS that {fn\ also 
converges in 8 to a function g. Clearly we must have f — g almost every¬ 
where in the Bourbaki theory, since both functions are equal almost every¬ 
where to lim sup/«. Thus we have / “ g + A where N{h) 0. It is easy 

n-^09 

to see that Lij) =* Z(g) + L{h) Z(g) = L{g) here. This completes the 
proof. The second step of our program is to give a direct demonstration of 
III (1) for the Bourbaki theory. We have 

(11) if the elementary integrations £„ £, and E, satisfy the relation 
E, c Et* Ey, then the corresponding operations Nx, i7„, N, are such 
thatN,f(e) NtNyf(x, y) for every fin&iz). 

The proof is simple. Since there is nothing to prove unless N$fiz) < + », 
we assume the latter relation. We can then choose for any given « > 0 a 
filtering system c (S+(s) such that |/(*)| £ sup k{z), N,f(z) g sup 

k » $t A 4 It 

Nif(z) + *. The functions k(x, y) for fixed x constitute a filtering 
system in <S'^( Y) and their supremum is not less than |/(x, y)|. Hence we 
must have /?,/{*, y) g sup Eyk{x, y). Since the functions E,k(x, y), 

k 9 ft 

kt X, constitute a filtering system in (5+(.X’), we must have NtNyf{x, y) g 
sup EgE^(x, y) » sup E$k(z) g J7,f(z) + «. The theorem then foUows at 

k 9 it k 9 it 
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once. We now see that all the results established in our theory hold, 
mutatis mutandis, for the theory of Bourbaki. The latter theory is calcu¬ 
lated to give the best possible handling of the case where (S is the family of 
all continuous functions with compact nuclei on a locally compact space X. 
We shall therefore conclude our remarks with some comments on this case. 
In the Bourbaki theory it is not difficult to verify that the Riesz-Markoff- 
Kakutani theorem, II (18), assumes precisely the form announced by 
Markoff: the measure is a regular measure such that every compact sub¬ 
set of X is measurable. Thus where our theory produces a Baire measure, 
the Bourbaki theory produces a Borel measure. When X is the homo¬ 
geneous space of the left cosets of a closed subgroup F of a locally compact 
topological group Z, the discussion given in III can be repeated verbatim in 
the Bourbaki theory. Now, however, the final result is a generalization of 
Ambrose's theorem cited there. We thus obtain a simplified proof in 
which we do not need to assume, as Ambrose does, that F is a normal sub- 
group. 

^ Stone, M. H., “Notes on Integration, X, II, III," these Procbbdinos, 34 , 336-342, 
447-465, 483-490 (1948): cited here as I, II, III, respectively. 

* After the preparation of our third note, we learned that Bourbaki's projected treat¬ 
ment of the theory of integralioji had assumed a form remarkably like that described in 
these notes. The resemblance extends even to some of the finer details. The compara¬ 
tive study outlined in the present note should suffice to clarify the technical relations be¬ 
tween the two theories. 

* If such a sequence exists it can be replaced by a similar sequence in by a simple 
application of the definition of V, 

* Saks, S., Theory of the Integral, 2nd revised ed., Warszawa-Lwow, 1937, pp. 32-36. 

* V, Neumann, J., “On Rings of Operators, III," Ann, Math., 41 , 94-161 (1940), 
especially pp. 127-129. 

* Stone, M. H., Linear Transformations in Hilbert Space and Their Applications to 
Analysis, New York, 1932, Theorem 2.28. The proof given there for the complex 
separable case applies also to the real unrestricted case, which we need here. 

^ Riesz, T,, “Sur quelqucs notions fondamentales darts la throne g6n6rale des opera¬ 
tions Uneaires," Ann. Math., 41, 174-206 (1940), has shown how the lattice properties 
can be obtained directly. Stronger properties than those stated here are actually valid 
and can be established in general by Riesz’s method.^ or in this instance by direct ex 
amination of the futiction-lattice, 

» Saks, S., loc. cil.^ 

* Saks, S., loc. 

w An important application of (7) has been made in Plesaer, A, I., and Roblin, V. A., 
“Spectral Theory of Linear Operators,” Uspehi Mat€m..Nauk, N.S. 1 (11), no. 1, 71-191 
(1946) [Russian], §§ 22-27. See the writer’s review in Math. Rev,, 9 , ^ (1948). 

“ This result is to be compared with one given by Banach, S., ThSorie des OpSrations 
LinSaires, Warszawa, 1932, pp. 29-32. 
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ON THE DEGREE OF CONVERGENCE OF HARMONIC POLY^ 
NOMIALS TO HARMONIC FUNCTIONS 


Bv J. L. Walsh, W. E. Sewell and H. M. Elliott* 
Harvard UNiVBRSrry, U. S. Armv, and Harvard University 
Communicated December 3, 1948 


The purpose of this note is to state without proof certain results on 
polynomial approximation to harmonic functions whose proofs will appear 
elsewhere later. 

In the plane of the complex variable z — x -V iy* ^ (real) function u(z) 
hannonic in the interior of the Jordan curve C and continuous in the 
corresponding closed region C can be represented in by a uniformly 
convergent series of hannonic polynomials.^ If denotes the image of 
the circle \w\ = i? > 1 under the conformal map of the exterior of C onto 
the region \w\ > 1 of the iD-plane so that the points at infinity in the two 
planes correspond to each other, and if u{z) is hannonic throughout the 
interior of Cr, then there exist harmonic polynomials pn{z) of respective 
degrees n = 1,2, .,., such that 

lim sup [max. \u(z) — pn{z) \ on l/R; (1) 

• n o» 

conversely if harmonic polynomials />«(z) of respective degrees n exist so 
that (1) is satisfied, the sequence p«(z) converges throughout the interior 
of Cr, and the function «(s) if suitably defined exterior to C is consequently 
harmonic throughout the interior of C*. We sharjjen these prior results* 
by studying now the more delicate problem of relating continuity properties 
of u(z) (in the form of Lipschitz* conditions of arbitrary order on the 
function or its derivatives) on C or C* to degree of convergence of the 
sequence p„(z) in C. 

This theory is closely related to the analogous theory for approximation 
of analytic functions by polynomials in the complex variable.* But the 
present results are by no means merely an obvious application of the earlier 
ones. 

We define four classes of functions as follows. Let C be a rectifiable 
Jordan curve. We say that the real function u(z) belongs to the class 
L(k, a), s)mibolically u(z) e L(k, a), A g 0, on C if u(z) is harmonic interior 
to C and continuous on C; if the derivative d*u(z)/ds* exists on C, where 
s is arc length measured along C; and if d‘‘u(z)/ds* satisfies on C.a Lip- 
schitz condition of order a, 0 < a ^ 1. We say «(«) « Log 1) on.C if 
u(z) is harmonic interior to C, continuous on C, and exists';on C 

and satisfies the condition 


y«(»i) 




g Ljzt - zt\ llog 1*1 - «»| I, * 1 , ^ on C, 


( 2 ) 
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where |jSx — 2 t| is sufficiently small* 

^The complex-valued fuhction f(z) is said to belong to the class a) 
on the closed region C if f(z) is analytic interior to C, continuous on C, 
and if exists and satisfies a Lipschitz condition of order a on C. 

Finally,/(s) e Log^ (k, 1 ) on C if f(z) is analytic interior to C, continuous on 
C, and if exists and satisfies a condition of the form ( 2 ) on C. 

If C consists of a finite number of mutually exterior rectifiable Jordan 
curves, we say u{z) c L(k, a) on C if u(z) e L(k, a) on each component of 
C; we make analogous definitions for the other three classes. 

Theokem L Lei C consist of a finite number of mutually exterior analytic 
Jordan curves. Let u(z) e L(k, a) on C, k ^ 0, 0 < a ^ L Then for each 
n, n = f 2, ..., there exists a harmonic polynomial pjfi) such that 

\u{z) ~ Pn{z) \ ^ ilZ/w*'*"", zonC, 

We say that a curve C is of Type D if (i) C is a rectifiable Jordan curve 
whose arc and chord are uniformly infinitesimals of the same order, and 
(ii) there exists a number > 0 such that if P is any point of C, there is a 
circle of radius 3o through P whose closed interior lies in C. 

As a converse to Theorem 1 we have 

Theorem 2. Let C be a curve of Type D, and let u{z) be defi^t^ed in C, 
For each n, n = 1, 2 1 . ^let a harmonic polynomial pniz) exist such that 

|w( 2 ) — pn{z) I S Af/n*+", z in C, 0, 

Then u(z) e L{0, a) on C for 0 < a< 1 and u{z) e Log (0,1) on Cfora — L 
Set f(z) «= u{z) + iv{z)t where v{z) is conjugate^ to u{z) in C. Then for 
k ^ i,/(s) c L^ik, a)ontif0< a< 1 andf{z) eLog^ (k, 1) on C if a =» 1. 

Theorem 3. In addition to the hypothesis of Theorem 2 require that the 
equation of C can be written in the form z — t{s), s arc length measured along 
C, where (s) exists and satisfies a Lipschitz condition of order a. Then 
if0<a<l, u{z) 6 Lik, a) on C; t/ o » /, u{z) t Log (k, 1) on C. 

To connect the continuity properties of u{z) on Cn and degree of conver¬ 
gence of approximating polynomials on C we have 

Theorem 4. Let C and Cs, R > 1, be contours^ Let u(z) e L(k, a), 
k Ot 0 < a ^ 1, on Cft’ Then for each, n, » * I, 2, .. there exists a 
harmonic polynomial pn{z) suxh /Aa/ 

\u(z) — ^ zon C. 

Theorem 5, Let C be a contour and let R> 1, be a Jordan curve. 
Let u{z) e L{k, a), 0,0 < 1^ on Cj*. .SW/(s) » «(«) + iv{z), where 

biz) is conjugate to «(«) in Then there exist polynomials x»(s) in z suck 

l/(») - M/n'^+"R% z9nC. 
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Let C be a rectifiable Jordan curve lying in the a-plane. Let w » n(a) 
with inverse z « xW map the interior of C one-to-one and conformally 
onto the interior of »= L We say that C is of Type At if x'M is 
continuous and different from zero on |wl ~ 1. 

As a converse (not exact) to Theorems 4 and 5 we have 

Theorem th Let C he a curve of Type A\; suppose that u{z) is defined 
on C. For each n, n - 1, 2, ..I«l a fiartnomc polynormoX exist 
such that 

\u{z) — S A//n* + z on CyR> L 0, 

Set f{z) = u{z) + iv(z)t where v{z) is conjugate to u(z) in C, Then f(z) e 
LaC^, a) on Cr if 0 < a < 1 and f{z) € LogA {ky 1) on CRif a ^ 1; u(z) t 
L(k, a) on Cr ifO < a< 1 and u(z) c Log (k, 1) on i/ a ~ i. 

A classification of functions analytic in the unit circle due to Hardy 
and Littlewood expressed in terms of asymptotic inequalities was used by 
Walsh and Seweir as the basis of a study of approximation to analytic 
functions by polynomials in z. This same classification of analytic func¬ 
tions yields by studying real and pure imaginary parts a corresponding 
classification of functions hannonic in the unit circle. 

If u{z), z re^^y is hannonic in jjs:] < 1 and if 

|«(r«")| ^ i^d - r)*+“. r<l,0<agl. 

where ^ then we say u{z) c L{ky a) on \z\ =« 1. 

Let C be an analytic Jordan curve in the z-plane. Let w ~ Q{z) with 
inverse z » x(p) map the interior of C conformally onto the interior of 
|w| =» L Then u{z) is said to be of class L{ky a), < 0, on C if «(xW) 

is of class L(kt a)on|w|=l,0<a^l. 

Theorem 7. Let C be an analytic Jordan curve. Let u{z) € L(k, a), 
k < Oy 0 < a ^ ly on Cr, R > 1. Set f{z) = u{z) + iv{z)y where v{z) is 
conjugate to m(s) interior to Cr. Then for each ny n » ly 2y ...»there exists 
a polynomial r„(s) in z such that 

\f{z) - ir»(2)l g z on C. 

As a converse (not exact) to Theorem 7 we have 

Theorem 8. Let C be an analytic Jordan curve, and let u{z) be defined 
on C. For each n, n « 1, 2, ..., let a harmonic polynomial pn{z) exist 
such that 

|«(«) “ Pn(s)\ ^ zonCyR>l. 

If k<0^0< oi^ ly k + a 9^ 0, then uiz) e L(k, a) on Cr. 

For the case ft + « »• 0, a slightly less precise result exists. Theorems 
1-8 are in a sense the best possible. 

^ Dr. H. M. BUiott is a Vasste James HiU A.A.U.W. Fellow 



62 


MATHEMATICS: 0. ZARISKI 


Proc, N. a. S. 


' By a harmonic polynomial p^iz) of degree n we mean the real part of a polynomial 
in z of degree n. The degree of a polynomial will be indicated by its subscript. 

* For these results see Walsh, J. L., Bull. Am. Math. Sac., 3S, 4^9-644 (1929); Walsh, 
J. L., Ann. Math., 38, 321 •'354 (1937). 

* A function u{z) is said to satisfy a Lipschitz condition of order a on a set E if for 
any two points Zi, Zi of E we have j u(zi) — uizi) | ^ I.| »> “• is] where A is a constant 
independent of zi and zt. The letters L and M henceforth denote constants which may 
vary from one inequality to another and which may depend on the point sets involved, 
but which are independent of ^ and n. The letter k will always denote an integer. 

* Cf. Sewell, W, E., “Degree of Approximation by Polynomials in the Complex 
Domain,” Annals of Mathematics Studies» vol, 9, Princeton, 1942. 

* If two functions are conjugate in a regfion and continuous in the corresponding closed 
region, we say that the functions are conjugate in the closed region. 

* See Sewell, loc. cit., p. 58, for the definition of a contour, 

’ Walsh, J. L., and Sewell, W. E.. Trans. Am. Math. Soc., 49, 229-257 (1941). 


A SIMPLE ANALYTICAL PROOF OF A FUNDAMENTAL 
PROPERTY OF BIRATIONAL TRANSFORMATIONS 

By Oscar Zakiski 

Department of Mathematics, Harvard University 
Communicated November 5, 1948 

1. Valuations in Local Domains. —Let o be a local domain, i.e,, a local 
ring which is at the same time an integral domain, and let m be the maximal 
ideal in o. We consider a valuation v of the quotient field of o. Let R 
be the valuation ring of v and let ^ be the maximal ideal of R. We say 
that V has center m in o if (1) o c JR and (2) m “ ^ n o. If t' has center 
m in 0, then the residue field o/m of o can be regarded as a subfield of the 
residue field 2?/^ of the valuation v. The transcendence degree of the 
latter field over the former will be called the o-dimension of v. 

Theorem 1. If the local domain o is of dimension r and if a valuation v 
of the quotient field of o has center m w o and has rank 2, then the o-dimension 
of V is at most r — 2. 

Proof. —We shall first consider the case in which o is complete. By a 
theorem due to I, S, Cohen^ (Theorem 11, p, 79) o contains, then, a coeffi¬ 
cient ring Q. In the equal-characteristic case (i.e., if o and o/m have the 
same characteristic) Q is a field which is mapped isomorphically mod m 
on the entire residue field o/m. It is this case that occurs in algebraic 
geometry. In the unequal-characteristic case (i.e.^ if o is of characteristic 
0 and o/m is of characteristic 0) Q is a complete discrete valuation ring 
of rank 1 in which the maximal ideal is generated by the prime number p 
and which is mapped mod m (and therefore also mod p) on the entire residue 
field o/m. 
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Let tu hi ...» 4 a system of parameters in o» i.c., a set of r elements 
of m such that the ideal o {tu k* -. ., k) is primary for m. Then o contains 
the ring Q < /i, /t, ..., > of formal power series in the /'s, with coefficients 

in 12. We denote this ring by 12’*'. The ring 12* is a complete local domain 
of dimension r, has the same residue field as 0, and o is a finite module over 
12* (see Chevalley,^ Lemma 1 and Prop. 5, p. 702. For the general case, 
see I. S, Cohen,® Lemma 16, p. 90). If denotes the valuation of tlie 
quotient field of 12* induced by v and if m' denotes the maximal ideal in 
Q*, then it is clear that v* has center m' in 12* and that the residue field 
of V is an algebraic extension of the residue field of v' (since the quotient 
field of 0 is an algebraic extension of the quotient field of 12*). It follows 
that it is sufficient to prove the theorem for 12* and v\ We therefore 
assume that o itself is a power series ring 12 < ...» 4 > over the coeffi¬ 

cient ring 12. 

Let ^ ^ u/w be an arbitrary element in the valuation ring of v, where 
u and w are elements of o. Let Ui and Wi be the partial sutns of the power 
series u and w, respectively. We have w ~ c w — uu e m*. Since 

V has center m in o and since the rank of v is 1 (i.e., the value group of v 
consists of real numbers), it follows that v{u) — r(«<) and v{w) = t;(W() 
for all i sufficiently large. We have { — Ut/Wi — [Wi{u — Ut) — Ui{w — 
Wi)]/wWi. As i becomes very large the value of the numerator (in the 
given valuation v) approaches + <», while the value of the denominator 
remains constantly equal to the value of w^. Hence we have, for i very 
large, r(| — Ut/Wi) > 0, and therefore f and Ui/Wi have the same residue in 
the given valuation v. Since Ui and are poIynoUiials in 12[/i, 4, ..., 4], 
it follows that the residue field of v is the same as the residue field of the 
valuation vi induced by v in the ring S of rational functions 12(/i, k, ..., 
4), and from this our theorem follows at once. For in the equal-charac- 
terfstic case Q and ^ are fields, V\ is trivial on Q and is non-trivial on 5. In the 
unequal-characteristic case we may assume that k » p. In that case 5 
has transcendence degree r — 1 over the quotient field of 0, and it is clear 
that the transcendence degree, over 12/0 />, of the residue field of Vi can¬ 
not exceed r — 1, 

We now can easily prove the theorem for arbitrary (not necessarily 
complete) local domains 0. Let 0* and J?* be the m-adic and the ^-adic 
completions of 0 and of the valuation ring R, respectively. Since v is of 
rank 1, the completion of iS, in the sense of the tJbieory of local rings, co¬ 
incides with the completion of R, in the sense of valuation theory. .Hence, 
R* is a complete valuation ring for an extension w* of v, and v* has the 
same value group and the same residue field as v. The assumption that 

V has center m in 0 implies that Cauchy sequences and zero sequences in 
'0 arc, respectively, also Cauchy sequences and zero sequences in 7f. We 

have therefore a natural homomorphism r of 0* into J?*. Let 0' ro*. 
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Then o' is a complete local domain, and we have o c o', since r reduces to 
the identity on o. If nt* and m' are the maximal ideals in o’* and o', re¬ 
spectively, then m' » rm*, o'/nt' « o*/m*, and since tn* «= o^m and 
o*/m* » o/m, we conclude that m' =* o'‘m, m' n o =» nt and o'/m' - o/m. 
Finally we point out that o' is of dimension r, since o* is exactly of 
dimension r. Now, let be the valuation of the quotient field of o' in¬ 
duced by V*. Since o' c i?* and m' =» o'tn, it follows that the valuation 
r' (which is of rank 1) has center m' in o'. Therefore by the previous 
case, the o'-dimension of i»' is at most r -* 1. Since v' is an extension of v 
and since the residue fields of o and o' are the same, it follows a fortiori 
that the o-dimension of v is at most r — 1. This establishes the theorem 
for arbitrary local domains. 

The second part of the proof yields an important consequence in the 
following special case: the local domain o is analytically irreducible^ f.e., 

is an integral domain^ and the valuation v {of rank 1 and center m) is of 
dimension r ^ 1. In that case, also, must be exactly of dimension 
r — 1. In view of Theorem 1, this is possible only if in the inequality 
dim o' S r the equality sign holds. Hence o' is of dimension r. Since 
also the local domain o’* is of dimension f, it follows that the homomorphism 
r of 0** onto o' must be an isomorphism. We can therefore state the following 
theorem: 

Theorem 2. Let obea local domain of dimension r and lei m be the maxi¬ 
mal ideal of o. Let v be a rank 1 valuation of the quotient field of o such that 
the o-dimension of v is r -- 2 and such that m is the center of v in o. If o is 
analytically irreducible (t.e., if the completion o'* of o is an integral domain)^ 
ihenois a subspace of ihemluaiionringRof Vii.e.iWehave: n o c 

v{i) —► + a>, a5 t ® where ^ is the maximal ideal of R, The valua¬ 
tion V can then be extended to a valuation of o*. 

2, An Application to AIgebraic Varieties.—htt V and V' be two algebraic 
varieties over a common ground field k, and assume that the function field 
S of F is contained in the function field X' of F' (whence F is a rational 
transform of F'). Let P and P' be two corresponding points of F and F'. 

Theorem 3. If the local ring of P' contains the local ring of P and if V 
is locally irreducible at P. then the local ring of P is a subspace of the local 
ring of P\ 

Proof: Let o and o' denote the local rings of P and P', respectively. 
Let m and m' be the maximal ideals in these two rings. We have, by 
assumption, o c o'* Furthermore, the fact that P and P' are corre¬ 
sponding points signifies that mem' (and hence m' n o ** m). Let r 
and f' be. the dimensions of o and o', respectively. Let s »» dim F, s' « 
dim F'. Note that the difference r — r is merely the dimension of the 
point P over fe, i,e,, the dimension of the irreducible variety of which P is 
a general point. Similarly for s' and f'. We fix a divisor o'{i.e., an (s' — 
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1) dithensional valuation v'] of the function field S' which has center at the 
point P'. The induced valuation v in the function field X has then center 
P, and its dimension (the dimensions of v and r' are intended here with 
reference to k) is necessarily 5—1 (since dim — dim v cannot exceed 
5 ' — 5 ). In the terminology of the preceding section, v has center m in 
0 , and its o-dimension is equal to r — 1. Similarly r' has center m' in o', 
and its o'-dimension is equal to r' — 1. Let ^ and be the prime ideals 
of the valuations v and v\ It is clear that high powers of contract in 
the valuation ring of v to high powers of Since V is analytically irre¬ 
ducible at P, it follows from Theorem 2 that high powers of ^ contract 
in 0 to high powers of m. Therefore high powers of contract in 0 to 
high powers of m. But since m' c it follows a fortiori that high 
powers of m' contract in 0 to high powers of m, i.e., the local ring 0 is a 
subspace of the local ring o', q. e. d. 

From Theorem 3 it is possible to derive in a very simple manner the 
“main theorem*' of our paper on birational transformations (Zariski,* p, 
522). I^t V and V' be birationally equivalent varieties and let J* denote 
the birational transformation of V onto F'. We denote by r|P} the set 
of points of V' which correspond to P. We say that a point P' of r{P} 
is isolated if P' is not a specialization (over k) of any point of r{P( such 
that dim Q*/k > dim P'/^* 

Theorem 4. Under the assumptions of Theorem 3 and under the addi- 
tional assumptions that P' is an isolated point of r{P} and that dim P/k ^ 
dim P'/^, the set PfP} consists of a finite number of points, any two of which 
are isomorphic over k. 

Proof: We use the notation of the proof of Theorem 3. Let 0 * and 
o'* be the completions of 0 and o', respectively. Since, by Theorem 3, 
0 is a subspace of o', it follows that 0 * is also a subring and subspace of 
o'*. The assumption that P' is an isolated point of r|Pl signifies that 
the ideal o'-m is primary for m'. Since, on the other hand, 0 and 0 ' have, 
by assumption, the same dimension, it follows that if {/i, /a, ../r} is a 
system of parameters in 0 , then the Vs form also a system of parameters 
in o'. Therefore o'* is a finite module over the power series ring k < h, 
ky ..., ^ > (Chevalley‘), and a fortiori o'* is a finite module over 0 *. In 
particular, every dement of 0 ' is integrally dependent on 0 *. 

Now let V be any divisor of the function field 2, vrith center at P. By 
Theorem 2, v can be extended to a valuation t>* of the quotient field of the 
local domain 0 *. Since every element of 0 ' is integrally dependent on 
0*, it follows that 0 ' is contained in the valuation ring of v* (since 0 * is 
contained in that valuation ring). Consequently 0 ' is contained in the 
valuation ring of v (since r* is an extension of v). The center of the divisor 
V on the variety F' is therefore a point 4' such that the focal ring of A' 
contains the local ting 0 ' of P', i.e., a point A ' such that P' is a specialization 
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of A ' over k. vSince P and A ' are centers oiv^ A* belongs to the set rjPj. 
Since is an isolated point of PIP}, we must have dim A*/k “ dim 
P^/k, From this it follows that A^ and P' are isomorphic points over 
k (since P' is a specialization of A * over k) and that consequently the local 
rings of A^ and P' coincide. Since o c o', the local field k{A^) contains 
the local field k{P) of P, and hence .4' is an algebraic point over ji?(P) 
(since dim A^/k * dim P*/k = dim P/k). Since r(Pj is a variety over 
ife(P), we conclude that P{P) is zero dimensional over k{P) and therefore 
consists of a finite number of points. This completes the proof. 

Our “Main Theorem” on birational transformations follows from the 
above theorem if one takes into account that if V is locally normal at P 
then (a) V is analytically irreducible at P (Zariski^) and {b) the finite set 
P{P} necessarily consists of a single point (Zariski*, theorem 8(A) and 
theorem 10, pp. 512-514). 

^ Chevalley, C., “On the Theory of bcx;al Rings," Ann. Math., 44, 690-708 (1943). 

* Cohen, I. S., “On the Structure and Ideal Theory of Complete Local Rings," Trans, 
Am, Math, Soc„ 59 , 54-106 (1946). 

* Zariski, O., "Foundations of a General Theory of Birational Correspondences," 
Jbid., 53 , 490-542 (1943). 

* Zariski. 0., “Analytical Irreducibility of Normal Varieties," Ann, Math.^ 49 , 362- 
361 (1948). 


THE NUCLEOPROTEIN CONTENT OF WHOLE NUCLEI 
By a. W. Poluster and C. Leuchtenberger 
Dkpartmbkt of Zoology, Columbia University 
Communicated by L, C. Dunn, December 3, 1948 

The task of detennining the chemical composition of parts of a cell can 
be approached in two different ways, which may for convenience be called 
the gross and the cytological methods. The former is followed by the ana¬ 
lytical biochemist, who isolates cellular structures in masses (millions or 
billions of units) and subjects the mass to a variety of analytical procedures. 
The cytologist, by contrast, studies with bis microscope single cells, and for 
chemical 'analysis of these structures he is almost wholly restricted to 
methods which are based upon light absorption. Obviously the gross and 
cytological methods are complementary in many respects, as, for example, 
in evaluating the changes which may have been brought about by the 
isolation procedure. The nucleoprotcin content of the cell nucleus has 
been determined in recent years by both gross and cytological methods. 
In the present paper we are concerned with demonstrating and attempting 



67 


VoL. 36, 1949 ZOOLOGY; POLUSTER AND LEUCHTBNBERGER 

* 

to explain the considerable differences between the results from these two 
lines of investigation. 

Gross analyses of nucleic acid and protein in isolated nuclei and chro¬ 
mosomes have been made in recent years by Claude and Potter, by Mirsky 
and his associates and by the Stedmans. Although in methods of isolation 
and analysis these three groups have worked very differently, their results 
are in essential agreement on the over-all nucleoprotein composition, as 
shown by the ratio of protein to nucleic acid, table 1. In all these inter¬ 
phase nuclei and chromosomes gross analyses showed the protein content to 
be not more than one or two times that of the nucleic acid. 

We have determined the protein-nucleic acid ratio in two of these nuclear 
types by microscopic methods applied to cytological sections of fixed ma¬ 
terial. For desoxypentose nucleic acid, the Feulgen reaction was estimated 
from measurement of the absorption of light isolated from a tungsten lamp 
by a Farrand Interference Filter with peak transmission at 550 nm- Nu- 

TABLE 1 

Total Protein and Nucleic Acid in Chromosomes and Nuclei Which Have Been 
Subjected to Isolation Procedures. The Ratios in Some Cases Have Been 
Computed prom Gross Analytical Data in the References 




PROTJBIN 

MATfSItlAt. 

&BFEREMCB 

NUCLEIC ACID 

Chromosomes, thymus lymphocytes 

Mirsky and Ris* 

1.5 

(calf) 



Nuclei, thymus lymphocytes (human) 

Stedman and Stednian* 

1.35 

Nuclei, liver (human) 

Stedman and Stedman* 

2.6 

Nuclei, liver (ox) 

Stedman and Stedman* 

2.3 

Nuclei, liver (mouse) 

Stedman and Stedman* 

2.4 

Chromosomes, leukemic cells (mouse) 

Claude and Potter* 

■ 1.5 


cleic acid was computed from these values (called £mo in the tables) by 
the method described by Di Stefano.* For protein estimation the Millon 
reaction was carried out and measured by the total protein method of 
Pollister and Ris.* From these extinction values for the tyrosine-plus- 
tryptophane mercurials (called £«« in the tables) protein was computed by 
assuming that the absorbing substance was all tyrosine, and that the tyro¬ 
sine constituted one-sixteenth (6.25%) of the mass of the protein. In 
nuclei the absorbing material is not homogeneously distributed. Absorp¬ 
tion measurements of such structmres always involve an error, not easily 
estimable, resulting in too low extinction values for the absolute amount of 
material in the absorption path. However, this has little effect upon the 
ratio between the amounts of two substances with identical distributions, 
a condition we have assumed for protein and nucleic acid in these nuclei. 

From these cytological estimates, table 2, it appears that in the nuclei 
of fixed tissues the protein is very high in proportion to the nucleic acid. 
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the latter forming only about one-ninth of the nucleoprotein mass of the 
thymus nucleus and one-eighteenth of the liver nucleus. A similar com¬ 
position of the interphase nucleus is indicated by cytological determinations 
which have been made on various nuclei, by us and other workers, table 3. 
In short, all microscopical determinations of nucleic acid and protein agree 


TABLB 2 

Total Protein and Nucleic Acid in Nuclei of Fixed Sections, Obtbrmiked by 
Cytological Absorption Measurements 


MATERIAL 

Thymus (guinea pig) 
Liver (mouse) 


rSULOBN SBaction 


0.343 0.04 

0.413 * 0.02 


MILLON RKACTtON 


0.086 ==*= o.fxm 

0.209 0.02 


TKOTBIN 
NtTCLBtC ACrO 

8.4 

16-9 


TABLE 3 

Protein-Nucleic Acid Ratio in Various Nuclei, Found by Cytological Ab¬ 
sorption Measurements 


matbrxal rbpbrbncb 

Lophius nerve cell, nucleus Hyden^ 

Amblystonia cartilage cell, Di Stefano* 
nucleus 

Drosophila salivary gland Caspersson^ 
chromosome 

Grasshopper spermatocyte, Caspersson* 
early meiolic prophase 
nucleus 

{Chortophaga) grasshopper RLs* 
spermatocyte, leptotene 
nudeus 

{Chortophaga) grasshopper Pollister and 
spermatocyte, leptotene Leuchten- 
nucleus bergcr 

Onion root tip, meristem, Ris* 
nucleus 


PKOTKIN 

NVCLBIC ACID 

^ ^ 

PROTJttlN 

NUCLBIC ACn> 

Ultraviolet 

Ultraviolet 

14 

absorption, 

absorption, 


Rmr 

Rim 


Ultraviolet 

Millon 

10 

absorption. 

reaction. 



Ettk 


Ultraviolet 

intravfolet 

10 

absorption. 

absorption. 


£iM7 

Rim 


Ultraviolet 

lUtraviolet 

20 

absorption. 

absorption, 


Rwn 

Rum 


Ultraviolet 

Millon 

11* 

absorption. 

reaction. 





Feulgen 

Millon 

10 

reaction, 

reaction, 


Rw) 

Rm 


Ultraviolet 

Millon 

6.5* 

absorption, 

reaction. 


Eun 

Em 



* Computed by assuming^ the £hi represents absorption due to tyrosine, which is 
6.25% of the protein. 


ill demonstrating that at inteiphase, or early prophase, the nucleus con¬ 
tains a very large amount of protein in proportion to the nudeic acid. 
This is in sharp disagreement with the equally uniform results of gross 
analyses, by different workers, of chromosomes and nudei which have been 
subjected to a procedure for isolating them from the rest of the cell. In 
all of the latter a very much lower proportion of protein was found. 
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One can reconcile these divergent analyses by assuming that the isolation 
process has removed from the nuclei a large proportion of the protein. 
An essential part of all the metliods of getting a mass of “pure nuclei” for 
chemical analysis is a prolonged washing, with such reagents as citric acid 
or physiological saline. The latter has been demonstrated to wash out a 
large amount of protein from the cytoplasm (Mirsky and Pollister^®), and 
it is logical to suppose that loss of protein from the nuclei also may result 
from this sort of treatment. This point was investigated on the liver of the 
guinea pig. Slices of fresh liver were cut on a freezing microtome set at 100 
microns, some were fixed immediately for controls, others were kept in 
physiological saline at 5^C. before fixation. Protein was determined by 
photometric mcasuretnent of the Millon reaction on paraffin sections of the 
fixed tissue slices. These measurements showed that in a slice that had 
been in noniial saline for three hours the nuclei contained on the average 
about one-fourth as much protein as the nuclei of the untreated control 
slice. This same saline treatment reduced the cytoplasmic protein content 
to nearly one-half its original value. The suspension of a thick slice of 
liver in saline is a mild physical and chemical treatment in comparison 
with, for example, the homogenization in a Waring Blendor and subsequent 
washing, which are part of one of the procedures followed in isolating 
nuclei or chromosomes for gross analysis (Mirsky and Ris^). There seems 
good reason to suppose that the more drastic procedures would reduce the 
protein content of nuclei and chromosomes to the values given in table L 

The cytological evidence shows that in nuclei of sections of fixed tissues 
in which rapid cytological fixation has preserved the nuclei with little 
chance for loss of protein or nucleic acid, there is OV 2 to 20 times as much 
protein as nucleic acid, and furthermore suggests that the process of 
isolation for gross analysis washes out most of this protein from the nuclei. 
Without more cytological or chemical data it cannot be said whether the 
protein removed by washing was originally a part of tlie chromosomes or 
some component of the interchromosomal material. There is clear indi¬ 
cation that the excess protein in whole (i.e., fixed) nuclei is not histone. 
Mirsky and Ris\ have reported that histone constitutes over 80% of the 
protein of isolated thymus chromosomes, and this ratio was approx¬ 
imately verified by microscopic absorption measurements of isolated nuclei 
(PoUister and Ris®). If histone likewise constitutes four-fifths of the 
protein of whole nuclei, its removal should lead to a corresponding reduc¬ 
tion in the Millon reaction. Instead, however, when sections of fixed 
thymus ore treated by the reagent which dissolves histone (sulphuric acid 
plus divalent mercury) and the Millon reaction (£m) on these sections is 
compared with that of nuclei in untreated tissue, then it is found that the 
decrease of Em caused by histone removal is barely significant, table 4. 
This is actually about the result to be expected if the histone content of 
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whole thymus nuclei is that reported by Mirsky and Ris for isolated chro¬ 
mosomes (1.25 times the nucleic acid, which would be 15% of the protein 
of whole nuclei, and equivalent to an iSaai of 0.021). These data show that 
in the large amount of protein of whole nuclei there is probably very little 
more histone than has been found in the same type of nucleus after iso¬ 
lation. In other words, the isolation procedure appears to cause little if any 
loss of histone, There is some evidence that the desoxypentose nucleic 
acid content likewise is not changed appreciably during isolation of chro¬ 
mosomes. 


TABLE 4 

Effect of Removal of Histokb on the Protein Content of Thvmus Nuclei as 
Shown by the Millon Reaction. (The Values Are from Measur^^nts through 
the Central Part of the Nucleus, with a Consequent Longer Optical Path 
AND Higher Extinction than in Table 2) 

NON-H18TQNB l>ROTBlN 

TOTAL FROTBIN • (aTTBR H1SO4 -f* Hg + ♦) 

HVMBBR BUMSBK 

OF MUCLBI HBAN E»U OF NUCLBt UBAN JStIt 

31 0.137 0.004 80 0.123 0.005 

We can only speculate as to the other characteristics of tliis non-histone 
excess protein of whole nuclei. Perhaps it should be classed with the 
other non-histone protein fractions of the nucleus, and the “chromosomin'* 
of the Stedmans and the '‘residual protein** of Mirsky and Ris be regarded 
as residues, which for some reason do not go into solution when nuclei are 
isolated for gross analysis* Since the metabolically inactive spermatozoan 
nucleus appears to be almost entirely nucleoprotamine, or nucleohistone 
(PoUister and Mirskyit seems logical to consider the non-histone, 
which is so abundant in metabolically active cells, to be a part of the nu¬ 
cleus which is concerned with the special metabolic functions of the nucleus, 
leaving to the nucleohistone the general function of chromosome repro¬ 
duction. Thus, in the non-histone protein fraction must be included the 
enzymes which were found by Dounce.^* Indeed, Dounce showed that 
certain steps of the nuclear isolation process do remove significant amounts 
of protein and enzymes frpm the nuclei. Finally, it is intriguing also to 
hope that in the excess protein fraction may be found some of the elusive 
intermediate products of protein synthesis, which Casperssou has suggested 
may be the primary mtranudeor metabolism. 

The results may be briefly summarized. Photometric measurements 
of nuclei in sections of fixed tissue show that these contain a much higher 
proportion of protein than has been reported in nuclei and chromosomes 
when isolated for gross chemical analysis. This high protein content is 
consistent with other cytological estimates of nudeoprotein in fixed nuclei. 
It is shown that a large amount of protein is removed frmn nudei by treat¬ 
ment with physiolo^cal saline, which is a part of one method of isolating 
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chromosomes. The protein which occurs in whole nuclei and which is 
apparently lost during the isolation procedure does not appear to include 
any histone. 

1 Mirsky, A. E.. and Ria. H.. /. Gen. Phys., 31, 7-18 (1947). 

* Stedtnan, E.. and Stedman, E., Cold Spring Harbor Symposia, XII, 224-236 (1947). 

* Claude, A., and Potter, J. S.. J, Exp. Med.^ 77, 345-364 (1943). 

* Di Stefano, H. S., Chromosoma, in press (1948). 

» PolUster, A. W.. and Ris, H.. CoU Spring Harbor Symposia, XII, 147-167 (1947). 

« Hyden, H.. Ztschft. mikr. anatom. Forsch., 54, 96-130 (1943). 

^ Caspersson, T., Chromosoma, 1, 147“'156 (1940). 

* Caspersson. T., Salman Lectures (1948). 

» Ris, H., Cold Spring Harbor Symposia, XII, 168-160 (1947). 

Mirsky, A. E.. and PolUster, A. W., Proc. Nat, Acad. Sci., 28, 344-352 (1942). 

“ PolUster, A. W., and Mirsky, A. E., J. Gen. Phys., 30, 101-116 (1946). 

» Dounce, A. L., J. Biol. Chem., 147, 686-698 (1943). 
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EFFECT OF VISIBLE LIGHT ON THE RECO VERY OF 
STREPTOM YCES GRISEUS CONIDIA FROM ULTRA^ 
VIOLET IRRA DIA TION INJUR Y* • 

By Albert Keener 

The Biological Laboratory, Cold Spring Harbor, New York 
Communicated by M. Demerec, December 5, 1948 

It is well known that cells rendered non-viahle by ultra-violet or x- 
irradiation*’ * may at times regain their viability if stored under suitable 
conditions after irradiation. In the case of microorganisms the criterion 
for viability is usually the ability to form a colony on a solid medium. 
By recovery is meant the restoration of the ability of an irradiated micro¬ 
organism to grow and form a colony. 

Little is known about the mechanism of the recovery phenomenon; 
experimental results reported in the literature have been extremely variable. 
Moreover, at best only a small percentage of the cells rendered non-viablc 
in an irradiated population recover their viability—that is, the over-all 
recovery is usually relatively slight. 

During a study of antibiotically active mutants in actinomycetes^ we 
observed that the per cent survival of ultra-violet irradiated Streptomyces 
^riseus ATC3326 (a non-streptomycin producer) conidia increased about 10- 
fold when irradiated suspensions were stored one or two days following ir¬ 
radiation. So little was known about the recovery phenomenon, with 
which our observation was obviously connected, and the implications of 
this phenomenon to genetics, medicine, and cellular physiology seemed so 
important to us, that an intensive study of recovery from irradiation was 
initiated. 

Since observers have found recovery to take place when irradiated cells 
ore stored in the cold,® and since our own first observations were made on 
suspensions which had been stored in the ice box, the first study was one on 
effect of temj^rature. It was soon clear that recovery was not dependent. 
on storage in the cold. However results were extremely variable even in 
duplicate experiments; for example, one suspension of ultra-violet ir¬ 
radiated spores showed no recovery ujpon storage at 35®C., while another 
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suspension prepared from the same lot of spores and irradiated in exactly 
the same way, showed a 100,000-fold recovery. Some variable factor 
seemed present in our experiments which overshadowed in importance the 
effect of temperature per se on recovery. Careful consideration was made 
of variable factors which might have accoutited for such tremendous varia¬ 
tion. We were using a glass-fronted water bath placed on a table near a 
window, in which were suspended transparent bottles containing the ir¬ 
radiated spores. The fact that some of the bottles were more directly ex¬ 
posed to light than others suggested that light might be a factor. More¬ 
over, the greatest and most consistent recovery in our preliminary experi¬ 
ments had taken place in suspensions stored in transparent bottles at room 
temperature on an open shelf exposed to diffuse light from a window. 
Experiment showed that exposure of ultra-violet irradiated suspensions to 
light resulted in an increase in survival rate or a recovery of 100,(XX)- to 
4(K),(X)0-fold. Controls kept in the dark (experiments were made between 
15^C. to 37^C. only) showed no recovery at all. 

The magnitude of the light effect can hardly be overemphasized. The 
recovery was so much more complete than any previously observed, that 
we felt we were dealing here with a key factor in the mechanism causing 
inactivation and recovery from ultra-violet irradiation. 

Methods, ultra-violet source was a General Electric 15-watt 
germicidal lamp, 80 per cent of whose ultra-violet radiation was at 2537 A. 
The spores of S, griseus ATC332G were suspended in saline or distilled water 
and irradiated in a thin layer in an open petri dish placed under the ultra¬ 
violet source. The suspension was shaken gently during irradiation. 
Preparation of spores, irradiation, and assay for viable count were otherwise 
similar to those described previously. ^ Following ultra-violet irradiation, 
the spore suspensions were placed in glass bottles or test tubes and sus¬ 
pended in a thermostatically controlled glass-fronted water bath. Visible 
light illumination from various sources as described under individual ex¬ 
periments was directed against the suspension The light passed through 
two glass thicknesses, and about */2 cm. of water, before reacliing the ultra¬ 
violet irradiated cells. Filters were used in later experiments as described 
below. Counts were made of the viable cells in a suspension by plating on 
nutrient agar and incubating 3 days at 28^C. Ultra-violet treated cells 
which were to be kept in the dark were placed in a covered can suspended in 
the water bath. 

Effect of Dosage of Ultra-Violet Light on Recovery .—Conidial suspensions 
were irradiated with ultra-violet at GO cm, distance from the lamp (in¬ 
tensity about 960 ergs X min. X mm. "2) for periods indicated in table 1. 
Immediately after irradiation the suspension was divided into two por¬ 
tions, one of which was kept as a dark control, and the other exposed to 
light from a window about 2 feet away. In this early experiment the 
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visible light source was 
not controlled, the sus¬ 
pensions being in the 
dark at night, and sub¬ 
ject to variation in light 
intensity during the day. 
However this experiment 
shows well the consistent 
recovery which occurred 
only in the light. Non¬ 
ultra-violet treated con¬ 
trols were little affected 
by visible light, ^here 
being if anything a de¬ 
crease in the count in 
the light-expOvSed tubes. 
In no case did the tubes 
of ultra-violet treated 
cells kept in the dark 
show significant recov¬ 
ery, while in all cases 
the light-exposed tubes 
showed recovery varying 
from 14- to over 72,0(X)- 
fold according to ultra¬ 
violet dosage in this ex¬ 
periment. If the decrease 
in count of the non- 
ultra-violet irradiated 
suspension exposed to 
light is taken into ac¬ 
count it is seen that 
in the 4-minute experi¬ 
ment the recovery is 
complete by the fifth 
day, the count in the 
ultra-violet irradiated 
suspension (1.8 X 10®) 
equaling that of the non- 
ultra-violet irradiated 
suspension (1.7 X 10®). 

Effect of Intensity and 
Duration of Visible Ltght 
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SD <2.5 ... 10 20 18 45 40 

L <2.5 ... 1.6X10' 7.4X10* 3.9X10* 2.7X10* 1.9X10* >64.000-fold 

9Z) <2.5 ... <2.5 <2.5 <2.5 <2.5 <2.5 

L <2.5 ... 1.8X10» 3.6X10* 2.9X10* 5.8X10* 1.6X10* >72.000-fold 
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Illumination ,—A coniciial suspension was irradiated with ultra-violet for 
I Va minutes at 20 cttu distance from the mercury lamp. Immediately after 
irradiation it was placed in a 28°C. water bath and exposed to as high an 
intensity of artificial light as was conveniently possible to obtain in our 
laboratory (two photofiood lamps and light from a projection lantern, all 
placed about 30 cm. from the cells). Table 2 shows the extent of recovery 
after various time periods. The temperature of the cell suspension did 
not rise more than 2 degrees during the illumination. Recovery is pro¬ 
portional to duration of illumination, within limits. 


TABLE 2 

Effect of Duration of visible Light Illumination on Recovery 


illumination 

TIMB. 

MIN, 

VIA9LB CELLS 

PBR ML. iiV 

BlJSPKNBiON 

KSLATXVR 

incrbabb in 
‘survival ratb 

0 

2.5* 


10 

2.5 X 10* 

l,000-f()id 

20 

0.2 X 10* 

3,700-fold 

30 . 

1.3 X 10* 

52,(i00-fold 

40 

1.6 X 10* 

04,000-fold 

50 

2.0 X 10* 

80,000-.fold 

60 

5.3 X 10* 

210,000-fold 

145 

5.5 X 10* 

220,000-foUl 

173 

7.7 X 10* 

310,000-fold 

240 

8.0 X 10* 

320,0(K)-fold 


* The coutil of the non-ultra-violet irradiated suspension was 4.2 X 10,* so that the 
survival rate at time zero wUvS 6.0 X U) 


, TABLE 3 

Effect of Temperature on Rate of Recovery. Illumination Period Constant 


-VIA»J>B CBLLS PKK ML. AT VAKtOUH TBMFBMATUBBS- 



20'*C. 

25‘‘C. 

30’’C. 

86®C. 

Exp. 1* 

9.6 X 10* 

3.9 X W 

3.6 X 10* 

1.0 X 10* 

Exp. 2t 

45'>C, 

so®c. 

66'’C. 

60“ C. 

Exp. 1* 
Exp. 2t 

2.4 X 10* 

3.3 X 10* 

2.9 X 10* 

2.2 X 10* 


40*C. 

1.1 X 10* 
2.3 X 10* 


* Exp. 1: Count of non-ultra-violet irradiated control was 8.0 X 10* per ml. Count 
of ultra-violet irradiated suspension before illumination was <10 per ml. 

t Exp. 2: Count of non-ultra-violet irradiated control was 2.2 X 10* per ml. Count 
of ultra-violet irradiated suspension before illumination was <10 per ml. 


In annther experiment (with different light source) a 3-fold recovery was 
observed after as little as 2 minutes of illumination, and 810-fold after 4 
minutes. An experiment in which the duration of illumination was con¬ 
stant* but the intensity varied, showed that the rapidity of recovery was 
proportional to intensity, within limits. 

Temperature ,—In subsequent experiments there was employed a uniform 
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artificial light source consisting of a slide projection lamp containing a 5(K)- 
watt Mazda projection bulb. The outer lens of the lamp was placed about 
5 cm, from the cells, in order to obtain as intense an illumination as possible. 
A conidial suspension was irradiated T A minutes at 20 cm. from the ultra¬ 
violet lamp. Table 3 shows the effect of temperature on the rapidity of 
recovery, the visible light illumination being kef)t constant at 10 minutes. 
An independent ultra-violet irradiation was made for each temperature 
determination; this may partially account for some of the variability in 
the results. It is seen that the rate of recovery increases with rise in tem¬ 
perature up to about 50°C. 

Ultra-violet irradiated suspensions could be kept at 5®C. in the dark for 
up to 4 hours without interfering with vSubsequent recovery when illumi¬ 
nated. 

The knowledge furnished by the experiments just described enabled us 
to induce over ItK),OOO-fold recovery with a high degree of re[>ro(lucibility, 
by illuminating ultra-violet irradiated suvspensions with a light source as 
described for 20 to 30 minutes at 37*^C. 

The light source used by us emitted infra-red as well as visible light. 
Since considerable work has been done on tlie effect on mutation and 
chromosomal rearrangements of pre- and posttreatment of x- or ultra¬ 
violet irradiated cells with near infra-red,®* ® it was of importance to de¬ 
termine the comparative effect on recovery of the infra-red and visible 
components of our light source. Suspensions illuminated with light in 
which the infra-red had been eliminated by a filter® consisting of a 3.2-cm. 
deep cell containing 0.5 N CuCb aqueous solution, recovered almost as 
much as controls with no filter. This filter absorbs some of the visible red, 
as well as the infra-red. On the other hand, interposition of a filter con¬ 
sisting of a 3.2-cm. deep cell containing a saturated soluti(m of I 2 in CCb, 
which eliminates most of the visible light and passes the infra-red®* ® re¬ 
sulted in no recovery at all. There was moderate recovery when an I2-CCI4 
filter 1 cm. deep was used, but use of this filter was not a critical test, for a 
considerable portion of the visible light passed through this filter. These 
simple experiments do not of course exclude the possibility that infra-red 
illumination of sufficient intensity will not induce recovery; they do show 
that the most active component of our light source was the visible light. 
One of the main features of the infra-red-ultra-violet, or -x-ray studies,®' ® 
is that pretreatment with infra-red has a marked effect on the behavior of 
cells to subsequent irradiation with ultra-violet or x-rays. We therefore 
illuminated conidial suspensions of 5, griseus with visible light before ir¬ 
radiating with ultra-violet. There was no increase whatever in the sur¬ 
vival rate on subsequent irradiation with ultra-violet. 

The magnitude of the recovery phenomenon made it imperative to make 
sure that it was not due to some experimental artifact, such as declumping 
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of clumped cells; and to ascertain whetlier the effect of visible light was on 
the menstruum rather than on the cells themselves. 

Elimination of clumping and declumping as a factor was shown by ex¬ 
periments where ultra-violet and subsequent visible light irradiation was 
done on cells which had first been smeared on the surface of nutrient agar 
plates. Light-induced recovery occurred as usual. 

That recovery was not due a stimulation of germination in cells which 
had a long lag phase due to ultra-violet irradiation, was shown by the fact 
that prolonged incubation of plates which had been seeded with irradiated 
cells never disclosed the presence of slow-growing colonies. The maximum 
number of colonies was always reached after 3 days of incubation. 

There was a possibility that the killing effect of ultra-violet light on S. 
gHseus was due chiefly to ozone dissolved in the menstruum from the air, 
or to peroxides or either compounds formed in the menstruum by the ultra¬ 
violet light. If these toxic cotnpounds rendered cells non-viable, then their 
elimination by decomposition by visible light, might allow cells to germi¬ 
nate and form colonies - i.e., recover. 

Numerous experiments were made to detect a possible unusual sensitivity 
of 5. griseus to the ultra-violet irradiated menstruum, with negative results. 
Air from the vicinity of the mercury lamp was bubbled for one hour through 
a suspension of cells, with no sign of toxicity. Sterile tiutricnt agar plates 
were irradiated for one hour, then inoculated with spores with no sign of 
more than a negligibly lower count than controls. Non-irradiated spores 
were added to suspensions of irradiated spores to see whether substances 
given off by irradiated cells might be toxic to non-irradiated cells with 
negative results. Any toxicity that was observed in these experiments 
never resulted in more than about 20 per cent killing, whereas ultra-violet 
irradiated cells under the conditions of our recovery experiments had usu¬ 
ally a survival of the order of 1 X 10^®. 

Discussion .—The evidence presented suggests tliat in visible light we 
have a factor which uniformly, rcproduceably causes the recovery of many 
of the cells which had been rendered non-viable by ultra-violet irradiation. 
The action is probably directly on the cells rather than on the menstruum, 
and there was no evidence of any experimental artifacts being involved. 
The magnitude of the effect makes it likely that a key factor in the lethal 
effect of ultra-violet light is being affected by the visible light. Whether 
or not light-induced recovery bears a relation to other types of recovery 
previously recorded is difficult to say. All such studies, as well as studies 
on ultra-violet induced mutation must be evaluated on the basis of whether 
light-induced recovery has played a part. There can be no doubt that the 
latter is at least partly responsible in some cases for the notorious variability 
of ultra-violet-mutation studies. 

That the phenomena described here are not confined to actinomycetes 
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only is suggested by observations in the older literature (summarized in 
the review by Prat^**) of the antagonism to ultra-violet light of radiations 
of other wave lengths. These observations were usually made on cells or 
tissues irradiated by a mixture of wave lengths as compared to monochro¬ 
matic irradiations, but consistently showed that the biological effect of 
ultra-violet light was diminished by simultaneous irradiation with visible 
or infra-red light. Since such effects were usually slight,these older ex¬ 
periments are hard to evaluate. They, as well as other chemical and physi¬ 
cal evidence of antagonism of ultra-violet and other light (also summarized 
by Prat^**), suggest tJhe phenomenon may be a general one. 

While it is premature to do more than speculate on the mechanism in¬ 
volved in light-induced recovery, the following is suggested as a working 
hypothesis. Much of the killing effect of ultra-violet light is due to a light- 
labile alteration of some constituent in the cell. Exposure to visible light 
restores this altered constituent to its former state. 

The powerful action of light on the resuscitation of the ultra-violet treated 
cell leads us to hope that further study of this phenomenon may yield clues 
leading to the discovery of factors causing similar recovery from x-irradia- 
tion of irradiation froiti radioactive materials. There is thus the possibility 
of at least a partial physiotherapy of radiation injury. 

Of great importance is the relation of recovery to the mutagenic action 
of ultra-violet light. Work is in progress on light-induced recovery in the 
various microbial groups, such as bacteria, yeasts, fungi, and bacteriophage, 
and on the genetic aspects of light-induced recovery in microorganisms. 

Summary. —Illumination with visible light will induce the recovery or 
the regaining of viability of ultra-violet irradiated conidia of the actino- 
mycete, 5. griseus ATC 3320. The light-induced recovery phenomenon is 
reproduceable and uniform and results in as high as a 400,000-fold increase 
in number of survivors in an ultra-violet irradiated suspension. The char¬ 
acteristics of the phenomenon are described, and its significance discussed. 

* This study was aided by a grant from Schenley Laboratories, Inc. 
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THE MODE OF ACTION OF THE METAL-PEPTIDASES* 

By Emii, L, Smith 

Laboratory for the Sttoy of Hereditary and Metabolic Disorders, akd the 
Departments of Biochemistry and Medicine, University of Utah School of 

Medicine, Salt Lake City 

Communicated by Henry Eyring, December 30, 1048 

In 1926, Von Euler and Josephson^ found that while a peptidase prepa- 
ration from intestinal mucosa readily hydrolyzed glycylglycine, the N- 
acylated peptide was resistant to the enzyme. They concluded that a 
free amino group was required for the action of the enzyme and proposed 
“the diaffinity theory" which postulates that the hydrolysis of peptides 
takes place by a combination of the enzyme with the amino group of the 
substrate and at the peptide linkage to be split. With the later classi¬ 
fication of dipeptidases, aminopeptidases and carboxypeptidascs, the 
diaffinity theorj’' (or poly affinity tlieory) was extended to these enzymes, 
and, as the nomenclature suggests, the free polar groups required in the 
substrate were identified as essential for binding by the enzyme. 

This simple scheme which was developed about 20 years ago has re¬ 
quired two important modifications. First, it has now been conclusively 
demonstrated that the peptidases require for their action more than free 
polar groups in the substrate; that is, there are specific side-chain con¬ 
figurations which are also essential for the enzymatic action.* Thus, 
there has been identified leucine aminopeptidase, glycylglycine dipeptidase, 
etc. The second, and for present considerations the more important 
development, is that most of the well-characterized exopeptidases have 
been shown to be metalloproteins*' ® in which the metal is usually 
quite specific and essential for the enzymatic action. 

In this paper, we propose to show how the metal functions in forming 
the enzyme-substrate complex, and why the formation of this complex 
must occur at two or more points for the hydrolytic action of the pep¬ 
tidases. While the theory of enzymatic action developed here has been 
considered primarily for certain peptidases, it undoubtedly; will be 
applicable to other enzymes particularly thOvSe which exert a hydrolytic 
action. 

Theory of Peptidase Action ,—^The theory to be considered rests on three 
primary postulates: first, that the formation of an enzyme-substrate 
complex (“the activated complex’") consists in the formation of a com¬ 
pound with definite chemical bonds; second, that in the metal-containing 
peptidases, at least two of these bonds between the substrate and the 
enzyme are formed through the metal; additional linkages or points of 
attraction may exist through the metal or directly between the substrate 
and the protein moiety. Third, the two linkages formed between the 
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metal and the substrate must be on opposite sides of the peptide bond. 
These two linkages (together with those which involve the protein directly), 
because of their great strength, produce an electronic distortion at the 
peptide bond; this labilization (decrease in energy of activation) permits 
the usual catalytic hydrolysis of the linkage by hydrogen and/or hydroxyl 
ions. It will be shown that there is considerable evidence which supports 
these postulates. 

The Enzyme-Substrate Complex. —Ever since the promulgation of the 
MichaeliS'Menten concept, considerable kinetic data have been amassed 
which demonstrates that the enzyme must form a complex with its sub* 
strate. In recent years, direct physical evidence has been obtained which 
shows that a definite chemical bonding takes place. The observation of 
Keilin and Mann’ that peroxidase forms a complex with hydrogen peroxide 
which can be observed spectroscopically has been used by Chance® to 
elucidate the mechanism of tliis reaction. It has now also been demon¬ 
strated by Chance® that catalase likewise forms a definite intermediary 
complex with hydrogen peroxide. Thus, for two enzymes which ore 
metalloproteins, the spectroscopic and other evidence indicates a binding 
of the substrate by the iron in the prosthetic group. 

That the binding occurs through definite chemical bonds is also evident 
from the properties of most of the metal-complexes which are formed 
with simple substances. It is well known that these "Werner complexes" 
are extremely stable and show little or no tendency to ionize in aqueous 
solution. The soluble compounds formal by calcium or magnesium 
with polycarboxylic acids are also a case in point. A striking, though 
not unexpected, demonstration of this is given in a recent paper by Neuberg 
and MandP® where it is reported that in the presence of amino acids, 
many'metals such as Zn, Cu, Mn, Fe, etc., cannot be precipitated as in¬ 
soluble sulfides. Thus, the complexes formed by the amino acids and 
the metals must consist of firm chemical bonds. The implications for 
complex formation of peptides and proteins with metals is obvious. Here, 
where chelate rings can be formed, a greater stability is possible. This 
is particularly evident with divalent cobalt where the most stable com¬ 
plexes are with compounds in which five-membered rings are formed. 

Linkage of Substrate and Enzyme through the Metal. —In many peptidases 
and other enz 5 anes, the metal is loosely and reversibly bound to protein 
since the metal may be removed by dialysis or certain purification pro¬ 
cedures, The recombination of metal and protein has been shown to 
follow the usual mass law equilibrium.* With many enzymes the restora¬ 
tion of the full activity by the addition of metal ions is a slow reaction.* 
Obviously, complex formation of the metal and the protein must be oc¬ 
curring. This has been found with leucine aminopeptidase, prolidase, 
glycyl-L-leucine dipeptidase, and camosinose; it has also been observed 
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for the non-proteolytic enzymes, arginase and phosphatase.” Recently, 
it was found that pancreatic carboxypeptidase is a metal-protein as shown 
by its inhibition with the usual metal poisons. In this enzyme, the metal, 
which is presumably magnesium, is so firmly boutid that it cannot be 
separated from the protein by any mild procedure.” 

With all these peptidases, removal of the metal or combination of the 
metal with ati inhibiting agent prevents the enzyme activity. Thus, the 
metal is absolutely essential for the enzyme action. The vague concept 
of “activation by metal ions'* should be replaced by the full recognition 
of these enzymes as metalloproteins. 

The requirement of the exopeptidases for substrates which contain 
free polar groups suggests that these polar groups combine, through com¬ 
plex formation, with the metal of the enzyme. It has already been in¬ 
dicated that with glycylglycine dipeptidase which requires cobalt for its 
activity, there is a marked parallelism between the ability of the enzyme 
to hydrolyze the substrate and the ability of to form a coordination 
compound with the substrate.®* ® combines with glycylglycine 

through the nitrogen of the free amino group and the nitrogen of the 
peptide bond as indicated by the resistance of dimethylglycylglycine and 
glycylsarcosine to hydrolysis by the enzyme, and by the failure of these 
compounds to coordinate witli Co“^+. A detailed description of these 
results has already been presented. It cannot be decided from the present 
evidence whether the essential free carboxyl group combines with the 
enzyme through the protein or through the metal. Nevertheless, it must 
be emphasized that the metal combines with at least two points on the 
substrate, and that these are on opposite sides of the sensitive bond. The 

O j 

NH,—CH,!:—iNH—CH,COOH 

tit 

arrows indicate the points of combination; the dotted line is where cleavage 
occurs. Compounds like glycine which are unable to form a chelate com¬ 
plex with Co++ form a much weaker compound as indicated by the much 
smaller influence of glycine on the absorption spectrum of Co+^ as com¬ 
pared with the complex of and glycylglycine. The weak combina¬ 
tion of glycine with 00 *^+ suggests that once hydrolysis of the peptide 
bond occurs, the two glycine fragments will readily be displaced by the 
dipeptide for which the has a higher affinity. 

With carboxypeptidase, a somewhat different situation occurs. Here 
magnesium is the metal. The enzyme is inhibited not only by cyanide, 
sulfide and cysteine, but also by agents which are fairly specific in binding 
with magnesium such as citrate, oxalate, pyrophosphate and orthophos¬ 
phate.^* The substrates of carboxypeptidase do not contain a free amino 
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group but do have a free carboxyl group. Moreover, a peptide hydrogen 
is not required as indicated by the slow enzymatic splitting of carbo- 
benzoxy-L‘tryptophyl-L-proline and, even more dramatically, by the 
rapid hydrolysis of an ester bond in the compound hippurylphenyllactic 
acid,^* With this enzyme, chelate complexing of the magnesium must 
occur through the carbonyl group (or its enol form) at the sensitive bond 
and with the ionized carboxyl group, as shown for an acylated dipeptide. 


R*' 

I 

Acyl—NH—CH—C—I 

i 


R' 

-NH—in—coo- 
t 


Again, the arrows indicate the points of metal combination and the dotted 
line the sensitive bond. In contrast to aminopeptidases, glycylglycinc 
dipeptidase and probably other dipeptidases, the metal in carboxypeptidase 
does not combine with nitrogen at all. 

That a chelate complex is formed by the magnesium of carboxypeptidase 
and the substrate is suggested by two lines of evidence. First of all, 
magnesium is known to form strong complexes of chelate character with 
dicarboxylic acids and other compounds. Secondly, quantitative studies 
of the inhibition of carboxypeptidase show that for each active enzyme 
center, there is combination with one orthophosphate, one sulfide, or two 
cyanide ions.^* Thus, with this metal which can form four bonds, two 
coordinate and two of covalent character, there are two valences available 
for combination with the inhibitor, and presumably two are strongly 
linked with the protein. Carboxypeptidase apparently contains sulf- 


PROTEIN 

\ / 

/^\ 

CN“ CN-* 


PROTEIN 
\ / 
Mg 


s- 


PROTEIN 

\ / 

7 

HPOr 


hydryl groups as shown by the strong inhibition of the enzyme produced 
by iodoacetate and by traces of heavy metals such as Cu+ and Pb++. It 
is reasonable to suppose that in the absence of substrate or inhibitor, two 
valences of the magnesium are tightly bound to unknown groups of the 
protein, and two are loosely bound to sulfhydryl groups. In the presence 
of inhibiting ions, the two loosely bound valences are reversibly bound to 
the inhibitor. In the presence of a suitable substrate, the loose combi¬ 
nations with the protein are displaced by the substrate for which the metal 
must have a much greater affinity. It is apparent that this hypothesis 
for carboxypeptidase is somewhat similar to the explanation of the proper¬ 
ties of hemoglobin where of the six available bonds of the iron, four are 
codrdinated to the nitrogens of the pyrrol rings, one is tightly bound to 
imidazole nitrogen, and one is loosely bound to imidazole; it is the last 
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linkage which is displaced by molecular oxygen or carbon monoxide. It is 
unnecessary to recapitulate here the excellent evidence which has been 
adduced in developing our knowledge of the properties of hemoglobin.^® 
Nevertheless^ this oxygen-binding protein serves as a model for the com¬ 
pletely analogous situation which must occur with the metal-enzymes. 

Carboxypeptidase hydrolyzes carbobenzoxyglycyl-L-tyrosine about 
20,000 times more rapidly than it does the dipeptide glycyl-L-tyrosine.^^ 
On the basis of our postulates, it is possible to explain why the free amino 
group renders the dipeptide so much more resistant to the hydrolytic 
action of the enzyme. Magnesium combines very readily with free amino 
groups, and functions as the metal in such enzymes as leucine amino- 
peptidase. With the dipeptide, carboxypeptidase will have a greater 
tendency to codrdinate with the amino group and the adjacent carbonyl 
group as in A than with the carbonyl and the carboxyl as in B. It is 
evident that codrdination with both the amino and carboxyl group as in 
C would give a compound in which no large electronic effect would be 
exerted at the peptide bond. It would be expected that an equilibrium, 
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preponderantly in favor of A, would exist between the two complexes A 
and B (or A, B and C). According to our theory, there would be no 
hydrolytic action involved in A since the two bonds are on the same side 
of the molecule with respect to the sensitive peptide linkage. Only B 
would be subject to hydrolytic action since the structure is the same as 
that postulated for the combination of the acylated dipeptide with the 
enzyme. 

Bergmann'^ and his collaborators have.already shown how the poly- 
afBnity theory helps to explain the optical specificity of the peptidases. 
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He postulated that “the polar groups of the enzyme act on the polar 
groups of the substrate and force the latter to assume a definite spatial 
position/' With a compound containing an unnatural amino acid of the 
D configuration, it was assumed that the large side-chain ‘lies between 
the enzyme and the decisive atomic groups of the dipcptide and prevents 
the enzyme from approaching the substrate." 

With the added knowledge which is now available tliat tlie binding of 
the substrate occurs at least in part through the polar groups of the sub¬ 
strate to the metal of the enzyme, it is possible to give a more precise 
formulation of the optical specificity requirements of the substrates and of 
inhibitors of carboxypeptidase. This enzyme has strong points of combi¬ 
nation not only through the metal to the polar groups of the substrate 
but also with the side-chain of the amino acid residue which bears the free 
carboxyl group. The affinity of this side-chain is greatest for compounds 
which contain an aromatic ring, phenylalanine, tyrosine and tryptophane, 
less for those with large aliphatic residues, leucine and isoleucine, and still 
less for alanine and glycine.^® We must then suppose a definite spatial 
relationship for the enzyme in which the substrate, an acylated dipeptide, 
containing l amino acids, must fit. 

R' 

Acyl—N—C--H 

I / 

NH -^Mg 

1 ''' \ 

H C—COO- 

k- 

The outline indicates a schematic representation of the surfaces of the 
protein. There are at least four important points of attraction, the two 
valences of the metal wliich bind the essential carbonyl and carboxyl, and 
the two specific protein centers which attract R' and R". At the present 
time, the nature of these last two portions of the protein molecule is un¬ 
known. However, R' is of minor importance, since variations in the 
nature of R' have only a relatively small influence on the rate of hydrolysis 
of the compound. For example, the rate of hydrolysis of carbobenzoxy- 
i>tryptQphylglycine is only three times the rate of hydrolysis of carbo- 
benzoxyglycylglycine.** The tremendous influence of R' is shown by 
comparison of the rate for carbobenzoxyglycyl-L-tryptophan which is 
about 2000 times greater than that of carbobenzoxyglycylglycine. The 
protein center which attracts R' must, therefore, have a tremendous affinity 
for the side-chain R'. Compounds which contain d amino acids at either 
R' or R' are not hydrolyzed by the enzyme.‘Thus, the four known 
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centers of attraction or binding in the enz 3 rme must have a fixed spatial 

configuration. 

The chelate ring which is formed by the magnesium helps to explain 
the high affinity of the enzyme for its substrates. Compounds which do 
not form a chelate ring with the magnesium must have a much lower 
affinity with the enzyme. This explains why l amino acids do not possess 
any marked ability to inhibit this enzyme. It also explains the high 
turnover rate of this and other peptidases. Since the products of the 
hydrolytic reaction do not form chelate complexes, they have a poor 
affinity for the enzyme and are rapidly releavSed after the peptide bond is 
split. 

It is of great interest that while l amino acids and an acylated dipeptide 
such as carbobenzoxy glycyl-D-phenylalanine are not inhibitors of the 
enzyme, d amino acids do inhibit.An explanation of this is apparent 
from the structure shown above. The acylated dipeptide which contains 
a D amino acid cannot fit into the structure of the protein in such a manner 
as to combine with the metal and with the two side-chain positions simul¬ 
taneously. Such a compound will be able to fit the protein structure only 
at the side-chain positions or with the metal. Therefore, the affinity of 
the enzyme for such a compound is veiy much s m a l ler than the affinity 
for the isomeric compound containing L amino acids. 

To explain the poor affinity of an L amino acid for the enzyme, we must 
suppose that the high affinity of the side-chain positions results in an 
orientation such that the carboxyl group is presented to the metal, as in 
the usual substrate. Since no chelation is possible, the affinity is low. 
However, with the d amino acid we can assume that when the side-chain 
position is fixed, the molecule is orientated so that the amino group can 
combine with the metal. This will resemble the high affinity combination 
found with the dipeptide, and we can expect that dipeptides of appropriate 
configuration will be strong competitive inhibitors. The following 
diagrams illustrate this explanation : 
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Hydrolysis of the Peptide Bond ,—It is apparent from what has already 
been presented that the present hypothesis is a form of tlie “strain or de¬ 
formation tlieory“ first introduced into physical chemistry many years 
ago. ^ It is now possible to make an experimental approach to the mech¬ 
anism of certain enzymatic reactions because enough is known con¬ 
cerning the binding properties of metals for the possible substrates of these 
enzymes. If the present theory is correct, then the decreased energy of 
activation of the peptide bond is produced by the attraction of electrons 
by the metal, through its combination with the protein, while the protein 
centers which attract or bind R' and R" serve to orient the substrate and 
fix it into position so that the strong electronic attraction of the metal 
produces an electronic deformation. The simplest explanation of the 
resulting hydrolysis of the peptide bond is that it is due to the usual 
hydrogen and/or hydroxyl ion catalytic effects. These ions, at high con¬ 
centrations, do catalyze the scission of peptide bonds. At pH values near 
neutrality their effect is negligible, but with a greatly modified bond at 
which the electronic positions are altered requiring a low energy of activa¬ 
tion, the reaction velocity becomes appreciable. The pH activity function 
of the enzyme gives no hint of this because it is a summation of these and 
other factors: ionization of the substrate, complexing of metal and sub¬ 
strate, ionic forces within the protein which help to determine the side- 
chain affinities, and the stability of the protein itself. A portion of 
this may be evaluated by the change in the pH activity curve which 
results when different metals are substituted with the same enzyme. 
This was first described by Hellerraan and Stock for arginase.^® The 
same effect has now been found for a peptidase, caniosinase,^^ which is 
active with either or Zn^ ^ but where the resulting pH curves are 

different. 

There is considerable evidence which indicates that an ionic catalysis 
is involved in the peptide bond hydrolysis. This is shown by the tre¬ 
mendous influence on the sensitivity of the peptide bond of the strength 
of the acid which is combined at the sensitive linkage. This effect is now 
being studied quantitatively and in considerable detail. Qualitatively, 
the effect is already known although the facts have not previously been 
interpreted in this manner. For example, chloroacetylamino acids are 
much more sensitive to hydrolysis than acetylamino acids; chloroacetic 
acid is a much stronger acid than acetic acid. Similarly, it was recently 
found that carbobenzoxy /9-alanylamino acids are hydrolyzed much more 
slowly than carbobenzoxyglycylamino acids. Again it is well known that 
the alpha amino carboxylic acids are much stronger acids than beta amino 
carboxylic acids. It has also been found^^ that carbobenzoxyamino acids 
are hydrolyzed more slowly than carbobenzoxydipeptides where the same 
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relationship may be expected. These facts are completely in agreement 
with the classical knowledge that the sensitivity to hydrolysis of esters 
and amides is proportional to the strength of the acids which are linked 
in these compounds. 

The preceding discussion has dealt so far with a dipeptidase and a car- 
boxypeptidase. With an aminopeptidase, the metal binding must be 
similar to that in the dipeptidase. With leucine aminopeptidase, either 
Mg+-f Qj. can function as the metal. The complex will then form 

with tlie free amino group and with the amide nitrogen. The side chain, 
R, is bound directly by the protein. The diagram illustrates the type of 

R 


O 

complex to be expected, and the resulting action would be the same as 
that already discussed. 

The present hypothesis of peptidase action appears to be directly 
applicable to a vast number of enzymatic reactions. Koniberg, Ochoa, 
and Mehler*^ have shown that in some instances |8-keto acids form unstable 
complexes with metal ions which result in decarboxylation. Here the 
electronic deformation is sufficient to permit the ionic catalysis to proceed. 
In other cases, the metal forms a stable complex with the keto acid; 
addition of the specific protein then leads to decarboxylation. All of these 
complexes are observed spectroscopically, and as with the peptidases, the 
complexes must be of chelate character. These investigators have sug¬ 
gested that the role of the enzyme in oxalosuccinic decarboxylation is to 
catalyze the formation of the substtate-Mn*+'“^ complex. According to 
our hypothesis, the metal-substrate complex is bound to protein in such a 
manner as to produce an electronic deformation at the sensitive bond. 
The real catalysis is then an acid or base catalysis by the mechanism 
proposed by Bronsted. It is striking that acylated amino acids or peptides 
are also keto acids and that while the metal combination is similar to that 
in the jS-keto acids, the resulting enzymatic action on the compound is quite 
different. 

Perhaps the simplest example of our theory concerns its application to 
carbonic anhydrase, a zinc enzyme.^* The probable substrate at neutral 
pH values is bicarbonate ion. Two of the four possible bonds of zinc are 
with the protein; the other two must bind with the bicarbonate to form a 
complex as shown below: 


i—NH, 
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NH| 
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Acid or base catalysis at the sensitive point, indicated by the broken line, 
causes the decomposition of the compound which results in weaker linkages 
with the zinc; now one bond will be loosely combined with COs and the 
other with hydroxyl ion. Since the action of carbonic anhydrase is re* 
versible, this must be the binding that leads to the formation of bicarbonate 
ion. It should be recalled that zinc forms an extremely insoluble (poorly 
ionized) carbonate, as well as a subcarbonate which contains hydroxyl 
groups. Thus, these linkages are identical with those postulated for the 
enzyme-substrate complex. 

Extension of this hypothesis to other types of metal-enzyme reactions 
is obvious and will not be pursued at this time. The present theory may, 
of course, be partially or completely incorrect. However, it is felt that it 
does have the merit of being subject to further experimental test. More¬ 
over, it provides the first comprehensive explanation for many previously 
unexplained and apparently unrelated observations. It certainly helps 
to move much that has been mysterious in enzymatic reactions into the 
sphere of ordinary catalytic mechanisms, and may serve to elucidate the 
mechanism of certain non-enzymatic reactions also. However, the role 
of the protein in determining most of the enzymatic specificity remains a 
problem for the future. 

* Supported by a grant from the United States Public Health Service, 

^ Von Euler, H., and Josophson, K„ Z. physiol. Chent., 157, 122 (1926). 

* Bergmann, M,, and Fruton, J. S., in Nord, F. F., and Werkraan, C. H., Advances 
in Enzymology and Related Subjects^ New York, 1, 03 (1941); Bergmann, M., Ibid., 
2, 49 (1942). 

» Smith, E. L., and Bergmann, M.. /, Biol. Chetn., US, 789 (1941); 153, 627 (1944). 

* Smith, E. L., /. Biol. Chem., 163, 15 (1946). 

»Smith, B. L., Ibid., 173 ; 563, 671 (1948). 

* Smith, E. L., Ibid., 176 , 21,39 (1948). 

^ Keilin, D., and Mann, T., Proc. Roy. Soc, London, B122, 119 (1937). 

* Chance. B., /. Biol. Chem., 151, 563 (1943). 

» Chance, B., Acta Chem. Scand., 1, 236 (1947). 

Neuberg, C., and Mandl, 1.. Arch. Biochem., 19, 149 (1948). 

“ This work has been reviewed* except for camosinase (Hanson, H. T., and Smith, 
E. L., to be pubikhed). 

« Smith, E. L,. and Hanson, H. T., /. Biol. Chem., 176 , 997 (1948). 
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FURTHER EXPERIMENTS WITH VITAMIN A IN RELATION 
TO AGING AND TO LENGTH OF LIFE* 

By Henry C. Sherman and Helen Yarmohnsky Trupp 


Department op Chemistry, Columbia University 
Communicated December 17, 1948 


Previous work in this department^ has shown that, when a minimal- 
adequate allowance of vitamin A was doubled, the length of life of the ex¬ 
perimental animals (rats) was significantly increased: males, about 5 per 
cent; and females, about 10 per cent. These females showed, in the same 
experiments, an increase of about 17 per cent in the duration of reproductive 
life—an objective criterion sometimes taken as symbolizing “prime of 
life” or “length of useful life.” 

TABLE 1 


Inpluekce op Vitamin A Value op Food upon Aging and Length op Life of Rats: 
Number of Cases in Each Average ( ) 


Reproductive life of females 
Length of life: 

Of females 
Of males 


ON DIPT 361, 
12 I. u./o., 
1042-1048 

(72) 378 days 

(72) 812 days 
(48) 720 days 


ON DIET 861, 
12 I. U./O.. 
1945-1048 

(36) 387 days 

(36) 794 days 
(24) 716 days 


ON DIKT 362, 
24 I. u./o., 
1046-1048 

(36) 292 days 

(36) 777 days 
(24) 647 days 


In those experiments the amount of vitamin A fed as minimal-adequate 
was 3 I. U. per gram of air-dty food mixture, or about 0.81. U. per calorie. 
Both at the 3 I. U. and at the 6 I. U. level the numbers of cases (over 100 
males and over 150 females) were large enough to be conclusive. A 
smaller number of experiments suggested that an intake level of 12 I. U. 
per gratp might be stiU more beneficial. 
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The present paper reports results of further experiments at 12 L U., and 
also parallel experiments at the still higher level of 24 L U. per gram of 
air-dry food 

The numerical data are summarized in table 1, in which the first column 
of figures shows the combined results of both the 1942-1945 and the 1945- 
1948 series at the level of 12 I. U. per gram (Diet 361). As the data of these 
two series are in good agreement, their combined averages constitute the 
most conclusive evidence for this level of feeding, and link the present 
scries with those published in these Proceedings in 1945.^ 

The second and third columns of figures in the present table 1 summarize 
the data of the side-by-side comparisons of Diet 361 with 12 I. U., and Diet 
362 with twice as much vitamin A per gram. Thus, without repetition of 
data, the findings of the two series are so linked as to permit numerical 
comparisons of the final respective averages at the four levels studied, 
namely, 3, 6, 12 and 24 I. U. per gram of air-dry food. Such combination 
and comparison of the 1942-1945 and the 1945-1948 data of this laboratory 
show that: 

(1) The intake level of 3 I. U. of vitamin A per gram of dry food, or 
a!)out 0.81. U. per calorie, meets a standard of minimal adequacy. Human 
subjects have subsisted at such levels for many months without showing 
signs of deficiency, and a laboratory rat family is thriving in the 67th gener¬ 
ation at this level. 

(2) Yet while such a level of vitamin A intake thus clearly meets a 
certain minimal standard of adequacy it does not, in the long-term test of a 
lifetime, support the optimal life history of which the individual is capable, 
for with double the allowance (rats on Diet 360, with 6 1. U. of vitamin A 
per gram of dry food) the length of life was increased about 5 per cent in 
males and about 10 per cent in females. 

(3) On again doubling the level of intake of vitamin A there was again a 
measurably increased benefit making the averages compared with those of 
the 3 1. U, level, an increase in length of life of about 10 per cent in males 
and about 12 per cent in females. 

(4) At both the 6 I. U. and the 12 I. U, levels, reproductive life in the 
females—the best strictly objective measurement we know by which to 
symbolize the postponement of aging or increase of “useful", life—was in¬ 
creased in larger proportion than the length of life itself. Obviously the 
newer knowledge of nutrition is still too young to have made similarly con¬ 
trolled studies of entire lives of human subjects, but what we know of the 
chemistry of the nutrition of the human and rat species makes it probable 
that the same principle applies and that increasing liberality of intake of 
vitamin A brings increasing benefit to nutritional well-being and length of 
life up to higher levels than previously supposed. 

(5) As judged by sufficiently long-term and closely controlled experi- 
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meiits, optimal intakes of vitamin A appear to be at least three to four 
times as high as the levels of minimal adequacy sometimes accepted. 
Doubtless, too, optimal level of intake is less a point than a plateau. Thus 
in the experiments here discussed, the plateau of optimal nutritional re- 
s|X)nse extended from somewhere between 6 and 12 I. U. to somewhere 
between 12 and 241. U. per gram of food. 

(6) At^onie points, but not all, the responses were less favorable in the 
animals fed at the 24 L U., than in those fed at the 12 I. U., per gram, level 
of intake of vitamin A. 

Fuller comparisons of the nutritional responses to the 12 and the 24 I. U. 
per gram levels may best be taken up in connection with a more detailed 
presentation of the data elsewhere, 

* Aided by grants from The Nutrition Foundation, Inc., to Columbia University. 

'Sherman, H. C., Campbell, H. L., Udiljak, M., and YarmoHnsky, H., PROC. 
Nat. Acad. Sci., 31, 107 (1945). 


ON DIFFERENCE SETS 
By S. Chowla 

Institute for Advanced Study, Princeton, New Jersey 
Communicated by Oswald Vebleii, December 5, 1948 

It is known that the existence of w + 1 integers (called a perfect dif¬ 
ference set of order m + 1) di, da, . vdw-j.i such that the congruence 
di dj^ «(mod + m + 1) has exactly one solution for every n 9^ 
0(mod + m + 1), leads to the construction of a finite projective plane 
with m + 1 points on a line. All known cases of such planes have m - 
where is a prime and g is a positive integer. It seems natural to 
conjecture that a perfect difference set of order w + 1 can exist only if 
m is a power of a prime. Only recently Brack and Ryser (Bull. Am, 
Math, Sac,) announced the startling result that there exists no finite 
projective plane with w + 1 points on a line whenever w sh 1 or 2 (mod 4), 
provided m is divisible by a prime + 3 to an odd power. It follows 
from their result that for such values of m there exists no perfect difference 
set (P.D.S.) or order w + 1. Moreover Singer proved the existence of 
a P.D.S. of order m + 1, whenever m — p^. 

In this paper I obtain some (but not all) assertions on the non-existence 
of perfect difference sets implied by the results of Brack and Ryser. I 
also obtain some results not implied by their yrork. For example, I 
prove that there exists no P.D.S. of order m + 1 when m « 10 or 159. 

We introduce the idea of a difference set (D.S.) of m numbers (mod g). 
We call the set of m numbers di, da, ..d», a difference set (mod g) if 
the congruence dt — dj ^ »(mod g) has the same number of solutions 
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[which must be m^m — l)/(^ — 1)] for every n ^ 0(inod g). The set of 
5 numbers 1,3,4,5,9 furnishes an example of a D.S. of 5 numbers (mod 11). 
Again the set of 4 numbers 0, 1, 3, 9 forms a D.S. (mod 13). [This set 
occurs in Veblen and Bussey, Trans. Am. Math. Soc., 1906, and is used to 
generate a finite projective plane with 4 points on a line.] 

We now prove 

Theorem 1. Let m and g be positive integers such that 7n{m — 1) ^ 
0(mod g i). Writes — m — m(m — i)/(g^ i). Let g contain a prime 
factor \ ^ 3(mod 4) such that — \ is a quadratic non-residue of some prime 
factor <t> of Sj where (f> occurs in 0 to an odd power. Then there exists no D.S. 
of m numbers (mod g). 

Proof: If possible let there exist a D.S. of m numbers (mod g), say the 
numbers rfi, ^ 2 , . .,, dm. Consider the sum 

m 

s = E f>'\ 

where p == exp (27ri/X). Clearly S is an algebraic integer of the field 
K(p). Further, since the d*s form a difference set (mod g), we have 

. m{m - 1) , . , , , . „ 

(g - J) 
m(m — 1) 


SS -- S (1) 

Now it is implicit in the theory of cyclotomy (as developed by Gauss) 
that the norm of 5 in the field generated by p is an integer of the form 
(w* + where u and v arc integers (we here use the fact that X is 

of the form 4k + 3). On the other hand it follows from (1) that this 
norm is also equal to 6^^ Hence we have 

Since (X — l)/2 is odd, it follows from the last equation that — X is a 
quadratic residue of </> contrary to our, assumption. Our theorem is 
proved. 

Examples: 1. There exists no P.D.S. of order 7; i.e., there exists no 
D.S. of 7 numbers (mod 43). [Problem proposed by Veblen in Am. Math. 
Monthly, 13, 46 (1906),] 

4 * 

Proof: Here g=KX“43»^=«=7“‘7;«6; take 0*3. Clearly —X is 

42 

a quadratic non-residue of 

2. There exists no P.D.S. of order 11, i.e., there exists no D.S. of 11 
numbers (mod 111). This result is new. 
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Proof: Here g = 111, X — 3, 0 »= 10. Take — 5.' Clearly —X is a 
quadratic tion-residue of 4>, 

3. There exists wo P.D.S. of order 22 (Bruck and Ryser), i.e., no D.S. 
of 22 numbers (mod 463). 

Proof: Here ^ = X - 463, 0 ^ 22. Take 0 11. Clearly -X is a 

quadratic non-residue of <p. 

4. There exists no P.D.S. of order 160. This result is new. 

Proof: We show that there cannot exist a D.S. of 160 numbers (mod 
159* + 159 + !)• Since 159* + 159 + 1 0 (mod 19), we may take X — 

19. Take 3 since 6 = 159. Clearly —X is a quadratic non-residue 
of <A. 


CHARACTERS OVER CERTAIN TYPES OF RINGS WITH 
APPLICATIONS TO THE THEORY OF EQUATIONS IN A 

FINITE FIELD 

By L. K. Hua and H. S. Vandiver 

Department of Mathematics, University of Illinois, and Department of Applied 
Mathematics, University of Texas 

Coraniuuicatcfl December 17, 1948 

Characters, modulo w, have been defined (for example by Landau^ 
and have been employed extensively in Group Theory and Number 
Theory, particularly in some of the most important parts of Analytic 
Number 7'heory. However, we may define them by means of any ring 
with a unity element and which contains only a finite number of elements 
which are not zero divisors, instead of the special ring consisting of the 
residue classes modulo tw, and a number of extensions of known results 
concerning said special case are immediate. We will set up this concept 
and then specialize it for the finite field using results which are then ap¬ 
plied to the theory of certain equations in a finite field which were con¬ 
sidered in another paper* by the authors. This type of equation is 

ciXi^^ + Ws®* + ... + + 0+1 = 0 (1) 

where the a*s are integers such that 0<a</>* — 1; s 2 iat c^-^i ^ 0 
and 5 > 2 for o + 1 = 0. the c*s being given elements of a finite field of 
order p prime, whicli will be designated by F{p^) and 

Cl c^i 9^ Q. ( 2 ) 

In the present paper we obtain a new explicit expression for the number 
of solutions of (1) in terms of generalized Lagrange resolvents and (see 
the r number defined in Theorem I) and using this we find better limits 
for the number of solutions of (1) than those derived in E, 
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Let i? be a ring with a unity element which has the property of con¬ 
taining only a finite number of elements which are not divisors of zero. 
A set of such elements forms a group. For, since it does not contain zero 
or any divisors of zero, the cancellation holds and a finite semi-group having 
this property is known to be a group. Or, otlierwise expressed, these 
elements are units in R, 

Let an arithmetical function x(^) be defined for any element a of 2? so 
that 

1. x(^) is a complex number. 

IL x(l) 5^ 0. 

IIL x(^) — 0 when a is zero or any divisor of zero. 

IV. If ax = Oj in jR, then x(<^0 =* x(^)* 

V. = xfe)x(fl2). 

The arguments employed by Landau' for the special ring fonned by the 
residue classes modulo m by which he obtains his Satz 127 to Satz 133 
inclusive may be easily extended to yield the following; 

For each character x we have 


x(l) « 1. (3) 

There is a character designated by xi such that 

X,{a) “ 1. (3a) 


for each a in R. Let ^(R) - h he the number of distinct units in R. 
We shall call h the indicator’ of R. Then since the units « form a group, 
M* «= 1 in R, and by I and V, 


x(a) = ( 4 ) 

for 0 S i < A. 

We also obtain 


Lemma I. 


a* H 


{ 


A for X * X,, 
0 for X X,. 


(5) 


Suppose that we have, if A ss 0 (mod A), a character such that (x(o))* * 
1 for each unit a in li!, this will be called a special character and designated 
by X** In particular x, is a special character for any A. 

How let be a finite field of order #>", p prime, and designate the same by 
F{p*). Let 9 be a primitive root of this field, and let be a primitive 
ip* — l)th root of unity. Then by (4) 
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« = /3‘; 0 g 5 < />" - 1, 

and since all the elements, jA o, of f (/>") are given by powers of 0 then the 
whole character, by V, is given by powers of j8*. Now consider x*. Then 

x,{e) = ^ ( 6 ) 

and by definition of x*, (x*(®))* = /S'** = 1 which gives d = 0 (mod**““'V^)- 
It follows from this that there are exactly k special characters, and in 
particular there are h distinct characters defined by i?. We now have 
Lemma II. 


for a a ^th. power, 

■ io 

This follows easily from (6) and the remarks following it. 
We also have* 

Lemma HI. // f = then in F{p"), 


a t k 


0 for 1 5 ^ 0, 
p* for 1 0. 


(7) 


( 8 ) 


We now proceed to* 

Theorem I. The number of solutions N of (1) wUk the restriction {2) is 


where 


N 


(/>” - ir , T 
/>’* />" 


d « A > «• 1 xW 

tt 0 

r(x*,) - 

6iik 

and =» (a<, p” — i). Also K stands for F{p^), 
To prove this we note that 


Gix) 


^ “ -Vl e e f' 

P atkiemlXjtK 


MaG{x)} 


CtXt^ + tjx,*’ 4- ... + c^J" + c$+u 


(9) 


First it is known that the number of solutions of (1) and the number of 
solutions of G(x) - 0 are the same if (f)* — 1, at) - k,. Also when we cany 
out the summation in (fia) for the x<'s all the terms are unity when we 
have a set of x's which satisfy G(*) « 0 with the restriction (2) and when 
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we sum whh respect to a we obtain according to Lemma III, but when 
we have a set of XiS such that (1) is not satisfied then by the same lemma 
the sum with respect to a gives zero. (The relation (16) in E, p. 261, 
is a transformation of (9).) In the right-hand member, if we separate 
the zero and non-zero values of a, we obtain from (9), 




where 


r = i: i: 


P a • K *«»1 

a H 0 *» 0 


Now employing Lemma II, 




X « K 

* |4 0 


y • /t X* 

23 X4(c~’)t(x*) 


and then (10) gives 


r- E n Exfe(cr‘ 
iVo 


( 10 ) 


( 11 ) 


We now employ (10) and (11) to find limits for N, We see from (4) 
that for a fixed a 

n XuM « Xvia). (lia) 

i- 1 

for some v. Also it is known® (p. 152) that 

|r(x)l«^”^*. x^x.: (lib) 

|t(x.)1 “ 1. 

If we write by (11a), 

n xfc<(o~*) “ x(o); 

i - I 

E x(acr+ i)f"’'‘*^ “ x(cr+1) E x(o)f"^'’^ “ xicri iMx); c,+1 o, 

A« JC a* K 

and employ (11) and (11b) noting that there are k characters x*> and that 
X, i« A X*> 
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|r| g n E lx;i,(cr‘) ||r(x)||r(x*,)| 

* * X*^ 

|r| ^ n(i +(jfe,. - (12) 

i - 1 

Let us now suppose that i = 0. Then we have — 1 in (11) 

and 

S xicr^a-^) g />’* - 1 

a* K 

a H 0 » 

and then 

IT’I t (l + (*i-l)/>"^‘*) (13) 

• 1 

Hence (10) gives for c, + i 0, 
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If we consider (1) without the restriction xu Xi ... ^ 0, we may find 

limits for the number of solutions by considering one or more of the c's 
in (1) as being zero in turn and employ for each of the resulting equations 
the limits (16) and (17) and adding the results we obtain inferior and 
superior limits of somewhat the same type as (16) and (17) and in par* 
ticular we infer that if Ni is said number then 

Ni = ; ( 19 ) 

V having the same meaning as in (18). 

* Vorlesungen Uber Zahlentheorie, Leipzig, Hirzel, 1927, Bd. I, 83^87. Cf. also Dick¬ 
son, Modern Elementary Theory of Numbers, University of Chicago Press, 1939, pp. 272- 
270. 

*’These Procekduvtgs, 34, 258*263 (1948), This article will be referred to as E. 
Characters defined by a general finite field have been considered by a number of writers, 
Cf. the paper referred to in our footnote 5 below and the r€iferences given therein as 
well as Davenport, Acta Mathematical 71, 99-121 (1939). 

* This term is employed for the reason that the special R consisting of the residue 
classes modulo w, our units correspoud to the integers less than m and prime to it. 

* 111 this paper we are using the symbols 1 and 0 both for the unity and zero elements 
in the complex field and the unity and zero elements in R. This should not cause con¬ 
fusion if we keep in mind that x(n) is always the complex field while a is always in R. 

‘ This was proved for « < p in R, and the argument employed there may be extended 
to the case n p. However, the result was previously known in general, in fact it 
follows from the results in Stickelberger, Math. Annalen, 37, 321 (1890), § 1, paragraph 
5, since any finite field may be represented by a complete set of residue classes with 
respect to a prime ideal modulus in an algebraic field. 

* Davenport and Hassc, J.f. Math. (Crelle), 172, 151-174 (1935) found, for the case 
5 •* 2 a formula related to our (10). Sec their relation (6.2), p. 173, and the value of 
N given at the top of p. 174. Their result will be discussed in a future paper by the 
authors. 


BAYES SOLUllONS OF SEQUENTIAL DECISION PROBLEMS 
By a. Wald and J. Wolfowitz 
Columbia University 

Communicated by P. A. Smith, December 21,1948 

The foundations- of a general theory of sequential decision functions 
were described by one of the authors in a paper* whose terminology and 
general notation will be adopted in this communication. In the present 
note we continue in some respects the work initiated by the authors in 
their paper’ on the sequential probability ratio test. 

Let {X,} be a sequence of independent, identically distributed chance 
variables which are either discrete or absolutely continuous. In either 
case let p{aF) denote the probability function or the probability density 
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function, as the case may be, at the point a, where F is the distribution 
function of X. Let x represent the infinite sequence of observations 
xi, .. .i d ^ D{x) be a decision function with elements in the space Z)*, 
and W{F, d) be the weight function. The regularity conditions which 
insure the existence of the integrals in (1), (2) and (3) will, for reasons 
of brevity, not be given in the present note. It is assumed that Min 

d 

d|), defined in (3) below, exists. Let n{x,D) be the sample number 
function, and { a probability measure on the space Q of admissible dis¬ 
tribution functions F, We shall assume a constant cost c per observation. 
Without loss of generality we may take c «= 1. The risk function f(F, D) 
is defined by 

r(F, D) - f^WiF, [D{x)])dF^{x) + fun{x, D)dF^{x). (1)' 

where M is the space of sequences x, and F* is the probability measure in¬ 
duced on it by the distribution function F. Finally we define 

r(f, D) = far{F, D)di (2) 

and 

d) « fuW{F. (3) 

We shall say that the decision function Do is a Bayes solution relative 
to the a priori distribution {if 

A) < r(f, D) (4) 

for all admissible functions D(x). 

For any probability measure { on one of the following three conditions 
must hold: 

(1) Min d) < r(f, D) 

d 

for any D for which n(x, D) > 1 

(2) Min d) < r{l D) for all D for which «(x, D) > 1 

d 

with the equality sign valid for at least one D with n(x, U) > 1 

(3) There exists a D with n(x, i?) > 1 such that 

Min W((, d) > r((, D). 

d 

We shall say that a probability measure f is of type 1, 2 or 3, according as 
it satisfies condition 1, 2 or 3. 

Let w be a measurable subset of Q. Its a posteriori probability, given 
■X’i 1, .... w, and given that {is the o priori probability dis¬ 

tribution, is 



VoL. 36, 1049 MA THEMA TICS: WALD AND WOLFOWITZ 


101 


fSp(xi\F)d^ 

Xi, .... 3C„) = -- • (5) 

Ja n p{xt\F)di 

Since this a posteriori probability is a probability measure on 0 it must be 
one of the three types defined above. 

Theorem 1, A necessary and sufficient condition for a decision function 
d “ Dq{x) to be a Bayes solution relative to a given a priori distribution {o 
is that the following three relations be fulfilled for any sample point x, except 
perhaps on a set whose probability measure is zero when Jo is the a priori 
distribution on 

(a) For any m < n{x, Dq) the a posteriori distribution Xu ■ ..» 

Xro) is either of type 2 or of type 3. 

(&) For m ~ n{x, Po), the a posteriori distribution />»(col{o, Xu ..., x^) 
is either of type 1 or of type 2. 

(c) For m = n(Xf Do) we have 

Min W{i(xu ,. - W(^{xi, , .,,x^),D{x)), (6) 

where ... Xm\ is an a priori distribution which is also the a posteriori 
distribution corresponding to {oi Xi, ...» x^^ 

A class of probability measures { on Q will be said to be convex if, for 
any two elements and fa in the class and for any positive value X < 1, 
the probability measure { == Xfi + (1 — X)f 2 is an element of the class. 
For any element do of let C(i, do) denote the class of probability meas¬ 
ures f of type i(i =1,2, 3) for which 

do) - Min rf). (7) 

d 

Theorem 2. Let d be any element of D^, The class C{1, d) and the set 
theoretic sum C{d) of C(i, d) and C{2, d) are both convex. 

We shall say that a set L of probability measures f on it is a linear mani¬ 
fold if, for any real value a and any two elements fi and fa of L, f = afi + 
(1 — «)f 2 is an element of L if it is a probability measure on 0. The linear 
manifold L will be said to be tangent to C{d) if (a) the intersection of L 
and C(2, d) is not empty (6) the intersection of L and C(l, d) is empty. 
For any decision function I>(3c) and for any element d of D'*, let L(Z), d) 
denote the linear manifold consisting of all f which satisfy 

m d) - r(t, P). (8) 

Theorem 3. Let fo be an element of C{2, d) and let Do{x) be a decisian 
function which requires at least one observation and is such that Wi^o, d) * 
f(fb. Po). Then the linear manifold P(Po, d) is tangent to C(d). 
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Detailed applications of the above results to the interesting special 
case when both U and D* contain a finite number of elements have been 
made by the authors and will be reported in detail elsewhere, together 
with proofs of the above theorems and other results. The convexity 
properties of the sets C in this case were described by one of tlie authors 
(Wald) in his invited address given at the Berkeley, California, meeting of 
the Institute of Mathematical Statistics, June 22, 1948. 

* Wald, Abraham, “Foundations of a General Theory of Sequential Decision Func¬ 
tions,” Econometrica, IS (4), 279-313 (October, 1947). 

• Wald, A., and Wolfowitz, J., "Optimum Character of the Sequential Probability 
Ratio Test,” Ann. Math. Slat., X/.Y (3), 326-339 (September, 1948). 


PHARMACOLOGICAL MODIFICATION OF RESISTANCE TO 
RADIA TION—A PRELIMINARY REPORT 

By John B. Graham and Ruth M. Graham 

From the Vincent Memorial Laboratory, Vincent Memorial Hospital (the 
Gynecological Service), Massachusetts General Hospital. Boston, 

Massachusetts 

Communicated by Eric G. Ball, December 30, 1948 

It has always been assumed that an individuars response to ionizing 
radiation is an unchanging and unalterable characteristic. We believe 
this assumption is erroneous. The curability of cancer patients by roentgen 
or radium therapy has been ascribed to the radiosensitivity of the tumor it¬ 
self. Repeated attempts to correlate the type of tumor and its sensitivity 
to radiation, for the most part have been inconclusive. It is our impression 
that the response of the normal tissue is at least as important as that Of 
the tumor cell. In 1947, one of us^ reported a study of 73 cases of car¬ 
cinoma of the cervix treated by x-radiation and radium. These cases in¬ 
cluded all stages of disease and histologically the tumors were either 
squamous or adenocarcinoma. Vaginal smears were taken on the patients 
during or immediately following their course of treatment and examined 
for cytological evidence of radiation. Thirty-six showed marked radiation 
changes in both normal and malignant cells and thirty-seven showed little 
or no response. Eighty-five per cent of those patients whose smears showed 
radiation reaction in both normal and malignant cells were **cured.'* On 
the other hand, in that group whose smears showed little or no response, 
97% died or had recurrent tumor. We feel that this is evidence to sub¬ 
stantiate the importance of changes in the normal cells, since in the poor 
response group even though the malignant cells disappeared from the 
smear, if the normal cells showed no radiation response the outcome was 
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poor. The important feature of this observation seems to be that the 
response to radiation as far as cure is concerned rests not only upon the 
character of the tumor cell but also depends upon an unknown factor in 
the non^neoplastic tissue as indicated by the observed changes in the normal 
cells. The mere disappearance of the tumor cells from the smear may not 
indicate whether or not the tumor is controlled, but the study of the changes 
in the normal cells appears to be a reliable index of the probability of a 
cure. 

Both animals and man show great variation in their ability to withstand 
total body radiation. ® In animals, that diversity may be observed not 
only in mortality figures but in the cellular response as well. Swiss mice 
weighing 18'-25 g. were subjected to varying amounts of total body radia¬ 
tion from 400 to 600 r at 200 kv. Vaginal smears were done on female 
mice and oral smears on males to determine their cellular response. Table 1 


TABLE 1 

Mortality Rate and Cellular Response in Increasing Doses of Total Body 

Radiation in Swiss Mice 

PBH CBNT 

PBRCBNTAOB OP ANIMALS 


AMOUNT OP 


NO. OP 

MORTALITY 

AT 

SHOWINO 

CBLLULAR 

X-MAY 

sux 

ANIMALS 

40 OAV8 

XBSPONSB* 

460 r 

m 

230 

21 

Not donct 


/ 

220 

28 

25 

500 r 

in 

50 

16 

Not donet 


f 

70 

26 

44 

550 r 

m 

128 

60 

88 


f 

162 

73 

90 

600 r 

in 

35 

100 

Not done 


f 

35 

100 

Not done 

Cytological study 

was 

not performed on 

every animal but 

a significant sample 


was made of each group. 

t Moles were not studied iu the initial phase of the work because of technical dif¬ 
ficulty with oral secretions. 


shows both radiation response and mortality figures in male and female 
mice treated with increasing amounts of radiation. There is a direct cor¬ 
relation between cellular response and mortality. Not all animals die 
which show radiation response but, more important, with only a rare ex¬ 
ception, all mice survive which do noi show radiation changes. 

This demonstrates that animals as well as man vary in their sensitivity 
to radiation and that this sensitivity may be gauged by a study of normal 
cell reaction. The importance of this observation has two possible clinical 
implications provided methods could be found to modify this native sensi¬ 
tivity, Treatment which would raise the resistance might prove of value 
in protecting individuals from total body radiation, while substances which 
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lowered the resistance to radiation might prove useful in the treatment of 
patients with carcinoma. 

Hektoen and others have reported that foreign protein^* ® and estrogens® 
administered parenterally 9-10 days before x-ray treatment diminish the 
effect of radiation. Desoxycorticosterone has also been listed as protective 
in this regard but no dose or time of administration is given. ^ 

TABLE 2 

Mortauty Rate in Swiss Mick Treated bekorb or after 400 r Radiation (200 

Kv.)* 

TIMB OF 

administration 

10 DAYS IM|IEDIATBi:.Y MORTALITY 




BEFORE 

AFTER 


NO. OF 

AT 40 DAYS 

SUBSTANCE 

DOStE 

X-RAY 

X-RAY 

HEX 

ANIMALS 

IN 

Controls (radiated) 




m 

230 

21 





f 

220 

28 

Horse serum (1) 

0.5 cc. 

X 


m 

25 

0 





f 

25 

0 


1.0 cc. 


X 

m 

32 

00 





f 

10 

50 

Testosterone (2) 

1.25 mg. 

X 


m 

25 

24 

propionate in oil 




f 

25 

24 


1.25 mg. 


X 

m 

25 

52 





f 

25 

68 

Estradiol benzoate 

0.083 mg. 

X 

■ * 

m 

30 

6 

in oil (2) 




f 

20 

10 


0.083 mg. 


X 

m 

34 

32 





f 

17 

48 

Stilbestrol in oil (3) 

0,1 mg. 

X 


m 

36 

82 





f 

14 

42 


0.1 mg. 


X 

m 

25 

8 





f 

24 

33 

Desoxycorticoster¬ 

0.1 nig. 

X 


m 

25 

10 

one in oil 




f 

25 

20 


0.1 mg. 


X 

ni 

25 

52 





f 

25 

62 


* Controls: 20 mice injected with each substance, not radiated. 2 mice dead at 40 
days. Mort. 2%. 100 mice not injected, not radiated. 1 mouse dead at 40 days. 
Mort. 1%. 

Notbs: (1) Supplied by Mass. State Antitoxin Laboratory. (2) Supplied by 
Scherins Corp., Bloomfield, N. J. (3) Supplied by Burroughs A Wellcome, New 
York. N. Y. 

We have administered a variety of steroid substances and foreign protein 
intraperitoneally to mice 10 days before or immediately after total body 
radiation. TaNe 2 shows mortality figures in male and female Swiss mice 
given 400 r total body radiation at 200 kv. and the modification of this 
mortality rate by the administration of foreign protein, testesterone pro- 
prionate, estradiol benzoate, stilbestrol and desoxycorticosterone. It is 



VoL. 36, 1949 


PATHOLOGY: GRAHAM AND GRAHAM 


105 


obvious that there is a distinct variation between the sexes, especially 
marked in the stilbestrol pretreated group. The time of administration is 
important. Different effects are encountered depending on whether the 
substance was injected 10 days before or immediately after radiation, e.g., 
the groups injected with horse serum. With the limited number of animals 
employed only tlie more striking differences are regarded as significant. 
For this reason in later experiments both total body weights of the animals 
and the cytological response have been included in our evaluation. This is 
shown in table 3 which shows comparable data in a small series of animals 
treated before radiation with two different substances, foreign protein and 
desoxycorticosterone. In these two experiments weights of animals and 
the c)rtological effect of radiation were taken into consideration as well as 
the mortality figures. In animals treated with desoxycorticosterone the 
death rate affords scant evidence of any change in sensitivity to radiation 
since an equal percentage of animals died as in the control radiated group. 
However, when both weights and cytological evidence of radiation are con- 

TABLE 3 


Effect op Treatment with Horse Sbritm (0.6 Cc.) or Dbsoxycorttcosteronb 
(0.1 Mg.) 10 Days before Radiation (400 r) in Female Swiss Mice 



iPKomm 

nSSOXYCOK- 

TtCOSTBitONlI 

KADIATBD 

CONTROLS 

No. of mice 

12 

12 

8 

Mortality at 40 days 

0 

20% 

20% 

Initial body weight not regained at 20 days 

1 

9 

6 

Radiated response as judged by vaginal smear 

10 slight 

2 marked 

11 marked 

1 slight 

4 marked 
4 slight 


sidered, the animals treated with desoxycorticosterone are found to have 
been extremely sensitive to the radiation administered and the protein 
group highly resistant. The radiated controls fall in the middle group, 
some animals being sensitive, some resistant. We believe that the cytologi¬ 
cal response may be a useful index in the study of the effects of radiation 
and that by its use finer differences can be observed. It has the additional 
advantage of affording study of cellular response without the sacrifice of an 
animal. 

From these data we conclude that an individual's sensitivity to ionizing 
radiation may be either enhanced or diminished by the administration of 
certain steroids or foreign protein before or after radiation. It is possible 
that this observation may have some bearing on survival from total body 
radiation and on the effectiveness of radiation treatment of cancer. 

This work was performed under the auspices of the Office of Naval 
Research, U. S* Navy. 

We are greatly indebted to Dr, Joe V, Meigs for his aid and encourage¬ 
ment in this endeavor. We are also indebted to Dr. Milford Schulz of 
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the Radiology Department of the Massachusetts General Hospital for 
the radiation of the experimental animals. 

1 Graham, R. M., Surg, Gynec. Obs^., 84, 153-173 (1947). 

« Henshaw, P. S., /. Nat, Cancer Inst., 4, 485-501 (1944). 

»Larkin, J. C., Am. J. Roentgenol, 55, 625-532 (1946). 

* Hektocn, L., /. Infect Dis., 22, 28-33 (1918). 

»Auer, J., and Witherbee, W. D., J. Exper, Med., 53, 791-813 (1921). 

•Treadwell, H., Gardner, W. V., and Laurence, J. H., Endocrinology, 32, 161-164 
(1943). 

7 EUinger, F., Radiology, SO, 234-243 (1948). 


PHYSICAL SYSTEMS OF CURVES IN SPACE^ 


By Edward Kasner and John De Cicco 

Departments of Mathematics, Columbia University, New York, and Illinois 
Institute of Technology, Chicago 

Communicated December 30,1948 


1. Consider a field of force whose force vector acting at any point, de¬ 
fined by the position vector r » {x, y, s), of a given region of space, is F * 
(❖> x)* The rectangular components (0, v^, x) depend only on the posi¬ 

tion of the point, and are assumed to be continuous and to have continuous 
partial derivatives of first and second orders over the given region of space. 
We omit the trivial case where the force vector is identically zero for which 
the trajectories are all straight lines. 

There is no loss in generality in assuming that a particle traveling in this 
field is of unit mass. Dots denote total differentiation with respect to the 
time t and the subscript s denotes total differentiation with respect to the 
arc length. Subscripts x, y, z signify partial differentiation with respect to 
the appropriate variable. 

A system 5* of curves in the given field of force consists of curves 
along which a constrained motion is possible such tliat the osculating plane 
at each point contains the force vector F, and the pressure P is proportional 
to the normal component N of F. ThusP — kN, where k 9^ 

This is the extension of our previous two-dimensional theory of physical 
systems of curves, outlined in papers published in these Proceedings 
during the past two years. 

The vector differential equation of a system 5* of < 0 ^ space curves is 




The important special cases of physical interest of a system S, are 


(1) 
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(a) dynamical trajectories, ^ = 0; 

(b) general catenaries, ^ = 1; 

(c) generalized brachistochrones, — —2; 

(d) velocity curves, ^ . 


2. Property /. The osculating planes of all the * curves of a system 
5* which pass through a fixed point, form a pencil of planes with axis in the 
direction of the force vector acting at the point. 

By varying ky it is found that all the 2 curves of all possible systems 5* 
which pass through a given lineal element £, possess the same osculating plane 
and also the same torsion at E, 

The curves of all possible systems which pass through a given point 
and have the same torsion there are 00 » in number. Their tangent lines 
through the point generate a quadric cone. By varying the torsion, we ob¬ 
tain a pencil of quadric cones, all of which contain the force vector F acting 
at the given point, and have the same tangent plane along F, This is the 
osculating plane of the line of force at the given point. 

3. The centers of spherical curvature corresponding to the points of the 
curves of a system 5* are given by the vector equation 


^ . v^{F,Xu) - {Z + k){Fr,){F X fs) 

S.r+ 


( 2 ) 


where v denotes the speed. 

Property IL The osculating spheres of the 001 curves of a system 5* 
passing through a given point in a given direction form a pencil. Their 
centers describe the straight line 

r,. (5 r) - 0, (1 + k)F.^{S - r) ~ (3 + A)(Fr,) - 0. (3) 

By varying ft, the straight lines for all systems 5* that correspond by Property 
II to the lineal element Eyform a’parallel pencil in the plane normal to E. 

4. Hold the point r = (x, y, z) fixed and vary the direction The 
straight lines (3) of Property II form a congruence Q. If G denotes the 
vector 


G - [f-.-CS - r), F,- (5 - r). F.- (5 - r)], (4) 

the congruence 0 may be written in tlie form 

(5 - r). r. = 0, [(3 + k)F - (1 + k)G]. r, - 0. (5) 

Property III. The congruence 0 is composed of the secants of a twisted 
cubic curve r. This cubic T passes through the fixed point in the direction 
of the force vector acting at the given point. 

The vector equation of F is 

(3 + k)F - (1 + k)G - (1 + *)X (5 - r). 


( 6 ) 
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where X is au arhitrary scalar. 

5. The locus of the centers of spherical curvature of the 2 curves of a 
system Sk touching a given plane at a given point is a quadric surface pass¬ 
ing through the twisted cubic curve F. 

If X is a vector normal to the given plane, the quadric surface is 

(x, S - r, (1 + k)G - (3 + k)F) - 0. (7) 

This quadric surface (7)‘w a rectangular hyperboloid if and only if the 
corresponding fixed plane contains the curl F = (xy — <I>m ^ Xa, — <t>v) of 
the force vector F ~ {^, x) acting at the fixed point. 

A field of force is conservative if and only if every quadric surface (7) 
is a rectangular hyperboloid; or if and only if the three asymptotes of the 
twisted cubic curve F are mutually orthogonal. 

6. The straight line which corresponds according to Property II, to a 
lineal element E belonging to a line of force is parallel to the binormal of the 
line of force. Its perpendicular distance from the given point is (3 + jfe)/- 
{\ + k) times the radius of curvature of the line of force. 

This is related to the discussion of rest trajectories and the theorem 
about the ratio of 1:3 of curvatures, 

* Presented to the American Mathematical Society, 1949. 

* Kasner, “Differential-Geometric Aspects of Dynamics/' Princeton Colloquium 
Lectures, Am. Math. Soc. Puhl.t (1913, 1934, 1948). 

* Kasner, “Dynamical Trajectories: The Motion of a Particle in an Arbitrary Field 
of Force," Trans. Am. Math. Soc., 8, 135-158 (1907). See also a series of papers in 
Trans. Am. Math. Soc.^ 7-11 (1906-1910). 

* Kasner, “Physical Curves/' Proc. Nat. Acad. Set., 34, 68 (1948). 

* Kasner and Dc Cicco, “Transformation Theory of Physical Curves/' Ibid.t 34,169 
(1948). 

* De,Cicco, “Constrained Motion upon a Surface under a Generalized Field of Force,” 
BuU. Am. Math. Soc., 53, 993-1001 (1947). 

* Kasner and Mittleinan, “A General Theorem on the Initial Curvatures of Dynami¬ 
cal Trajectories/' Proc. Nat. Acad. Sci., 28, 48-52 (1942). 


CONJUGATION BETWEEN DOUBLE MONSTERS AND SINGLE 
ANIMALS IN PARAMECIUM B URSARIA * 

By Tze-Tuan Chen 

Dbpartmbnt of Zoology, UNivERsrry of California, Los Anobles 
Communicated by T. M. SonUcbom, December 11, 1948 

In the cultures of a Canadian clone (CanlS) of Paramecium bursaruii 
double monsters, chains of two animals, occur frequently. When one anlmnl 
has divided, the two daughter animals fail to separate. These two daughter 
animals then develop into the adult form, still connected by a slender proto- 
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piasmic bridge. Typically, each of the two components of the monster 
has a micronucJeus and a macronucleus. In the present work these double 
monsters were isolated at various times and mated with the single animals 
of a U. S. clone (McD6).‘ Nuclear phenomena during such conjugations 
were studied. 

Under proper conditions, when single "animals of these two clones are 
mixed, the agglutinative mating reaction occurs immediately and pairs 
are soon formed. This is also true when double monsters of the Canadian 
done are mixed with single animals of the U. S. clone. A double monster 
may conjugate with one or two (occasionally more) single animals. In 
most cases, one single animal is attached to the anterior component of the 
double monster and at the adoral surface. Nuclear changes occur in all 
conjugants whether the double monster conjugates with one or more single 
animals. 

In each conjugant group of the most common type, consisting of a double 
monster and a single animal attached to the anterior half of the double 
monster, three micronuclei are present. The single animal contains one, 
the double monster has two—one in the anterior component, the other in 
the posterior component. Nuclear changes occur in all three micronudei. 
The posterior component of the double monster does not come in contact 
with the single animal, yet the niicronucleus in this half undergoes the 
usual nuclear changes. This indicates that the influence of the contact 
between the anterior component and the single animal must have passed to 
the posterior component through the slender protoplasmic bridge. 

The nudear changes occur at about the same rate as those in ordinary 
conjugating pairs. The conjugants separate at about the same time as they 
woiild in ordinary conjugation. The nudear changes among the three 
micronudei in the conjugant group are usually synchronous. In the 
following paragraphs thCvSe nudear changes and the time relationships of 
stages (at 27®C.) will be described. 

Each micronudeus undergoes three pregamic divisions which are identical 
with those occurring in ordinary conjugating pairs.® The first pregamic 
division is a long process involving complicated prophase changes and 
requiring approximately 23 hours for completion. During the first 10 
hours the spindle-shaped micronudeus gradually swdls up and becomes 
nearly spherical. The transformation of the micronudeus to a crescent 
begins approximately 12 hours after the onset of conjugation. By the 
sixteenth hour, these crescents have become greatly enlarged and their 
chromatin diffused. By the twentieth hour, the nucleus has rounded up, 
becoming ovoid or spherical, and individual chromosomes are visible. By 
the twenty-second hour, late prophase or metaphase is reached. By the 
twenty-third hour, in most conjugant groups, the anaphase or telophase 
stage is reached; in some, daughter nudei are formed. Daughter nudei 
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are similar in size and structure. One degenerates soon after its formation, 
while the other remains to undergo the second pregamic division. 

The second pregamic division occurs 24 or 25 hours after onset of con¬ 
jugation and is completed in one or two hours. The two resulting nuclei 
are also similar in size and structure. One of tliem soon degenerates, and 
the remaining one undergoes the third pregamic division. 

The third pregamic division is also consummated in a short time and ends 
approximately 28 hours after the onset of conjugation. Of the two re¬ 
sulting pronuclei, one is migratory, the other stationary. These two 
pronuclei may also differ in shape. This differentiation of the two pro- 
nuclei takes place in all three individuals of the conjugant group, even 
though the posterior half of the double monster does not mate with any 
animal. Exchange of pronuclei takes place only between the anterior 
half of the double monster and the single animal, the exchange occurs soon 
after the formation of the pronuclei, 28 to 29 hours after the onset of con¬ 
jugation. But the migratory pronucleus in the posterior half of the double 
monster moves to the vicinity of the mouth region of its cell as if a con¬ 
jugant were attached to that part of its body. (In some conjugant groups 
a bulge appears at this region.) This fact seems to indicate that the path 
of the migratory pronucleus is predetermined, and confirms my earlier 
finding in conjugation of three animals.* 

No case has been observed in which the migratory pronucleus in the 
posterior half of the double monster breaks through the cell membrane; 
instead, it fuses with the stationary pronucleus in the same half to form a 
synkaryon. Autogamy thus occurs in the posterior half of the double 
monster. 

Three divisions occur in all three synkarya before the conjugants sep¬ 
arate, as in the case of ordinary conjugating pairs. The first division 
usually occurs 29 to 31 hours after the onset of conjugation. One of the 
two nuclei resulting from this division degenerates. Two further nuclear 
divisions occur at 33 to 36 hours. By the thirty-sixth hour, ex-conjugants 
may be found. 

When the conjugants separate, the ex-conjugant double animal usually 
contains eight nuclei, while the single animal contains four nuclei. Some 
of these nuclei develop into macronudear anlagen, others become the micro- 
nuclei. The number of nuclei that become macronudear anlagen is vari¬ 
able. In most of the ex-conjugant single animals, two (occasionally three) 
of the four nuclei become anlagen. In the ex-conjugant double animals, 
two or four or five of tlie eight nudei may develop into anlagen. 

Variation in the number of nuclei developing into anlagen has also been 
found in ordinary conjugation in this species of Paramedum. 

* This work was aided by grants from the Committee for Research in Problems of 
Sex, the National Rasbarch Council; from the Joseph Henry Fund of the National 
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Academy of Sciences; and from the Permanent Science Fund of the American Academy 
of Arts and Sciences. 

* Both the Canadian and U. S. ckincs belong to Variety II. The former belongs to 
mating typo J; the latter to type K. 

* Chen, T. T.. J. Hered.. 31, 185-190 (19*«)); /. Morph., 79, 125-201 (1940). Wich- 
terman, R,, Turtox News, 26, 2-10 (1948). 

« Chen, T, T.. J, Morph., 78, 353 395 (1940). 


THE NA TURE OF THE SPECIFICITY OF ME:THYL GREEN FOR 

CHROMATIN 

By Arthur W. Pollistkr and C'hciub Leuchtknbkrger 
Department of Zoology, Coiatmiiia University 
Communicated by L* C, Dunn, December 11, 1948 

Of all substances which bulk large in the chemical composition of cellular 
structures, desoxypentose nucleic acid is perhaps the most clearly demon¬ 
strable by application of cytochemical methods to cells. For each one of the 
three components of nucleotide residues there is a specific method which 
enables the cytologist to visualize it on slides: the purines and pyrimidines 
have natural specific absorption in the ultra-violet spectrum; the Feulgen 
reaction reveals the desoxypentose; and the staining with basic dyes is an 
indication of the orthophosphoric acid component. It is this last specificity 


TABI^K 1 


Methyl Green Staining of Cytoplasm and Nuclei op Epithelial Cells of Mouse 

Liver 


NO. OF 
KXPKRIMFNT 

1 

1 

2 

3 


FAKT Off CKM. 
MRABORKO 

Cytoplasm 

Nucleus 

Nucleus 

Nucleus 


stain 


MX AN 

ItXTlNCTlON 


Methyl green 
Methyl green 
Methyl ftreeu 
Methyl green, Pyroniii 


0.014 0.(X)1 
0.294 0.012 
0.205 * 0.014 
0.274 *0.007 


which many histologists might wish to question. It has been generally 
realized, since the chemical properties of nucleic acid became known, that 
for the most part the usual binding of basic dye in histological staining of 
the nucleus must be due to formation of a dye-nuclcate salt (see especially 
Michaelis^* ^). However, to what extent the intensity of basic staining by 
any particular method can be strictly interpreted to indicate relative 
amounts of nucleic acid has not been so clear. It has been shown again and 
again that under the conditions of standard staining procedures the basic 
dyes color many structures that do not contain nucleic acid, and that the. 
intensity of the color in chromatin is subject to many influences from both 
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within and without the tissue- lu such a situation the onJy sure way has 
been that of checking the amount of dye-nucJeate staining by use of 
specific nucleases, as Bracket^ has done. In effect, this makes the problem 
one that can be attacked best by methods of quantitative chemical cytol¬ 
ogy. The present paper is concerned with demonstration, by photo¬ 
metric cytological analysis, that one basic dye, methyl green, cun be used 
in such a manner that the staining is highly specific for desoxypentose 
nucleic acid, that it is quantitatively related to the amount of nucleic acid 
present, and that it is dependent upon the physical state of the nucleic 
acid. 

Most common histological staining methods do not appear to be as 
highly specific for nucleic add as has been suggested, for example, by 
PoUister and Ris.^ With such dyes as Pyronin B, Pyronin V or Basie 
Fuchsin we have found that there is a considerable residue of stainahlc 
sul>stance in nuclei and cytoplasm after all nucleic acids and nucleotides 
have been removed chemically, table 2. These dyes also stain heavily 


TABLK 2 


Meihyl Gkbbk and Pyronin Stain before and after Removal of Nucleic Acids 
WITH Hot Trichloracetic Aao 


MKTliOU. MATUKlAf., 
>VAVB>MtNOTH MBAftURKD 


BBPOKR 

TKtCtlLORACBTtC ACll* 


AFTRR 

trichi-oracbtic acid 


Methyl green, mouse liver, Em 0.296 ^ 0,012 

Pyronin, mouse liver, Btio 0,480 * 0.014 


0.010 * 0.002 
0.110 * 0.004 


such material as thyroid colloid, which, as Caspersson and Gersh* have 
shown photometrically, almost certainly contains no nucleic acid. How¬ 
ever, as was originally pointed out by Unna,® methyl green seems to be an 
exception in that it stains nothing but chromatin. 

The method of staining which we have used closely follows that of Unna 
and Pappenheim.^ The dye is a National Aniline product, C.I. No. 685, 
Certification No. NG 25, Total Dye Content 93%. Under this Color Index 
Number Conn* discusses a dye called ethyl green (synonym, methyl 
green) which he says is the “zinc chloride double salt of ethylhexamethyl- 
pararosanilin chlorobromide/' molecular weight 653. As received, 
dye contains a small amount of a violet compound which must be removed, 
for it does not have the specific properties erf the green dye. This purifica¬ 
tion may be carried out just before use by Unna’s method of shaking the 
dye with chloroform, in which the purple component alone is soluble. The 
purification does not seem to be necessary with Grubler’s Iodine Green, 
presumably a closely related dye, wliich has the same staining properties as 
methyl green. For use 75 mg. of the purified dye was dissolved in 60 cm.* 
pi the phenol-aloohol-glycerin solution of Unna-Pappenheim. The pH of 
this solution is about 6,3. The absorption maximum of the dye as de- 
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ternn'ned in the Beckmann Spectrophotometer is about 630 ParafBn 
sections of vertebrate tissues, fixed in Camoy’s acetic alcohol (1:3), were 
stained in freshly purified, freshly prepared dye solution for 45 minutes at 
56^C., blotted, then decolorized overnight in tertiary butyl alcohol (or in 
95% ethyl alcohol, when methyl green was used without pyronin). This 
approximates a procedure which Michaelis,® has suggested as most likely 
to leave in the tissue only chemically bound dye. The intensity of stain in 
the cells was estimated by the absorption methods described by PoUister 
and Ris/ measuring the transmission of red light isolated from a tungsten 
lamp by a Farrand Interference Filter with a peak transmission at 630 niju. 
The lower extinction values are from partial liver nuclei in 5 p sections, the 
higher from whole nuclei in 8 p sections. The whole nuclear diameter was 
|>rojected onto the photosensory surface. The extitiction values are means 
of a number of measurements, each mean being fnjui a series of nuclei of 
approximately equal diameter. Unstained slides show an absor})tion 
equivalent to an extinction of 0.010 to 0.030; consequently values in this 
range indicate that there has been no staining reaction. 

When slides have been stained as described above it is apparent at a 
glance that the methyl green stains only chromatin; the amount of color in 
either nucleolus or cytoplasm (table 1) being negligible. For any one type 
of nucleus the amount of dye hound is accurately reproducible, tables 1 and 
2. The mean values for 5 n sections of nuclei in four different experiments 
ranged from 0.265 to 0.296, the differences not being statistically significant. 
The amount of methyl green staining of chromatin is independent of the 
presence of another dye such as pyronin B (table 1) or basiofuchsin. 

A series of experiments demonstrates what chemical component of the 
chromatin is responsible for this specific binding of methyl green. The 
methyl green is staining the nucleic acid of chromatin, not the protein, for 
after nucleic acid has been removed from the sections by 15 minutes' treat¬ 
ment with hot 5% trichloracetic acid (Schneider,*^ PoUister and Ris^) the 
chromatin no longer stains to any appreciable extent with methyl green, 
table 2. The methyl green is bound to desoxypentose nucleic acid, not to 
the pentose type; for two hours’ action of ril;>onuclease on the sections 
has no effect upon the metliyl green staining.* The mean extinction of ten 
untreated whole nuclei was 0.374 that of ten after enzyme action 

was 0.395 ^ 0.020, which is not statistically different. In short, the series of 
experiments demonstrates conclusively that, in material which has been 
fixed in acetic alcohd, purified methyl green is highly specific for d^oxypen- 
lose nudeic arid. 

In reproducibility and specificity the methyl green staining is similar to a 
properly controlled Feulgen nucleal reaction (Stowell*®, Di Stefano”), 
which suggests that methyl green binding likewise is quantitatively re¬ 
lated to the amount of desoxypentose nucleic acid in a nucleus. This is 
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further supj>orted by the fact that in diverse nonnal nuclei, with varying 
amounts of chromatin, the ratio of nucleal-regenerated fuchsin to methyl 
green staining is approximately the same, the ratio of extinctions being not 
far from LO- It seems likely that in the case of methyl green we are dealing 
with a chromatin staining which is solely chemical combination of dye and 
nucleic acid, presumably to form a methyl green nucleate salt. 

Among other technical discoveries IJnna noted that the methyl green 
staining of chromatin could be markedly reduced by pretreatment of sec¬ 
tions with boiling water. Photometric measurements demonstrate this 
effect in a striking manner. When sections which have been treated with 
hot water are stained, the methyl green binding does not occur to any 
appreciable extent, table 3. Indeed the methyl green extinction after hot 
water is as weak as on sections from which the micleic a^id has been en¬ 
tirely removed, table 8; but the ex|)lanatioii of tlie loss of staining 
after hot water must be quit<" different, since it can be demonstrated that 
the treatment has not removed any of the desoxypentose nucleic acid from 
the chromatin (table 3) for! {a) the nucleal reaction is equally intense 
before and after hot water, showing that the desoxypentose content is un¬ 
changed; {b) there is no loss of purine or pyrimidine bases from the chro¬ 
matin, for the 2537 A. abson^tion is not reduced; and (r) gross analyses 
of liver before and after hot water, which Dr. Gerhardt vSehmidt was kind 


l AHl.K 


MinilOlt, MATKKIAL, 
WAVtt-LKNOTW MKAHtfiliKU 


IIHFORU HOt WATWF, AFTKfc HOT WATER, 

MEAN BXTINmON MBAK EXTINCTION 


Methyl green, mouse liver, nuclei, E^^ 
Feulgen reaction, mouse liver, nuclei, /iew 
Gross analysis {Schmidt), mouse liver, DNA 
phosphorus per KK) mg. of nitrogen 
U. V. absorjrtion, cartilage, A mblystonta, Em. 


0.840^0.010 
0.427 0.014 

1.43 mg. 

0.400 


0.032 * 0.004 
0.419 ^ 0.016 

1.44 mg. 

0.622 


enough to make for us, show conclusively that the treatment causes no re¬ 
duction of the phosphoric acid, the third component of the desoxypentose 
nucleic acid. This last is most interesting for it shows that the part of the 
molecule which is presumably most closely related to the binding of the 
basic dye to form a methyl green nucleate salt is still present after hot 
water in as great an amount as when the chromatin stained intensely with 
methyl green. The obvious conclusion from these data is that the loss of 
methyl green stainitig after hot water treatment is a consequence of a 
physical change in the nucleic acid molecule. From results reported by 
Kurnick,*^ we can infer that this change is in the nature of a depolymeriza¬ 
tion. In test-tube experiments Kurnick found that while methyl green 
combined readily with highly polymerized desoxypentose nucleic acid, the 
dye would no longer combine with nucleic acid which had been depoly- 
merized by the enzyme. Pending the results of experiments with the 
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effect of purified thymonucleodepolymerase on tissue sections, it may be 
tentatively concluded that iti cytological preparations also the methyl 
green staining of chromatin is dependent upon the presence of desoxypen- 
tose nucleic acid in a highly polymerized state, and that the hot water 
treatment causes depolymerization. If this is actually the effect of the hot 
water, it has not proceeded so far as to degrade the nucleic acid to lower 
acid-soluble pt)lymers, for sections which have been treated first with hot 
water and then subjected to cold trichloracetic acid (after Schneider^) give 
as intense a Feulgen reaction as do untreated controls. 

The more closely the methyl green reaction is examined the more con¬ 
spicuous do its differences from other types <»f basic staining appear, and 
one feels impelled to look for special chemical properties of methyl green as 
an explanation. An obvious difference is that unlike all other common 
histological stains the methyl green colored ion carries two positive charges, 
which surely might be expected to give it unique properties as a stain. The 
divalent methyl green ion should have a much greater affinity for acidic 
groups like phosphoric acid than should the. monovalent ions of other dyes 
and a priori one should therefore expect that methyl green, alone, would 
stain very strongly all acidic structures, and, when mixed with pyronin, it 
should be much the stronger staining component for acidic material. In 
the staining which has been described above this expected result is realized 
only to a limited extent. Where a structure is stainable with methyl green, 
as chromatin is, then the divalent cation completely predominates over the 
monovalent—that is, the pyronin exerts no measurable restriction on the 
methyl green reaction. Superimposed upon this readily understandable 
relationship between the two dyes, however, is another influence which 
appears as a sharp restriction of the methyl green reaction to one particular 
acidic component of the cell, the phosphoric acid of the desoxypentose 
nucleic acid. It seems possible that this also may be explained by the 
structure, a biologist is tempted to say the “morphology," of the molecule 
of methyl green. Michaclis^ has reported that the spectroscopic charac¬ 
teristics of basic dye bound in tissue staining show conspicuous differences 
from those of the dye-nucleate in test tubes, which are best interpreted as 
evidence of a specific “fit" or structural relationship between the molecules 
of the dye and those of the nucleic acid. It is not difficult to imagine that 
the high specificity of methyl green for highly polymerized desoxypentose 
nucleic acid may be explained in somewhat the same way. 

In the normal tissues the Feulgen-methyl green ratio is fairly constant; 
in other words, there appears to be a definite proportion of the total de¬ 
soxypentose nucleic acid which is in the physical state suitable for combina¬ 
tion with methyl green. Any decrease in relative amount of this presum¬ 
ably highly polymerized nucleic acid should lead to decrease in the methyl 
green reaction and should increase the Feulgen-methyl green ratio, above 
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the normal range about a mean value of 1.0, Thus, if it is combined with a 
parallel study of slides on which the Feulgen reaction has been performed, 
the inetliyl green staining is potentially an indicator of a physical alteration 
of the desoxypentose nucleic acid molecule. Such changes may be ex¬ 
pected under many cytological conditions, especially, for example, where 
chrcjmatin is degenerating. We have recently been examining with these 
techniques the pycnotic degeiieration that occurs in cells of a tumor im¬ 
planted into a new host (as originally described by R5ssle^^). It is interest¬ 
ing that the first major change in the chromatin is a decrease in the intensity 
of the methyl green reaction, leading to such Feulgen-methyl green ratios 
as 3:1 or eventually perhaps as high as S: 1. 

* Michaelis. L., Einfuehrung in die Farbchemie fuer Histologen, 1910. 

* Michaelis, L., Cold Spring Harbor Symposm^ XII, 131'd42 (1947). 

“ Brachet, J., Embryologie Chimique, Masson ct Cie., 1944. 

* PoUister, A. W., and Ris, H., Cold Spring Harbor Symposia, XII, 147-167 (1947). 

8 Caspersson, T., and Gersh, I., Anat. Rec., 78, 303-321 (1940). 

« Unna, P. G., Histochemie der Haul, 1928. 

’ Unna, P. G., Enzyk. Mik. Tech.^ (1910). 

** Conn, H. J., Biological Stains, (1946). 

* Schneider, W. C.. J. Biol. Chem., 161, 293-30:i (1946). 
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»» Di Stefano, H. S„ Proc. Nat. Acad, Sci., 34, 75- 80 (1948). 
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ERRATUM 

In Section 4 of our paper "Some Properties of Rotational Flow of a 
Perfect Gas,” March, 1948 (concerning Massotti Flow) the statement near 
the middle of the Section, that the vorticity equation 

r® X curl ®1 
curl —-— » 0 

L 1 - w* J 

is automatically satisfied, is incorrect and invalidates the remainder of the 
Section. 

Actually, it is easily seen that this equation introduces the additional 
restriction that 

*" (s)’ ~ (^)’ ■ 

where / and g are arbitrary functions. This restriction limits the solutions 
known at present to those for which w* «■ const. 

P. NemAnyi and R. Prim 
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NATIONAL ACADEMY OF SCIENCES {DISTRIBUTION AND 
AGES OF MEMBERSHIP) 

By FrivI) E. Wright, Home Secretary 
Cotnrnunicatftl jjitiuary IfMO 

The National Acadkmy of vSctencks was established by an Act of 
Congress, approved on March 3, liS(vJ by Abraham Lincoln, The number 
of charter members was 4<S; of these two declined inenilK*rship. In the 
Act, the membership was limited to 50; tlie Academy was given power '‘to 
make its own organization including constitution and bylaws*'; “to fill all 
vacancies created by death or resignation’*; “to provide for the election of 
foreign and domestic members, the division into classes,” “and to report the 
same to Congress.” In addition, “the Academy shall, whenever culled upon 
by any department of the Government, investigate, examine, experiment 
and report upon any subject of science or art, the actual expense of such 
investigations, examinations, experiments and reports to be paid from 
appropriaticms which may be made for the purpose, but the Academy shall 
receive no compensation whatever for any services to the Government of 
the United States,” 

The primary function of the Academy is therefore to serve as scientific 
adviser to the Government on problems in science and applied science for 
the solution of which a government department may seek unbiased, expert 
aid. Election to membership in the Academy means recognition of 
unusual ability; and it carries with it an obligation toward the Govern¬ 
ment. As a result, Academy membership is restricted largely to scientists 
who through research have contributed to increase in knowledge and are in 
position, upon request, to serve the Government in the solution of its prob¬ 
lems in science. 

The total Academy membership on July 1,1948, nurnlxTed 435, including 
5 members emeriti. Study of the membership with reference to distribution 
within the United States, to age and to fields of activity in science has been 
made at irregular intervals in the past. Early studies were reported upon 
by Raymond Pearl [Proc. Nat. Acad. Sci., U, 752-708 (1925)]. In 1933 
and in 1935 F. E. Wright, as Home Secretary, continued the studies and 
circulated the results in mimeograph form to the meniership of the Acad- 
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TABLE 1 

Distribution of MFMBrmsmp hv vStates and Ok^ntriks (Jui,v 1, l{)48i 



NO. 

iiOKN 

NO 

MOW 


N(.l. 

ROtCN 

NO. 

NftW 

Nc’w iMigluiid: 



South Central States; 



Maine 

Ti 

O 

Kentucky 

5 

0 

VtTtnonl 

*> 

0 

Tennessee 

4 

1 

New llatni^shire 

1 

0 

Arkansas 

0 

0 

Massachusetts 

;i5 

f)S 

Oklahoma 

o 

0 

Connecticut 

t> 

20 

Alabama 

1 

0 

JRhodc Island 

1 

2 

Mississippi 

0 

f) 


— 

— 

Louisia na 

1 

0 

Total 


02 

Texas 

4 

6 

North Atlantic Stales; 





— 

New York 

42 

75 

Total 

17 

7 

New Jersey 

4 

2K 

Rot'ky Mountain States: 


Pennsylvania 

24 

10 

Montana 

f) 

0 

Marylainl 

8 

17 

Wyoming 

1 

0 

I)istrict of Columbia 


20 

Idaho 

0 

0 

Delaware 

3 

1 

Colorado 

5 

1 




Utah 

3 

1 

Total 


160 

Nevada 

0 

0 

South Atlantic States: 



New Mexico 

3 

3 

Virginia 

7 

4 

Arizona 

0 

1 

West Virginia 

2 

0 




North Carolina 

2 

2 

Total 

10 

4 

South Carolina 

2 

0 

Pacific States: 



Georgia 

4 

0 

Washington 

3 

f) 

Florida 

0 

2 

Oregon 

1 

0 


— 


California 

37 

80 

Total 

17 

8 




North Central States: 



Total 

21 

80 

Michigan 

12 

0 

Foreign Born; 



Wisconsin 

20 

13 

Austria 4 

Italy 

1 

Minnesota 

5 

4 

Canada 11 

Jugoslavia 

1 

North Dakota 

1 

0 

Denmark 2 

Mexico 

1* 

South Dakota 

4 

0 

England 5 

Norway 

2 

Ohio 

25 

0 

Estonia 1 

Poland 

3 

Indiana 

IK 

4 

France 1 

Russia 

9 

Illinois 

32 

35 

Germany 31 

Scotland 

3 

] owa 

12 

4 

Holland 4 

Sweden 

6 

Nebraska 

5 

0 

Hungary 4 

Switzerland 4 

Missouri 

12 

12 

India 2* 

Syria 


Kansas 

10 

0 

Ireland 1 

Ukraine 

1 

Total 

15(5 

78 

* American parents. 




eniy. In 1945 Edwin B. Wilson published a short report on “Vital Sta¬ 
tistics of tlie National Academy of Sciences” (Proc. Nat. Acad. Sci., 31, 
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200-202 (1945)] and stressed the slowly rising average age of members at 
election. 

Request has been made recently for a revision of the 1935 statement, 
based on the present membership of the Academy, Since 1935 the number 
of Academy members has increased from 289 to 435; this rapid growth has 
been chiefly due to action by the Academy in 1042 which raised the limit 
from 15 to 30 in the number of men who may be elected at any annual 
meeting. The result has been that more than one-half the Academy mem¬ 
bers, now living, were elected during the ten-year period 1939 to 1948, 
inclusive. 

Regional Distribution of Members. ~\x\ table 1 data on the distribution of 
the membership in the several states are given. The table shows that in 
New England, the North Atlantic States and California the number of 
Academy resident members greatly exceeds the number of Academy mem¬ 
bers born therein; the ratio is 337 to 157. In the North Central States, 156 
members were bom, but only 78 arc now resident therein; in the South 
Atlantic, vSouth Central and Rocky Mountain vStates, 41 members were 
born, but only 19 now live there. In 17 states no Academy member re¬ 
sides; in these states, however, 73 members were born. In seven states 
no member was born; in five of these no member now resides. The trend of 
Academy members is naturally toward the centers of learning and of active 
research in science. 

Seventy-eight Academy members were born in foreign countries; four of 
these are of American parentage. Twenty-two are from Canada, England, 
Scotland, Ireland and India; 10 from Sweden, Norway and Denmark; 23 
from Germany, Austria, Holland and Switzerland; 16 from Russia, Poland 
and Hungary. The number of Academy members whose native tongue is 
not English is 54, or 12.4 per cent of the total membership. 

The data on distribution of the Academy membership in universities and 
research organizjitions, including the Government, are listed in table 2. Of 
the total membership, 315 (72.4 per cent) are connected with universities 
and colleges; 25 (5.7 per cent) serve in Government positions, while 62 
(14.3 |)er cent) are connected with endowed research groups; and 33 (7.6 
per cent) with state and industrial research laboratories. 

Age Distribution of Memberskip.—Tablt 3 presents the numbers of mem¬ 
bers in each age group and in the various Academy sections at the time of 
election and on July 1, 1948; also the average age and median age of the 
members at election and on July 1,1948. In the preparation of this table the 
age of each member, in years and tenths of a year, at the time of his election 
and on July 1, 1948, was first ascertained. To facilitate the computations 
the average date (April 27) of the annual Academy meeting, at which elec¬ 
tions are held, was used. Various methods may be used for computing the 
age of a person to tenths of a year of 365 or 366 days and the results obtained 
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vary vSlightly with the method employed; but they arc not significant in 
this case and may be neglected. The method adopted in this paper for 
computing the ages of members to tenths of a year may best be illustrated 
by an example; if the birthday of a member falls between April 27 and 
June 1 his age at election is, say, 41.9 yqars; whereas if it occurs between 
March 21 and April 26 of the same year his age is 42.0 years. With the aid 

TABLE 2 

DiSTRiBxmoN OH Membership in Universities ani> Research Organizations 

(July 1, 1948) 

UNIVERSITIES 


Harvard 

61 

Wisconsin 

12 

Iowa 

4 

Smith 

1 

California 

34 

Princeton 

10 

Virginia 

4 

Haverford 

1 

Chicago 

27 

Cornell 

9 

fndiana 

4 

Brooklyn 

1 

Columbia 

25 

Pennsylvania 

8 

Rochester 

3 

Missouri 

1 

Yale 

18 

Wash. U., St. Louis 

8 

Brown 

2 

Swarthmore 

1 

Cal, Tech. 

17 

Illinois 

7 

North Carolina 

2 

Rice Inst. 

1 

Stanford 

17 

Texas 

5 

U. of St. Louis 

2 

Tennessee 

1 

M.l.T. 

13 

Michigan 

4 

Northwestern 

1 

New York 

1 

Johns Hopkins 

13 

Minnesota 

4 

Tufts 

1 

New Mexico 

1 







Utah 

1 


RESEARai ORGANIZATIONS 

U. S. Governmetit: Endowed and Industrial Research Groups: 

Geological Survey 8 Carnegie Inst. Wash. 27 Otho Re.search Found. 1 


Smithsonian 3 Rockefeller Inst 19 Research Corp. 1 

Bur. Standards 3 Inst. Advanced Study 7 Wistar Inst. I 

Nat. Inst, Health 3 Am. Tel. and Tel. 6 Bethlehem Steel Co. 1 

Atomic Energy Comm. 2 General Electric 6 Carbide & Carbon Chera. 1 

Adv. Com. Aeronautics 2 Am. Mus. Nat. Hist. 2 E. 1. du Pont de Nemours 1 

Bur. Entomology 1 N. Y. Botan. Garden 2 General Motors 1 

Bur. Plant Indust, 1 Conn. Agr. Station 2 International Nickel 1 

Research and Gulf Res. & Dev. 2 Lederle Laboratories 1 

Development Boardt 1 A.A.A.S. 1 Merck and Co. 1 

Weather Bureau 1 R. B. Jackson Monsanto Chemical Co, 1 

Mem. Lab. 1 Pan Am. Petroleum 1 

Tvoomis Lab. 1 Radio Corp. America 1 

Lowell Observatory 1 Univ. Oil Products 1 

N. J. Agr, Exp. StA. I Westinghouse Electric I 

N. Y. State Museum 1 J. G. White I 


of a short table prepared on this basis it is a simple task to ascertain the age 
of a member to tenths of a year. The fact that Pearl in his article of 1925 
used April 15 as the date of election of each member was recognized by him 
to be unimportant in his study of vital statistics of Academy members. 

Table 4 is supplemental to table 3 and shows the range of ages at ele^ticm 
(column I) and as of July 1,1948 (column II), in each section. This table is 
of special interest because it indicates that workers in certain fields of 
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science, such as mathematics, physics, chemistry and astronomy (the 
physical sciences) develop and establish records of accomplishment earlier 
than is the case with workers in the sciences which are in part descriptive in 
character and require field work (geology, botany, engineering) or long ex¬ 
perience in the behavior of living matter (biological sciences). In the case 

TABI.U 3 

Ages ok Members at Election and on July 1, 1948 


AVBRAGB AOB8 OF SBCTXON OltOUPS- 



NO. AT 

NU. UN 

JUI.V 1. 


NO. IN 

AOB AT 

AOB ON 
JULY 1, 

VBAK8 

BURCTIOK 

1948 

NAMB OP BRCTION SBCTION 


1948 

30-34 

9 

0 

1. Mulhcmaticsi 

26 

43.1 

57.9 

35-39 

40 

7 

2. Astronotny 

26 

47.8 

67.9 

40-44 

91 

34 

3. Physic-s 

60 

44.8 

67.0 

46-49 

08 

47 

4. Engineering 

35 

52.5 

62.4 

50-64 

96 

43 

5. Chemistry 

58 

47.3 

57.8 

65-69 

52 

68 

6. Geology 

38 

54.0 

67.2 

60-64 

30 

69 

7. Botany 

35 

50.8 

02.3 

66-09 

17 

56 

8. Zoology 

38 

51.3 

62.7 

70-74 

2 

51 

9. Physiology 

45 

49.7 

59.1 

75-79 

0 

31 

lO. Pathology 

37 

53.3 

63.2 

80-84 

0 

20 

11. Anthropology 

9 

52.6 

63.6 

85-89 

0 

6 

12. Psychology 

23 

47.9 

62.0 

90-94 

0 

4 





Average age July 1, 1948 

61.5 Median age July 1, 1948 

61.1 

Average age at election 

49,2 Median 

age at election 

48.9 

Average age at election (1935) 

48.9 





TABLE 4 

Ranges of Ages in Each Section at Election (Col. I) and on July 1, 1948 (Col. II) 

—---AQR ItANOB IN 10-YBAH PKRIOD8-—-. 



NO. IN 

30-40 

40 

-50 

50-60 

60-70 

70 

-80 

80 

90 

90- 

100 

SBCTION 

SBCTION (T) (11) 

(I) 

(H) 

(I) 

(II) 

(I) 

(ID 

(I) 

(ID 

(D (U) 

U) 

(ID 

1. Mathematics 

26 

9 

1 

14 

7 

3 

0 

0 

8 

0 

3 

0 

1 

0 

0 

2. Astronomy 

20 

4 

0 

12 

2 

7 

3 

3 

7 

0 

12 

0 

2 

0 

0 

8. Physics 

00 

14 

1 

34 

25 

9 

10 

3 

13 

1 

8 

0 

3 

0 

0 

4. Knghieertns 

30 

2 

1. 

9 

3 

19 

11 

4 

12 

1 

6 

0 

2 

0 

0 

6. Chemistry, 

58 

10 

3 

28 

12 

16 

19 

a 

10 

0 

4 

0 

4 

0 

0 

6. Owrfogy, 

38 

1 

0 

10 

4 

16 

8 

u 

n 

0 

9 

0 

4 

0 

2 

7. Bbuny 

35 

0 

0 

20 

6 

9 

10 

6 

8 

0 

9 

0 

1 

0 

1 

8. Zool. St Anat* 

38 

1 

0 

19 

4 

13 

16 

5 

8 

0 

7 

0 

3 

0 

0 

9. Physiol. St Bioeb. 

45 

8 

I 

21 

8 

17 

18 

4 

17 

0 

6 

0 

0 

0 

0 

to, Pathol, & Bact. 

37 

1 

0 

0 

5 

22 

8 

5 

15 

0 

7 

0 

2 

0 

0 

11. Anthropology 

9 

0 

0 

8 

1 

5 

3 

1 

2 

0 

3 

0 

0 

0 

0 

12. Psychology 

23 

3 

0 

9 

5 

10 

4 

1 

7 

0 

6 

0 


0 

0 

To^ 

430 

48 

7 

188 

82 

146 

in 

46 

124 

2 

80 

0 

23 

0 

3 

Per c«ot 


11 

2 

44 

19 

34 

20 

11 

29 

1 

18 

0 

6 

0 

i 


of psychology, a relatively new science, many workers are applying the 
methods of the physical and biological sciences to the study of the behavior 
of the human being and some of its younger workers have been elected to 
Academy membership. The last line of the table presents in percentage 
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form the distribution of ages at election and on July 1, 1948, of the section 
members in the ten-year ranges. 

In table 5 the numbers of members, as of July 1, 1948, who were elected 
in a given year, are listed. In the table the effect of raising in 1942 the limit 
of the number of members who may be elected at any annual meeting is 


TABLK 5 

Numuer of Present Membership Who Were Electeh in a Given Year 


NO. 

YKAK KLRCrnu 

YKAR 

NO. 

BLBCTRP 


YBAR 

NO. 

BLBCTRD 

YUAK 

NO, 

rei.«CTEO 

1948 

30 

1938 

15 


1928 


8 

1918 

7 

1947 

29 

1937 

13 


1927 


10 

1917 

7 

1946 

28 

1930 

11 


1926 


0 

1916 

4 

1945 

29 

1936 

10 


1925 


7 

1915 

3 

1944 

24 

1934 

11 


1924 


7 

1914 

1 

1943 

25 

1933 

12 


1923 


7 

1913 

4 

1942 

15 

1932 

11 


1922 


7 

1912 

1 

1941 

15 

1931 

9 


1921 


6 

1911 

1 

1940 

13 

1930 

11 


1920 


8 

1910 

3 

1939 

14 

1929 

11 


1919 


6 

1909 

1 









1908 

2 

Total 

222 


114 




66 


34 




TABLE 6 






Number of Academy Members, as op Juuv 1, 1948, in Each vSection and Ages op 

Election within Each 10-Year Range. 

In Each Group Column 1 Lists Number 

OF Members Elected before 1943; Column 11, Those Elected Thereafter 






__ 





SKCTXON 


30'40 
(1) (11) 

40-50 
(I) (U) 

" iib-oo ” 
(I) (H) 

10 

60^ 

(I) 

-70 70-80 

(H) (1) (II) 

1. Mathematics 

0 3 

10 

4 

3 

0 

0 

0 0 

0 

2, Astronomy 

4 0 

11 

1 

7 

0 

2 

1 0 

0 

3. Physics 


11 a 

16 

18 

5 

4 

1 

2 0 

0 

4. Engineering 

1 1 

6 

4 

10 

9 

3 

1 1 

0 

5. Chemistry 

5 5 

18 

10 

5 

11 

0 

3 1 

0 

6, Geology 


1 0 

6 

4 

9 

7 

7 

4 0 

0 

7. Botany 


0 0 

10 

10 

7 

2 

3 

3 0 

0 

8 Zool. & Anal. 

1 0 

12 

7 

6 

7 

4 

1 0 

0 

9, Physiol, fit Bioch, 

1 2 

13 

S 

6 

11 

0 

4 0 

0 

10. Pathol. 8i Bact. 

1 0 

6 

3 

13 

9 

0 

6 0 

0 

11. Anthropology 

0 0 

3 

0 

3 

2 

0 

1 0 

0 

12. Psychology ' 

2 1 

6 

3 

8 

2 

0 

1 0 

0 

Total 


33 16 

116 

72 

82 

64 

20 

26 2 

0 

Per cent 


13 8 

46 

41 

32 

36 

8 

16 1 

0 


clearly shown. In this list the members emeriti are* included. The list 
shows that the period of service of 222 members is from 0 to 10 years; of 
114 members, 10 to 20 years; of 65 members, 20 to 30 years; of 32 members 
, 30 to 40 years; and of 2 members, in excess of 40 years. 

In table 6 the numbers (as of July 1, 1948) of members elected prior to 
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1943 are listed in the first (I) of two columns in each section and for each 
ten-year range of age at election; in the second column (II) similar data for 
numbers of section members elected to membership between 1943 and 1948 
are presented. At the foot of each column its sum is given; the total 
number of section members elected before 1943 is 253; that for members 
elected thereafter is 177. In the last line the ratios are expressed in per- 

TABLE 7 

Ages at Election for the Periods: (I) 18d3“1924; (II) 1926-1942; (111) 1943- 


BLBCTEn: 

1863- 

1925- 

1943- 

1948; 

1863 

(IV) 1863* 1948 

1863- 

1925- 

1943- 

1863- 

AOK 

1924 

(I) 

1942 

(11) 

194$ 

(HI) 

1048 

(IV) 

AOK 

1924 

(0 

1942 

(11) 

1948 

(HI) 

1948 

(IV) 

26-27 

1 

0 

0 

1 

66-67 

17 

8 

9 

34 

28-29 

1 

0 

0 

1 

68-69 

17 

10 

9 

36 

30-31 

4 

1 

0 

6 

60-61 

7 

9 

8 

24 

32-33 

7 

4 

0 

11 

62-63 

16 

12 

4 

32 

34-35 

16 

4 

2 

21 

64-65 

0 

ii 

4 

21 

36-37 

29 

6 

6 

39 

66-67 

6 

5 

4 

15 

38-39 

26 

11 

6 

42 

68-69 

7 

2 

5 

14 

40-41 

29 

17 

13 

59 

70-71 

3 

3 

0 

6 

42-43 

28 

9 

17 

64 

72-73 

3 

1 

0 

4 

44-45 

39 

17 

16 

72 

74-76 

2 

0 

0 

2 

46-47 

32 

18 

11 

61 

76-77 

0 

0 

0 

0 

48-49 

36 

22 

13 

70 

78-79 

0 

0 

0 

0 

50-61 

38 

38 

16 

91 

80-81 

0 

1 

0 

1 

62-63 

27 

14 

16 

57 

82-83 

1 

0 

0 

1 

64-66 

26 

16 

12 

54 


— 

— 

— 

— 






Total 

421 

238 

169 

828 


centages; thus in column I of the age range 30-40 the number 33 is 13 per 
cent of 263; the number 15 of column II is 8 per cent of 177. Comparison of 
the percentages shows perceptible shifts in the age groups, 30-40 and 60-70, 
as a result of the change from 15 to 30 in the limit of the candidates who may 
be elected each year. The elections of 1943 to 1948 are notable for their low 
percentage in the lower and upper age groups. Too great conservatism 
with respect to the lower age group may be just as bad as too little and may 
reduce the effectiveness of the Academy, especially in its relation to Govern¬ 
ment problems. Younger meU have the energy, enthusiasm and capacity 
to undertake the solution of a given problem and to do this in addition to 
their ordinary tasks. Many men on reaching 70 ore less active than in 
earlier years and cannot undertake large tasks. In the Academy the 
number of members past 70 is 106, in other words nearly one quarter of the 
entire membership W attained the usual retiring age. The number of 
Academy members whose ages exceed 60 is 230, a number greater than one- 
half the Academy membership. 

Of the 407 members elected during the period 1925-1948 the number 
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living on July 1,1948, was 359; of these, the entire number (38) of members 
whose age at election was less than 40 is still living. The average age at 
election of tlie 359 members is 50.0. The average election age of the 47 
members who have died is 58.7 years; the list includes 3 members elected 
at the ages: 80.2, 72.5 and 70.1, respectively; 20 between 60 and 70; 17 
between 50 and 60; and 6 between 40 and 50. 

Vital Staiiatics of Members Elected during the Period 1925-1948. —Com¬ 
parison can now be made of the ages of members elected during the years 
1925 to 1948 with those of the 421 members elected during the period 1863™ 
1924, including charter members, as reported upon by Pearl in 1925. The 
necessary data are presented in tables 7 and 8. In table 7 the numbers of 
members elected in each age group are listed for the four periods: 1863™ 
1924 (column I as given by Pearl); 1925-1942 (column II); 1943-1948 
(colutnn III); and 1863-1948 (column IV). In each column all members 
(living, resigned and deceased) who were elected diiring the given period are 
included. If a graph be prepared, one curve for each column I, II, III, in- 

TABLE 8 

VrrAL Statistics on Ages at Election 


PBRIOO 

WBAN 

AOB 

MBOCAN 

AOB 

PBR CBNT 

VNOBR 40 

wo. 

8LSCTBO 

AVBRAOB 
RACU VBAR 

Charter 1863 

61.7 

61.3 

16.7 

48 

. . . 

ims-im 

44.6 

41.3 

46.5 

96 

6 

1884-1904 

46.6 

46.1 

20.0 

66 

3 

1905-1924 

50.6 

49.5 

8.4 

213 

11 

1925-1942 

61.0 

60.6 

10.6 

238 

13 

1943-1948 

50.6 

50.2 

7.7 

169 

28 


spection of the curves shows that the tendency to elect older men has in¬ 
creased in the course of the years. The increase may be connected with that 
of the life span during the past several generations; to the membership, 
which now elects the new members, a man of 40 may appear to be of the 
same degree of youngness as did a man of 30 or 35 two or three generations 
ago. Another factor in favor of the rise may be the present tendency to¬ 
ward regimentation and codperative effort in solution of problems under 
group attack. At present this is felt in all walks of life and may tend to 
retard recognition of contributions by young investigators and to have a 
lag effect on the ages at election of the Academy membership. 

In 1945 Edwin B. Wilson compared the results obtained by Pearl on the 
ages at election for certain periods covering the years 1863 to 1924 with 
those for the years 1943 to 1945, He concluded with Pearl ‘'that the ten¬ 
dencies toward a higher mean age, a median nearer the mean, . . . have 
persisted and been intensified.^ On the basis of the data considered by 
Wilson and presented in his table, this conclusion was correct and justified. 
However, as shown in table 8, the addition of data for the periods 1925-1942 
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and 1943-1948 indicates that for the periods 1905-1924. 1925-1942. 1943- 
1948, the average ages at election, the percentages of younger men elected 
at ages under 40 and of older men elected at 62 and at a later age have re¬ 
mained nearly constant. Thus, for the entire period 1905-1948, the average 
age at election was 50.8; for the years 1904-1924 it was 50.5; for 1925- 
1942, 51.0; and for 1943-1948, 50.6. The ratios of men under 40 elected 
during the same periods were, respectively: 56 to 620 or 9.0 per cent; 18 to 
213 or 8.5 per cent; 25 to 238 or 10.5 per cent; and 11 to 169 or 7.7 per cent. 
Similarly for men 62 and older at election the numbers for the same periods 
were, respectively: 75 to 620 or 12.1 per cent; 23 to 213 or 10.8 per cent; 
35 to 238 or 14.7 per cent; 17 to 169 or 10.1 per cent. 

These results indicate that for the past 44 years the Academy membership 
with respect to ages at election has changed but little. For shorter periods, 
such as a single year or only a few years the ratios may vary appreciably. 
Thus for the 6-year period 1943-1948 a slight decrease in the average age 
and a perceptible decrease in the percentage of the men elected under 40 are 
noticeable. In spite of the snnill fluctuations the figures indicate that the 
average age at election and the percentages of men elected at ages under 
40 and 62 or older have remained reasonably constant; in other words, 
the Academy membership has continued to be stable and in balance. 


THE MIOCENE OCCURRENCE OF SEQUOIA AND RELA TED 
CONIFERS IN THE JOHN DA Y BASIN 

By Ralph W. Chaney 

DBPARTiraNT OF PaLBONTOLOOY, UmVERStTY OF CaUPORNIA, AND RbSBARCH 
Associate, Carnboib Institution of WAsraNOTON 

Read before the Academy, November 16, 1948 

>Four genera of the family Taxodiaceae—Sequoia, Taxodium, Metase- 
qfifbia and Glyptostrobus—are among the most numerous and widely dis¬ 
tribute conifers in the Tertiary record of Western North America. All of 
them have been found in rocks of Middle Miocene age in the John Day Ba¬ 
sin and adjacent areas of eastern Oregon, although none of them live there 
today. Taxodium and Metasequoia occur together in the Mascall flora, 
and the other two are members of related floras located within sixty miles. ^ 
By contrast the distribution of existing trees of these genera shows no over¬ 
lapping ranges; Sequoia and Taxodium are confined to North America 
while Metasequoia and Glyptostrobus now live only in Asia. Sequoia 
s$mpervirm$ is found along the Pacific Coast from central California to 
Oregon;* Taxodium disHchum occupies the Atlantic coastal plain from 
Ddbaware south to Florida, and around the Gulf to the Mexican border, 
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with a northward extension up to the Mississippi valley to southern Illinois 
and Indiana; a second species, T, mucronaium^ extends from northern Mex¬ 
ico into Guatemala. Metasequoia glyptosiroboides is known to occur in a 
limited area in central China, near the Szechuan-Hupeh border; Glypto- 
strobus pensilis has a restricted distribution in the lowlands of southern 
China.* It is apparent that during the approximately twenty million years 
since the Middle Miocene, events have transpired, changes have occurred, 
which have eliminated all of these conifers from the John Day Basin, and 
have greatly restricted their distribution elsewhere. 

All four of the genera under consideration have been recorded from the 
Cretaceous^ and Eocene* deposits of Alaska, or from Greenland, Iceland, 
Spitzbergen, arctic Siberia and the islands nortli of Canada.* At thest' 
northern localities they are associated with hardwood-deciduous genera such 
as Acer, Alnus, Betula, Carpinus, Castanea, Cercidiphyllum, Fagus, Liquid- 
ambar, Quercus and Ulmus. This mixed conifer-hardwood assemblage, 
which appears to have had its origin at high northern latitudes, is known as 
the Arcto-Tertiary Flora. Up to the close of the Eocene epoch, approxi¬ 
mately forty million years ago, mild climates made possible the existence of 
these trees far beyond their present northern limits. At about that time 
there is evidence of a progressive change toward lower winter temperatures 
which continued down to the Pleistocene, resulting in restriction of the 
ranges of most of these trees at the north, and their extension into lower lat¬ 
itudes. By the close of the Oligocene epoch, some ten million years later, 
the Arcto-Tertiary Flora was widely established at middle latitudes, where 
the fossil record of its presence is known from Oregon, Manchuria and else¬ 
where on both sides of the Pacific. M, heerii was the dominant conifer of 
this forest in eastern Oregon, and judging from the habits of its living 
equivalent, M, glyptostroboides, in central China, it occupied moist valleys 
and ravines at moderate elevations, under climatic conditions characterized 
by humid summers and mild winters.’^ T. dubium was an uncommon asso¬ 
ciate, as judged by its fossil representation; this tree, like its living equiva¬ 
lent, may be considered to have lived in valley swamp habitats. The other 
two related genera are not known to have lived nearby, though 5. affirms is 
of common occurrence in Oligocene deposits near the coast of Oregon and 
Washington, and both it and G. oregonensis have been recored from locali¬ 
ties farther inland. 

By the middle of the Miocene epoch which followed, changes were tak¬ 
ing place which had a profound effect upon the topography and cli¬ 
mate of the John Day Basin and upon its vegetation. The Cascade Range 
was being built up by lava flows and accumulations of pyroclastic materi¬ 
als/ and streams flowing westward across its axis were being dammed or 
diverted. Local eruptions in eastern Oregon were further altering the 
drainage, producing many small lakes and swamps along the stream courses. 
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Deposits of volcanic ash, which make up so conspicuous a part of the Mas- 
call formation, were accumulating in these basins, and were enclosing one 
of the most complete known records of the vegetation of the past. Along 
the poorly drained valleys of the Jolui Day area, the swamp cypress, T. du- 
bium^ took the place of M. heerii as the dominant conifer, together with a 
group of hardwoods whose living equivalents are now associated with the 
swamp cypress in the eastern United States, including such genera as Acer, 
Betula, Carya, Nyssa, Platanus and Quercus. Metasequoia persisted as a 
member of the forest on higher ground around the borders, as judged by the 
occurrence of its leafy shoots and cones in relatively small numbers in the 
fossil record. 

From two localities in the Blue Mountains, some 40 miles to the east, a 
flora has been collected which sho#i,many species in common with the 
Mascall flora, but which includes a group of upland trees not therein repre¬ 
sented.® From this Blue Mountains flora both T, dubium and M, heerii are 
missing. The common occurrence of Sequoia, a genus now confined to 
Coastal valleys and slopes up to elevations of t3000 feet, in the interior of 
Oregon is not fully explained; it has been recorded also from somewhat 
older floras still farther inland, the Missoula flora of Montana, the Interme¬ 
diate flora of Yellowstone Park, the Florissant flora of Colorado, among 
groups of plants which appear to have occupied upland environments. Ap¬ 
parently Sequoia was finding it difficult to survive under the new climatic 
regime, and prior to its extinction in the interior was making a last stand at 
higher elevations where there was adequate precipitation. The ranges of 
several existing species of conifers suggest a similar contemporary adjust¬ 
ment to dry interior conditions; Abies graridis, Finns contorta, Psendotsuga 
iaxifoHa, Taxus brevifolia, Thuja plicata and Tsuga heterophylla show dis¬ 
continuous distribution from the Pacific Coast into the mountains as far 
east as Montana; Cltamaecyphris lawsoniana, C. nootkaiensis and Picea 
sUchensis extend eastward for lesser distances. The environment of the 
Blue Mountains flora, as shown by Sequoia and other conifers, was clearly 
of a more upland character than that of the Mascall flora, with its dominant 
Taxodium and associated swamp types of hardwoods. 

The occurrence of G. oregmensis as the dominant conifer of the Stinking 
Water flora, in the Stinking Water Basin, 34 miles east of Bums on the 
south side of the Blue Mountains, is somewhat difficult to interpret, espe¬ 
cially since there is little available information regarding the natural en¬ 
vironment of trees of this genus in southern China. The water pine, G. 
pmsiHs, is reported to grow on open stream courses and sandy delta mar¬ 
gins near sea level. It appears improbable that a similar coastal environ¬ 
ment was available in the Stinking Water Basin during the Miocene epoch, 
at which time the nearest recorded strand was nearly 300 miles to the west. 
The general aspect of the Stinking Water flora, and of the Beulah and Sue- 
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cor Creek floras immediately to the east, both of which also include Glypto- 
strobus, suggests more open country than that in the John Day Basin, with 
probably much less rainfall. On this terrain, largely occupied by an oak 
woodland, the Miocene water pines appear to have lived along the borders 
of large streams, in whose deposits their leafy shoots and cones have accu* 
mulated and have been preserved in great abundance. 

Although the proximity of the four taxodiaceous genera during the Mio¬ 
cene is not wholly explained by these suggestions, it seems apparent that 
each of them occupied a distinctive ecologic niche, and that the topography 
in this part of eastern Oregon was of a varied character, with swampy 
valleys, cool moist slopes and broad, open savannas traversed by large 
streams. The deciduous habit of all except Sequoia, together with the pre¬ 
dominantly deciduous habit of the hardwood associates, may be interpreted 
as indicating a summer-wet climate, and a cold though probably not severe 
winter. In .preceding Eocene time, before the Cascade Range had reached 
sufficient height to constitute a climatic barrier, tlie subtropical type of veg¬ 
etation which characterized the coastal margin as known from the Goshen 
and Comstock floras was also represented in the Clamo flora of the John 
Day Basin. During the OHgocene epoch which followed, there was already 
apparent a differentiation between the coastal vegetation, with Sequoia, and 
that of the interior, with Metasequoia. The Miocene epoch shows still fur¬ 
ther changes in the interior, with a trend toward the continental type of 
climate which now characterizes this region. The rich mixed forest of coni¬ 
fers and hardwoods gradually disappeared as the Cascade barrier to the 
west continued to rise, reducing precipitation to its present level of some 
eleven inchest year in the John Day Basin, and bringing lower winter 
temperattlres. By Pliocene time only the hardier members of the Arcto- 
Tertiary Flora were living east of the Cascades; today a few of them— 
birch, cherry, fir, maple, pine and poplar—remain at higher levels or along 
streams where there is a permanent supply of water. Sequoia, Taxodium, 
Metasequoia and Glyptostrobus have long since disappeared. 

With the exception of Sequoia, all of these genera now live in regions with 
summer rainfall; heavy summer fogs supplement the moisture require¬ 
ments of Sequoia, which lives along the Pacific Coast in a region of winter 
rainfall. Mild temperatures characterize the habitats of all four genera; 
although Taxodium ranges north up the Mississippi Basin to southern 
Illinois, where winter temperatures fall well below freezing for several 
months, the swamp cypress attains its largest size and greatest abundance 
in the southerly portion of its range. It seems probable that throughout its 
history the Arcto-Tertiary Flora, made up Ictfgely of deciduous conifer® 
and hardwoods, has been largely confined to areas characterized by summer 
rainfall, and that it has had its best development where seasonal changes in. 
temperature have not been extreme* Elements of this Flora are still widely 
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distributed at middle latitudes in the northern hemisphere, but only locally, 
where their delicately balanced climatic and topographic requirements are 
fully met, have Sequoia, Taxodium, Metasequoia and Glyptostrobus sur¬ 
vived. The continued existence of these genera is dependent upon the ex¬ 
tent of further environmental changes, as well as upon man's wisdom in 
conserving them. 

^ A study of the Miocene floras of the Columbia Plateau, by O, I. Axelrod and. the 
writer is nearing completion. 

• A related genus, Sequoiadendron, occurs in the Sierra Nevada of California. 

• Other genera of the Taxodiaceae. Mention of other genera of the Taxodiaceae is 
here omitted, since none of them is known to occur in abundance In the fossil record. 

< HoIHck, A., £/. 5. Geol Surv., Prof. Paper 159, 1930. 

• Rollick, A., U. S. Geol. Surv., Prof. Paper 182, 1936. 

•Hecr, O., Flora Foss. ArcL, 7 vols. (1868-1883). 

^ Chaney, R, W., these Procbbdings, 34, 603-616(1948). 

• Hodge, E. T., Pan-Am. Geol., 49, 341-^56 (1928). 

• Oliver, E., Carneiie Inst. Washington, Pub. 466, 1-27 (1934). 


A NOTE ON CENTROMERE ORGANIZATION 

By M. M. Rhoades and Warwick E. Kerr 

Dbpartubkt of Botany, University of Illinois, Urban a, and the Section of 
Gbnetics, Univbrsitv of Sao Paulo, Piracicaba, Brazil 

Communicated January 11, 1949 

The centromere or kinetochore is that portion of the chromosome con¬ 
cerned with congression to and brientation on the spindle at metaphase as 
well as with the more dramatic poleward movement at anaphase. In the 
great majority of plants and animals the centromere is a sharply delimited 
region of the chromosome differing in its morphology, chemical constitution 
and function. During anaphase the centric region leads the poleward ad¬ 
vance since the half-spindle components which bring about the movement 
are elaborated solely by the localized centromere, and the chromosome arms 
play no active rdle, being passively pulled along the spindle to the poles. 
Acentric fragments form no spindle fibres and their behavior on the spindle 
figure is erratic. 

There exist, however, chromosomes with half-spindle fibres originating 
not solely from a localized region of the chromosome but from the whole 
length of the chromosome. In these chromosomes the entire poleward face 
of the chromosome is involved in fibre formation and a solid sheet of spindle 
fibres is produced. Schrader^ found that this diffuse t 3 rpe of centromere 
characterized the chromosomes of the hemipterous and homopterous in- 
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sects. Chromosomes with diffuse centromeres are oriented on the spindle 
so that the body of the chromosome lies in a plane perpendicular to the 
longitudinal axis of the spindle, and the separating chromosomes maintain a 
position parallel to the spindle plate, although in some species the ends of 
the chromosomes are bent towards the pole (this is clearly an adaptation 
allowing the body of the cliromosome to converge to the pole of the spindle). 
As Hughes-Schrader and Ris^ and Ris® have shown, the behavior of frag¬ 
ments derived from chromosomes with diffuse centromeres is different from 
that of those derived from chromosomes with localized centromeres. They 
observed that these fragments were oriented on the metaphase spindle in a 
normal manner; each fragment formed spindle fibres along its length and 
had the broad-side orientation on the spindle characteristic of intact chro¬ 
mosomes. These fragments behaved normally in a number of mitoses. It 
appears in this type of centromere that the ability to form spindle fibres is 
shared by all regions of the chromosome—i.e., the centromere is spread or 
diffused continuously along the chromosome. 

In addition to chromosomes with single, localized centromeres and those 
witli diffuse centromeres is the polycentric type found in the germ line of 
Ascaris megalocephala where the multiple or compound chromosomes con¬ 
sist of an end-to-end union of smaller chromosomes each possessing a local¬ 
ized centromere; The anaphase movement of the compound chromosomes 
is the resultant of the action of the individual centromeres. White* found 
that experimentally induced fragments of these compound chromosomes 
were normally oriented on the spindle. The polycentric and diffuse types 
have a superficial similarity but they differ in a fundamental manner since 
the centromere substance is believed to be spread continuously along the 
chromosome in diffuse centromeres while the polycentric chromosomes 
possess many small individual centromeres*. Presumably every fragment, 
no matter how minute, from a chromosome with a diffuse centromere would 
possess centric material and be able to form fibres while polycentric chromo¬ 
somes could not be subdivided indefinitely into normally behaving frag¬ 
ments. 

Among plants chromosomes with other than localized centromeres have 
been rarely observed, but Malheiros, de Castro and Cftmara* found non- 
localized centromeres in the rush Luztda purpurea. It is not dear whether 
these chromosomes are polycentric or have diffuse centromeres, but a 
polycentric condition appears much more likely. Further, there are, both 
in maize and rye, strains in which regions of the chromosomes other than the 
true centromere form spindle fibres (Rhoades and Vilkomerson,® I^kken 
and Mtintzing,^ and 5stergren and Prakken*). This unusual behavior is 
restricted to the two meiotic divisions, and in maize we have been able tp 
demonstrate that the formation of these subsidiary spindle fibtes is a product 
of the activity of the true centric region (Rhoades®). 
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There is also the dicentric condition reported by Piza^® for the chromo¬ 
somes of the Brazilian scorpion Tityus hahiensis (2n«;6) where, according to 
Piza, each of these large chromosomes has a terminal centromere at both 
ends. He came to this conclusion because the two ends of the chromosomes 
lead the way to the pole even t|Lough spindle fibres are present along the 
entire poleward face of the chromosome. 

These interjacent fibres he believed arose / ? \ 

from some influence emanating from the 

two end centromeres and moving along ///Ih > 

the body of the chromosome. Piza also ///I j I l\\\ \\ 

holds that the diffuse centromeres of the /^^! I ! i 

insect orders studied by Schrader are of // / i ! j 1 \ '‘\ \ • 

the same dicentric type as in Tityus since / / / / j ‘i \ \ \ \ . 

in some of these forms the ends also pass 
to the poles in advance of the rest of 

the chromosome. However the end cen- \ \ \ \ i I ■ / / / ,/ , ' / 
tromeres postulated by Piza have never \ ^ \ \ 1 ' i j / / / / 

been observed and there are reasons for \ \ \ \ 1 j j j / / / / 

believing that the Tityus chromosomes are \\ \ \ \ \ 1 ! I / / // / 

polyccntric. Whether or not these \\\\Y ! 

chromosomes of the scorpion are dicentric mw 

or polyc^tntnc can be determined ^y a \ 

simple experimental procedure—i.e., the ^ * 

fracturing of the chromosome by short- ^ bivalentTlTJetaphase in a 
wave irradiation. We, therefore, treated primary spennatocyte of Tityus 
nine Tityus males with x-rays, tlieir testes hahiensis. The upper homolog has 
were removed at various times following been fractured as the consequence of 
treatment, fixed in Dusbock-Brasil fluid, irradiation. The two freshly 

sectioned and stained withhemotoxyliii.* the same 

The discnmmation between the dicentnc normal 
and polycentric condition can be obtained 

from the behavior of fragments with recently broken ends. As Piza 
has correctly pointed out, the ends of the chromosom espass to 
the pole precociously (this is first evident at late metaphase); this 
he attributes to the terminal centromeres. However, the turning of 
the ends towards the poles may be nothing more than an adaptation 
permitting the chromosomes (huge compared to cell size) to converge 
to the spindle poles and they may be polycentric. If the intact chromo¬ 
somes possess two terminal centromeres then fragments would at most have 
only one normal end while the other end must be a freshly broken one; it 
would be expected then that the normal end would continue to show a 
precocious poleward movement while the freshly broken end would have an 
anaphase migration no different from the rest of the chromosome. On the 




FIGURE 1 

A bivalent at late metaphase in a 
primary spennatocyte of Tityus 
hahiensis. The upper homolog has 
been fractured as the consequence of 
x-ray irradiation. The two freshly 
broken ends show the same preco¬ 
cious poleward movement as do the 
normal ends. 
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other hand, if these scorpion chromosomes are polycentric the old and new 
ends niigrlit both show the same early poleward advance and no difference 
in behavior on the spindle would be manifest. This is precisely what was 
observed in several score of primary and secondary spermatocytes with 
fraj^nented chromosomes. One such case is illustrated in figure L There 
is, in our opinion, no*convincing evidence that Tityns has dicentric chromo¬ 
somes. Ratlier the behavior of the chromosome fragments reported above 
together with the fact that close relatives of Tityus have numerous small 
chromosomes with localized centromeres and that the postulated terminal 
centromeres have never been observed make it appear highly probable that 
these chromosomes are polycentric. 

Centromeres have been classed as either localized or non-localized. The 
diffuse centromere found in the hemiptera and homoptera, where it is ap¬ 
parently spread continuously along the chromosome, is the best example of 
the non-localized type. The proper classification of polycentric chromo¬ 
somes is somewhat uncertain on this basis. Their appearance and behavior 
on the spindle is hardly distinguishable from that of the hemipteran chromo¬ 
somes with diffuse centromeres yet these polycentric chromosomes are con¬ 
stituted by an end-to-end union of numerous small chromosomes each with 
its own individualized centromere. Chromosomes with localized centro¬ 
meres such as are found in the great majority of organisms are monocentric. 
The evidence for dicentric chromosomes in Tityus is unconvincing; the 
experimental evidence suggests they are polycentric. It is to be questioned 
if dicentric chromosomes ever are found in any normal chromosome com¬ 
plement. Of some interest in connection with the problem of the evolution 
of centromere form and function is the situation obtaining in those strains 
of maize and rye where normally monocentric chromosomes have sub¬ 
sidiary fibres at regions devoid of centromeres. However, in maize it has 
been ascertained that the formation of these extra fibres is controlled, in 
part at least, by the localized centromere. 

* We wish to express our gratitude to Professor Andr6 Dreyfus of the University of 
Sao Paulo, Sfto Paulo, for,making the arrangements necessary for the x-ray treatments 
and to Professor F. G. Brieger for providing facilities. 

^ Schrader, F., Cytologia, 6, 422-431 (1936); Mitosis, Columbia University Press, 
1944. 

* Hughes-Schrader, S., and Ris, Hans, /. Exp. ZooL, 37, 429-466 (1941). 

* Ris. Hans. Ibid., 90, 267^330 (1942). 

^ White, M. J. D., Nature, 137, 783 (1936). 

* Malhciros, N., de Castro, D., and Cftmara, A., Agronomia LusUana, 9,61-'74 (1947), 

« Rhoades, M. M., and Vllkomerson, H., these Procbedinos, 28, 433-486 (1942). 

^ Prakken, R,, and Mtintzing, A., HefedUas, 28, 441-481 (1942). 

* '6stergren, G., and Prakken, R., Ibid., 32, 473-494 (1946). 

* Rhoades, M. M. (unpublished). 

“ Piaa, S, de T., Set. Genet., 1, 266-261 (1939); Ann. Esc. Sup. Airic. "Lute de 
Queiroe," 3, 27-64 (1946); Ibid., 3, 66-67 (1946). 
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PRIMARY IDEALS IN GROUP ALGEBRAS* 

By Irving Kaplanskv 
Institutb for Advakcbd Study 
Communicated by M. H. Stone, January 29, 1949 

Let C be a locally compact abelian group and A its Li-algebra, that is, 
the algebra of all complex functions summable with respect to Haar 
measure, with convolution as multiplication. Let / be a closed ideal in 
A. A question stemming from Wienex’s Tauberian investigations is the 
following: is / the intersection of the regular maximal ideals containing 
it? L. Schwartz* has recently published a counter-example. This nega¬ 
tive result increases the interest in special cases where the answer is affirma¬ 
tive. Ditkin,® Beurling* and Segal* have obtained an affirmative answer 
in the following case: / is a primary ideal (that is, it is contained in exactly 
one regular maximal ideal), and G is the group of real numbers or the group 
of integers. The purpose of this note is to extend this result to any locally 
compact abelian group. This will be accomplished by the methods of 
Segal, together with the structure theorems for groups. The essential 
idea is that the discrete case can be treated ‘"elementwise,” and thus 
reduced to the case of a cyclic group. 

Theorem 1. In the Li-algebra of a locally compact abelian group, any 
closed primary ideal is ntaximaL 

In the proof we shall use the following lemma, which is a slight extension 
of Lemma 2.7.1 in S. 

Lemma 1. Let R be the direct sum of a fmile number of groups, each of 
which is the group of real numbers or of integers. Then in L\{R) there exists 
a bounded sequence fn such that {!) the Fourier transform of each fn is 1 in a 
neighborhood ofO {the neighborhood depending on n), (2) fng — fnjug 0 as 
co,forany ginLi{R)* 

Any locally compact abelian group G can be written as the direct sum 
of a vector group V and a group H having a compact open subgroup C, 
We use the additive notation, and the symbol 0 will denote the identity 
element of any group. Also we shall write (/, g) for the element of Li{G) 
which is the product of/ in Li( V) and g in Li(ff). Let / be a closed primary 
ideal in Li(G) and M the unique regular maximal ideal containing it. Our 
task is to prove / «= We may suppose without loss of generality that 
the character associated with M is 0. The following lemma constitutes 
the essential step in the proof. 

Lemma 2. Let e be the characteristic function of C, and let p, q be arbitrary 
dements in Li{V), Lx{H ); write c » Then (pt q “ ce) is in I, 

To prove this, we begin by observing that we can write g as a sum of 
functions each confined to a single coset of C; consequently it will suffice 
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to consider the case where q itself vanishes outside the coset A + C. We 
now pause to apply Lemma 1 to the case of the iralgebra of an infinite 
cyclic group, generated say by A'. For any €, this provides us with an 
element 2 ' satisfying 

11 A'2' -- 2 ' II < €, (1) 

and such that the Fourier transform of 2 ' is 1 in a neighborhood of 0. 
Suppose 2 ' is equal to a„ at the codrdinate nh\ We return to Li{H) and 
there define z to be equal to a» on the coset nh + C(« — 0, 1 , . .. ) and 

otherwise 0.* Then the Fourier transform of 2 is again 1 in a neighbor¬ 
hood of 0. Moreover if we denote the characteristic function of A + C 
by/, the inequality (1) may be transferred to read ||/2 — 2 |1 < € (we are 
assuming the measure of C to be 1). It can be verified that qz «= c/ 2 . 
Now (pf 2 — ^2 + cs — ce) is in /, since® its Fourier transform vanishes in 
a neighborhood of 0. As«—> 0, qz — cz 0. Since I is closed, we deduce 
that (/?, q —• ce) is in I. 

Wc now complete the proof of Theorem 1. Let m denote any element 
in Li(G) whose Fourier transform vanishes at 0, that is Jetn — 0. We 
have to prove that tn is in L We may choose ti{i = 1, ..., r) in Li{ 7), 
Li(H) such that 


11 m - U) 11 < «. 

(2) 

Write - «(. JhU ” then 


|£ 0,6,1 < «. 

(3) 

Choose /rt€Li(7) as in Lemma 1, with n so large that 


11 Jl/n - difn II < </EIUlll 

(4) 

for each L By Lemma 2, 


h — hfi) 11. 

(5) 

Finally, 


{Sifn - Su t,) 11, 

(6) 


since its Fourier transform vanishes in a neighborhood of 0. Combining 
(2)-(6), we find that m differs from an element of I by less than <(3 + 
ll/ft II), This concludes the proof of Theorem 1. 

Remark: If Lemma 1 were valid in H as well as in 7, it would be quite 
simple to extend it to G. However, I have been able to do this only on the 
assumption that 11/C is finitely generated. A straightforward argument 
then leads to the following result.^ 

Theorem 2. Suppose^ in the above noialim^ that H/C isfinUdy generate. 
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Lei I be a closed ideal in L\{G) such that ihe sei lM<} of regular maximal 
ideals containing I has a countable frontier. Then / « n Af<. 

Applications: (1) Godement® states that, on the basis of Theorem 1, 
it is possible to extend Beurling’s® results to any locally compact abelian 
group. 

(2) Let 2" be an operator in a Banach space such that jj 7^ H < X for 
all (positive and negative) n. We may show that T resembles a nonnal 
operator in Hilbert space to the following extent: if T has only 1 in its 
spectrum, then T is the identity operator,® To prove this, one considers 
the homomorpliisni of the Zi-algebra of the integers given by |an[ 

The kernel is easily seen to be a closed primary ideal. Its maxi- 
mality gives the desired result. 

(3) The preceding example in effect discussed a representation of the 
group of integers. More generally, Godement® studies representations of 
any locally compact abelian group by operators in a Banach space; assum¬ 
ing Theorem 1, he proves that the only irreducible ones are one-dimensional. 
The following more general result is also a corollary of Theorem 1. 

Theorem 3. Let G be the direct sum of a compact group C and a locally 
compact abelian group D, Then any irreducible representation of G by 
operators in a Banach space is finite-dimensional. 

To prove this, we consider the induced representation of D and its 
extension (S, p. 79) to Li{D), The kernel of this extension can be seen 
to be a primary ideal. By Theorem 1, the latter is maximal. Hence 
the elements of D are represented by scalar operators. This shows that 
the induced representation of C is also irreducible, from which it follows 
that the representation is finite-dimensional.^® 

As a corollary of Theorem 3, we note that* if P is a primitive ideal in 
L\{G), then Li{G)/P is finite-dimensional and hence regular maximal; 
this proves Theorem 1.7 of S in a somewhat sharper form. We thus have 
a natural one-one correspondence between irreducible representations of 
G and primitive ideals in Lj(G). With this result in hand, we may proceed 
down the list of the standard theorems known to hold in the abelian and 
compact cases. In particular, Theorem 1 of this paper extends to the 
direct sum of an abelian and a compact group. 

* The author is a fellow of the John Simou Guggenheim Memorial Foundation, on 
leave from the Univerrity of Chicago. 

' C. k. Acad. Set. Paris, 227,424-426 (1948). 

• Uckmye Zapiski Maskov, Gos. Univ. Mat., 30, 83-130 (1939). 

Mfto Math., 77, 127-136 (1945). 

♦ rrai>r. Am. Math* Soc., 61, 69-106 (1947). This paper will be cited as S. 

• We are considering explicitly only the cose where the coset A 4* C is of infinite order 
in H/C; the case where it is of finite order is considerably simpler. 

® S, Theorem 2.2. 

’ For the groups of Lemma 1, this extension of Theorem 1 is implicit in the work of 
Ditkin and Segal, and is mentioned explicitly by Schwartt. 
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• Ann. J&col. Norm., 74,119-138 (1946). Theorem 1 is hypotbesb A on page 136. 

* For a reflective Banach space, this theorem can also be deduced from results of 
Lorch, Trans. Am. Math. Soc., 49, 18-40 (1941), and a stronger result can also be 
proved by using a theorem of Gelfand and Hille. 

“ It is well known that any irreducible representation of a compact group by unitary 
operators in Hilbert space is hnite>dimensional. The methods which prove this can be 
extended to the case of a representation on any Banach space. 


INTEGRAL REPRESENTATIONS OF BILINEAR FUNCTIONALS^ 
By Marston Morse and William Transur 
The Institute for Advanced Study, Princeton, New Jersey 
Communicated January 15, 1949 

i. Introduction .—Let La designate the linear space of measurable 
functionals x with values x{s) defined over the interval (0, 1] and with a 
pseudo-norm 

\x\u “ dsY^K 

We term |x|l, a pseudo-norm rather than a norm, since we do not find it 
convenient to require that x be the null element in L^ when \x\i^ « 0. 
The null element in L% shall instead be the functional with null values. 
The space C is that defined by Banach (p. 11), Let .4 be C or La and B 
be C or Lj, A functional F is bilinear over A X Bhy definition if F{x, y) 
is defined for each x in A and y in B, if the functionals F{x, 0 and F(', y), 
defined by F for fixed x and y, respectively, are additive and homogeneous 
over B and A, and if |L(a;, y)| g \x\A\y\BM for some constant M and 
every {x^ y) in 4 X B. 

The Space A: With A »C or jU we shall define a space A^ (space of 
distribution functions) associated with A. Let g map an axis of reals 
Ri into Ri. Let g be termed canonical rel. to [0, 1] if g(5) =» 0 for 5 g 0 
and g(s) =» g(l) for 5^1, and if g is left continuous except at most at 
5 « 1. The space ^4^ shall be the linear space of functionals g canonical 
rel. to [0, 1], with a finite total variation r(g) and norm (in the sense of 
Banach, p. 53) =» Tig) when A =» C; and with a finite Hellinger 

integral [cf. Hobson, VoL 1, p, 673] when u4 « La and a norm 



The Variation h(A, B, fc); We admit partitions r of [0. 1] into intervals 
[0, 5i)[5i, 5a) ... lsr(ir)-i, 1] Open at the right when the parenthesis ) is 
used. An 5-function (step-function) tj associated witli ir and bdong^ng to 
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[0» 1] by definition maps R\ into Ri with 7f{s) ^ 0 for 5 not in [0, 1] and 
77(5) « rjrt a constant on the rth interval of ir. Let (r, t) be Cartesian 
coordinates in a plane R 2 . Let E' and E*' respectively represent the in¬ 
terval (0, 1] on the s- and /-axes. Let ir^ represent the above partition 
of E' and let tr^, with vertices 0 ~ /o < /i < ... < = 1 be a similar 

partition of E*'. Let 7 / and f be 5-functions associated respectively with 
ir' and Set 


/n) —l»/n) —l) —l) 


iw - L ... n(0 


( 1 . 2 ) 


for any k mapping R 2 into R\. Let X B be any one of the products 
C X Cj C X Lzt L 2 X Li, We say that k is canonical rel. E' X E’' if 
k(Sf •) is canonical rel. E'^ for each fixed 5, and t) is canonical rel. to 
£' for each fixed /. With k canonical rel. E' X E/ set 


h{A, B, k) =» sup. r/r (1.3) 

summing as to r and n as in tensor algebra, and taking the sup. over all 
17 and f for which 1, 1. We understand thereby that 

|i 7 |c = max. 117 ( 5 ) I. If h{A, B, k) < k is termed a d-function rel. 
A X B, A principal theorem follows. See MT ( 2 ), Theorem 12.1 and 
Lemma 12.3, MT (3), Theorems 3.3 and 4.3. 

Theorem 1.1. A functional <t> bilinear over A X B has a value for 
{x^y) € A X B given by a repeated L-S4ntegral 

Fix, y. k) - x{s) ymMs. » * 

f^y(s)d.f,^xmkit,s), (1.4) 

where k is a d-funcHon rel, A X B uniquely determined by <t> and 

h{A, B, k) « sup. II^cU > 0 . |y|i,> 0 ). (1.5) 

Conversely if k is a d-f unction rel. A X B, the integrals (1.4) exist and define 
afunctional ^ bilinear over A X B,for which (1.5) holds. 

We shall need the following, see MT (2), Lemma 5.1 and Theorem 5.2, 
MT (3), Theorems 3.3 and 4.3. 

Theorem 1.2, A functional g mapping R\ into Ri and canonical rel. 
[0,1] M in Ai if and only if sup. |tjr Ar(g) | < <» taking the sup. as in (1.3) 
[wtfA A,(g) » g(s,) - g(.t,_i)]. If g is in At 

SUp.ln,Ar(g)l - IgU^. (1.6) 

V 

Let p, q, r, respectively, be d-functions rel. Xo C X C, C X Lt, L% ^ Li 
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with p = p* and r = r* where t) — p{t, s), r*{s, t) = r(t, s). For 
fixed 5 and t it has been shown in MT (2), paragraph 7, that 

I p{s, Oleg HC. C, p ); lp(-. Oleg A(C. C, p); 

\q{-,t)\c,Sh{C.U,q) (1.7) 

1 q{s, 01 /.M g HC, Li, q) ; | r(s, 01 tw g HLt, Li, r) ; 

\r(,-,t)\i^^h{U.Li,r). (1.8) 

Given u t C and y t Li the L-S-integrals 

<pJ.s) = u{t)dtp{s, t) == Jl* y(t)d^(.s, t) (1.9) 

fu{s) == u{t)d^{t, s) K(s) = Jl^y(t)d^(s,t) (1.10) 

define functionals <pu and in Cn and functiotials /„ and hp in Lu- See 
MT (2), paragraph 0. 

Objective: Let u{s) and t/(.s') map [0, 1] into Ri and be indefinite integrals 
of functionals in L 2 . We say that u and v are in /La. Necessary and 
sufficient conditions that the bilinear sum 

S{u, v; p, q, r) « h\u, v, p) -f F{u, v, q) + F{v, w, q) + F(u, v,r) *= 0 

for every v in IL 2 will be obtained. It is seen that r; p, r) 
5(t/, u; pt q, r). The bilinear sum 5 includes the classical second variation 
as a very special case. Its theory will be developed so as to extend Hilbert 
space theory and the theory of integro-differential equations. The present 
note contains preliminary theorems of fundamental nature. 

2. Lemma 2.1 and Formula {2.5) ; Measurability. —We need the relation 

h{C,C,k)%h{AiB,k) [A ^ CotL2,B CotL,]. (2.1) 

It follows from the definition of h{A, B, k) and the relations |>?L g \v\c* 
If lag If Ic that 

\vMn{k)\S \v\A\S:\Bh{A,B,k)^ hlcIflcM^,^,^). (2.2) 

On taking the sup. of the extfeme members of (2.2) with \v\c^ L IfjcS 1 
(2.1) follows. Thus k{Cf C, k) < <» for a d-function k, and we shall show 
that k is then measurable. That k is measurable over the complement 
of the open square (0, 1) X (0, 1) is immediate, since i(*, 1) and k[lf •) 
are of B.V. by (1.7), and (1.8). According to Theorem 2.1 of MT (1) 

limit k{a — s.b — t) »» k{a, b) (s ^ 0, ^ ^ 0) (2.3) 

0 . 0 ( 0 , 0 ) 

at each point (a, b) of [0, 1) X [0, 1). Let {0, 1) X (0, 1) be divided into 
a network of squares Qm 

r*l rw—Im 

(r,w®*l|,,,, n ). 

n n n n 
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Let A, map [0, 1) X [0, 1) into Ru with t) constant on Qnt and k(,s, t) 

f Y PI 1 

«= kn{St t) when 5 «-, t = -——. It is trivial that is measurable. 

n n 

It folljd^s from (2.3) that knis, t) t) over [0, 1) X (0, 1) as » <», 

so that k is measurable. 

Lemma 2.1. With q defined as above the integral 

m(^. i) = So 2 ( 0 . [(S. 0 « jE' X E"] (2.4) 

properly extended aver the ( 5 , typlane defines a d-function m reLto L% X L? 
with h{U, I 2 , m) ^ h{C, Uy q). 

Since g(*, /) is of B.V. for fixed t by (1.7), the integral (2.4) exists. For 
fixed Sy q{Sy •) is absolutely continuous over by (1.8), since its Hellinger 
integral is finite. Hence n(Sy t) is continuous over for fixed s. It is 
obvious that m(' » 0 is continuous over £' for fixed t. Moreover m(0, /) *= 
mCv, 0) = 0 for ^ € E’^ and s e E\ So defined over £' X F/, fi can be ex¬ 
tended in a unique manner over Jf ?2 so as to be canonical rel. E' X E*', 
See MT (2), Lemma fi.L It remains to show that h{L^, L 2 , m) ^ A(C, 
Liy q). To that end let n and f be 5-fimctions belonging to £' and E^, 
respectively, with 1, L Forfixed^cE'^set f«A«[g(A*, •)] = 

\(s)y *)] “ r{s). Then r is a. c., and r{s) « X(^) p.p. (presque 

partout) over E\ Moreover X is canonical rel. E\ since $(*,/) is so canoni¬ 
cal for fixed t. It follows from Theorem 1.2 that 1X(5)| g |g(,y, 
and so from (1.8) that lX(.s‘)| g A(C, L 2 , q)- Then 

Urf«Arn(M)l = hrAr(T)| g \ Vis)\{s) ds \ g h{Cy Lfy q) 

using the Schwarz lemma. The concluding relation of the lemma follows. 
Given a measurable (/-function k set 

ki{Sy t) » lim sup, [^(5 + ^, n — ^(^, t)]n (« ~ 1, 2, .. .)• 

Then ki is measurable and equals the r-derivative of k where it exists. 
One defines kt similarly with reference to t. Since p, q, r have been shown 
to be measurable, pu pn etc., are measurable. We shall establish the 
basic formula. 

S' 0 “ S‘ Modi So 2(»» Oda =» 

(tte/Z.,1. (2.5) 

Note first that 

So' 0\dt ^ |gj(s, Olfa - 13 ( 5 . OIcm S A(C. Lt, q) (2.6) 

using a known property of Hellinger integrals and (1.8). Since g(j, •) is 
a. c. and (2.6) holds 

Mjt* 0 " So^ dfiSo 2»(d* Mda - So daSo* ot)d0 (2.7) 
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using Tonelli’s Theorem. [See Fubini, Tonelli.] The left member of 
(2-5) becomes 

Xi’da u{t)q,t{a, t)dt = qi{a, t)da]dt = yj* u{t)nt(s, t)dt 

using Tonelli's Theorem and (2.7). Relation (2.5) follows on noting that 
fx{s, •) is a. c. over [0* 1] for fixed s. 

3. Special d-Functions. —Certain special li-functions will be needed to 
decompose 5. A triangle J-function k shall be such that k ^ and 
k{si, t) == 1) for 0 S s ^ t ^ 1. For an edge cJ-function k(Sf t) 0 for 

5 < 1; as canonical rel. £' X k is determined by the values of ^(1, t) 
for 0 g t ^ 1. For a vertex ii-function k(s, t) = 0 on £' X except at 
most at (1, 1); k is then determined by ^(1, 1). Each such function is 
required to be canonical rel. £' X £*'. Given />, g, r as previously set 

rp(s. 1) = // /o' ^(«. ?)dci dp lis, t)tE'X E"] 
t) = /* q{a, t)da + /' q{a, s)da. 

Let Tp be the triangle function with rj,(.v, 1) = ^(.v, 1) on E\ 

Let be the triangle function with 1) — pia, l)da on E', 

Let be the edge function with (1, t) — g(l, 0 on E*', 

Let Vp be the vertex function with Vp (1, 1) » ^(1, 1). 

We shall establish the relation 

/‘ ^is)d,J'f,^ vit)d,r,{s, t) *= m(1)»(1)/»(1, 1) - /* p(s, l)rf[«(s)ti(s)] (3.1) 
for «, V in ILi. On integrating by parts, see Saks, p. 102. 

/' vit)d,rp (s, t) = Jl’v(t)dp (1, t) = »(s)/>(l, 5 ) - Jl" 'v(.t)p{l, t)dt 
/’ u{s)d, /‘ vit)d,Tp{s, t) = M(5)d[p(s)/)(1, s)] - 

/* m(5)v(5) P (1, s)ds = «(l)i>(l)^(l, 1) - /* M(5)r(s)p(l, s)ds - 

/' M(5)jr(*)p(l, s)ds (3.2) 

from which (3.1) follows. 

We note the relations, valid for u,v t ILi 

/‘ u{s)d,fi^ v{t)d,Tp{s, t) - /* u{s)v{s)dp(,s, 1) (3.3) 

Si M(s)<i,/* t) * /* u[s)vis)p{s, 1) ds (3.4) 

/' «(5)d./‘ i)(/)d,«^«^(5. 0 » «(1) /* 'v{t)dq{\, t) (3.5) 

fi «(r)<i./‘ v{t)dtVp{s, t) = tt(l)i;(l)p(l, 1) (3.6) 

first verifying the existence of the integrals involved. 

Relation (3.3) follows from (3.1) on integration by parts, and (3.4)- 
(3.6) are immediate. 

Lemma 3.1. The functionals r, and are d-functions rd. Lt X Lt, 
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and are d-funcHons rel. C X JU, while r, and Vp are d-functions reL 

cx a 

That is a {/-function rel. Lj X L% follows from Lemma 2.1 on noting 
that /i + /*** Continuing 

Vr^n^rni^p) ~ */o 4/0 0 

from which it follows that 

h{L%, ia, fp) g max. |/>(5, t) | g h{C, C,p). . 

Given a J-function, k{$y t) and a partition tt^ of we denote by A^*^(iS:) 
the functional with values •)] — ^n) “ k{s, /n-O* If t? is 

an ^-function and gtAa, then Jl^ 'n{$)dg{s) = >?r A^g. Then for k{$^ *) £ Bd 
and i" an ^-function 

’?rf«A,„(A) = = VrArX^ nt)d,k{s. t). (3.7) 

In finding the sup. of the sum (3.7) we can suppose ir' =« without loss 
of generality. With this supposed, using (3.7) 

l^rfn Arj|(T|,) I ~ \l]rAr^ f (0^<P(I» 0 ! I Ar [/?(1, *)] I 

,(5)f (S)#(1,J)| 

from which it follows that 

h{C. C. r,) g ripo, •)] g h(C, C, P) (3.3)' 

h{CM, g \p{h ■)\h^ KC, C,p) (3.4)' 

h{C, U e‘“^) S lgi(l, ■) U, S A(C, U, q). (3.5)' 

Finally A(C, C, ^ j^(l, 1) ( g h{C, C, p) and the proof of the lemma is 
complete. 

The fact that the special functions r<">. etc., are d-functions permits 
US to draw upon the properties (1.7) to (1.10) and to .invert the order of 
integration in (3.3) to (3.6). 

4. A Model Form for S. —^Threc formulae are needed. 

F{u. V, r,) - F{u, V, V,) - F{u, v, r»>) - F{v, it, r^>) (4.1) 

F{u, V, p) m F{%, V, fp) [if p(s, 1) * 0 on £'] (4.2) 

F(u, V. r‘«>) - -F{u, V, q) - Fiv, u, q) [if 2(1, /) » 0 on £']. (4.3) 

Formula (4.1) is a consequence of (3.1), using (3.6) and (3.4). while (4.2) 
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results on performing both integrations in F(w, v, p) by parts. To verify 
(4.3) perform the first integration in F{u, v, g) by parts. Then 

F{u, v,q) = - (X‘ v{t)d,qis, /)] ds = (4.4) 

- da (0 d, q{a, t) 


= - ./o* u{s)d, J^^v{t)d^{s, t) 

[using (2.5)] 

(4.5) 

F{v.u,q) = - i>is)d. mdtais. t) 

= -fo' u(s)d.X'v{t)d^(t. s) 

(from (4.5)) 

(4.6) 


since /i is a if-function rel. to X is. Formula (4.3) is a consequence of 
(4.5) and (4.6) and the definitions of ^ and 

Definition, Two sets of admissible d-functions {p^ g, r) and (p\ r') 

are termed equivalent if S{u, v; p, g, r) =» S{u, v; p\ q\ r') for every (u, v) 
in /i 2 . 

This equivalence relation is transitive, reflexive and symmetric. Two 
equivalences {p, q, r) (/>', 3 ', r') and {p\ q\ r'") (/>'"', q^\ r'"') imply 
the equivalence {p + 3 + 3 ^ r + r*") ^ {p^ + 3 ' + q^\ r' + r")* 

Moreover {p, 3 , r) ^ (p', 3 ', r') implies (cP, cq, cr) {cp\ cq\ cr') for 
every constant c. 

Theorem 4.1. The d-functions {p, 3 , r) are equivalent to a unique set 
(?> 3 , r) of d-functions in which 3 is an edge d-function and p a vertex d- 
function. 

Since p — Tp vanishes on the edges of E' X (4.2) implies that (p — 
Tp, 0, 0) ^ (0, 0 , fp — rrf) while (4.1) implies that (xp, 0,0) ^ (vp, — 0), 

On adding the trivial equivalence (0, 3 , r) ^ (0, 3 , r) to these equivalences 
ipf 3 » r) {vp, 3 ', r') for admissible 3 ' and rThere thus exist d-functions 
iP'f (P* S» with p' a vertex cf-function. From (4.3) 

(0, 2' - 0) ~ (0, 0. 

since q' — e,> vanishes on E*. It follows that (/►', g', r') ~ (/>', e,., r) for 
an admissible r, thereby establishing the existence of a model set (p, q, r) 
of the required type. 

It follows from (3.5) and (3.6) that 

S(m, o; P, q, r) = F{u, v, f) + tt(l)p(l)p (1,1) + «(1)7J‘ v(l)diq(l, t) + 

t.(l),/;‘tt(/)d5(l,0. (4.7) 

To show that the model set (p, q, r) is uniquely determined by 5 let « rep¬ 
resent a functional in ILn with i(s) ^ 1. 

Let «a(0 ^ 0 < 1) be a functional in iLt such that «(1) 0 and ‘a is 

p.p. the characteristic function of [0, a]. Then «*(s) — s — o for 0 S 
s ;g 0 < 1 while u^is) a. 0 for a ^ s ^ 1. It follows from (4.7) that 

p(l,l) - Sii,i] p, q,r) - (4.8)' 
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q{l, a) ^ S{i Uai p» q,r) (0 g a < 1) (4.8)'' 

f(a, b) 5(Wfl, Ub] p, q,r) (0 ^ 6 < 1). (4.8) 

The remaining values g(l, 1), f(a, 1) and r(l, b) are determined by the 
values given in (4.8), taking account of the continuity of g(l,') and r(l, •)• 
Thus the model set (^, g, r) is uniquely determined by 5. This completes 
the proof of the theorem. 

In terras of (p, g, r) the corresponding model set (p, g, r) may be given 
as follows for (a, &) « E' X E'^ using (4.8). 

p(l, 1) - p(l, 1) (4.9)' 

q(l, a) = qil, a) + X" (^ - o)#(l. 0 “= ?(1. «) - (4-9)' 

r(a, b) = r(a, b) - X" qis, b) ds - X'' «) + X“ X* P(^' 0 ds dt. 

(4.9)" 

Corollary 4.1. A necessary and sufficient condition that 5(w, v; p, g, r) 
0 for every u^v in IL% is that the right members of {4.9) vanish for every 
(a, b) in FJ X E\ 

* The work of Dr. Transue on this paper was done with the financial aid of the Office 
of Naval Research. 
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THE COEFFICIENTS OF SCHLICHT FUNCTIONS. IV* 

By a. C. Schaeffer and I). C. Spencer 

Dbpartiibnt of Matbsmatics, Purdub UNivKRMTy, AND Dbpartmbnt of Mathb- 
MATIC8, Stanford Univkrsity 

Communicated by S. Lefschetz, December 17, 1948 

1 . la the preceding note (reference 2) a method was outlined for at¬ 
tacking the coefficient problem of scblicht functions, but lack of space 
made it necessary to omit certain lines of attack which have proved useful 
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in investigating the problem. Moreover, during the last two years new 
results have been obtained. It is the purpose of this note to give a brief 
sketch of the present status of the authors* research on the coefficient 
problem. Although some of tlie results discussed below antedate note 
2, they have not been published elsewhere. 

Let S denote the family of all functions 

w «= f(z) = 2 + chz^ + asS* + ... (1‘1) 

which are regular and schlicht in the circle 1 s | < 1, and let Vn denote the 
region in euclidean space of 2w — 2 real dimensions which is composed 
of all points (aa, as, ..a») belonging to functions/of S. The region Vn 
is closed, and it is topologically equivalent to the closed (2n — 2)-dimcn- 
sional full sphere. The coefficient problem is the problem of determining 
Vniorn « 2,3. 

It was pointed out in reference 2 that any function w ~ f{z) belonging 
to a boundary point of Vn satisfies a differential equation of the form 

( z dw\^ 

-<?(.), (1.2) 

where 

(1.3) 

The function ^(z) is non-negative on jz] ~ 1 and has at least one zero 
there. There is a one-one correspondence between boundary points of 
Vn and functions w - /(s) of class S which satisfy a differential equation 
of the form (1.2). Functions of class 8 which satisfy a differential equa¬ 
tion of the form (1.2) will be called lD„-functions. 

Starting from the finite zeros of P{w) and from = oo, prolong all 
possible loci 



The set of these loci will be denoted by r«.. It can be shown that r» 
dissects the plane into finitely many simply-connected domains 0, in 
each of which the h 3 q)erelliptic integral 

is regular and defines a schlicht mapping of the domain onto a half-plane 
or a strip. The structure of r« formed the underlying basis of the method 
and results described in reference 2. 
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2. Let 2w arcs (w > 1) of the unit circumference 1«| ~ 1 be identified 
in pairs such that: (i) the circle |s| <1 with boundary arcs identified 
in this way is a closed surface of genus zero (therefore topologically equiva¬ 
lent to the sphere); (ii) if two identified arcs abut, the common end-point 
is a zero of Q with at most one exception; (iii) in the identification of any 
pair of arcs the metric defined by 


\dZ\^ 


m 

I 


1 * 1 ’ 


is preserved. Two points which are identified with each other may be 
said to be equivalent. There are the following classes of equivalmt 
points: an interior point of jzl < 1 w^ich is equivalent only to itself; an 
interior point of an arc on | sj =1 which is equivalent to exactly one other 
point; an end-point of an arc (vertex) which may be equivalent to several 
other vertices on jzl «= 1. Let Zi, Ss, •. i > 1, be a class of equiv- 
aletit points on \z\ — 1, and let 2tr„ > 0, be the order of the zero of 
Q(z) at Write 

k 

^ “ S (®’»' + f)» 

•• « 1 

and let Nu Nzt ...» be half-neighborhoods interior to |zl < 1 at the 
points ZifZif ..., Zjcf respectively. In N, let 

- dl 

2.(2) “ X* VQ{t) J (2.1) 

and define 

r = z c N,. (2.2) 

If the branches of tlie functions (2.1) are suitably chosen, the images of 
the half-neighborhoods N, will fit together in the r-plane and will form a 
complete neighborhood of r * 0. In this manner we define local uni- 
formizers at each point of the closed surface which becomes, therefore, 
a Riemann surface of genus zero. 

Of the classes of equivalent points on |s| » 1 we distinguish one and 
denote it by £. We remark that if <r » 1 for a class of equivalent points 
»»,**. • ■.. ** on I»1 « 1, then ife - 1. Moreover, by (ii) there is at most 
one point on |s| » 1 for which a- a 1. We suppose that 2 satisfies the 
following condition: (iv) 2 may be any dass of identified points on |z| « 
1 subject only to the restriction that if a — 1 for some point on |«| = 1, 
then 2 is that point. Two functions Q will be considered equal if their 
ratio is a positive constant. Then Q plus an identification of arcs on 
|sl “ 1 and. a choice of 2 satisfying (i), (ii), (iii) and (iv) define a point 
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in a space Each point of 5* defines a Riemann surface having a dis¬ 
tinguished point corresponding to S. We have the following result: 

To each point p of there belongs a unique ^nf^f^ction w » f{z) which 
maps the closed Riemann surface belonging to p onto the closed w-plane 
and carries S into w « «. It satisfies the differential equation 

(if)V(»).0W. (2-3) 


where Q is given by the point of Sn and 


P(«-) 


w uP * ^ 


To each unction there corresponds a point of 5„ and, if f{z) is not alge¬ 
braic, it belongs to a unique point of S„. 

We say that the function w = f{z) realizes the identification of arcs on 
l^l « 1 satisfying the conditions (i), (ii) and (iii). The given identifica¬ 
tion may also be realized in a stepwise fashion or continuously. For 
example, given an identification satisfying (i), (ii) and (iii) and a distin¬ 
guished class or cycle S, let //, //, I/, ...» Im, Imf be the pairs of iden¬ 

tified arcs on |2f| « 1. By tlie definition of 2 it is clear that there is 
always one pair of abutting identified arcs, say //, //, with a common 
end-point not in 2. It then follows that Q{z) must be zero at « » 
Let r and F be identified subarcs of If and If^ abutting at e**®. 
Then there is a function 

r(s, w) = + b^^ + + .. . 1, 0 < M < 1, (2.4) 

which identifies V and r. The function v{z, u) maps \z\ < I onto |»| < 
1 minus a piecewise analytic arc whose two edges correspond to F and 
F, respectively. If w > 1, the arcs V and F may be allowed to increase 
continuously until they coincide with // and Ii. This defines a function 
v(s, u) in the interval Wi < « < 1, wi > 0. The function Vi » v{z, wi) 
maps I\ and // into the opposite edges of a slit interior to the imit circle 
and it maps 1%, 1%^, ,.., I^^ into a new set of identified arcs 

, JJi Jnf lying on the unit circumference in the plane of Vx* The 
identification of arcs on |vi| — i satisfies the same postulates, and we may 
repeat the process. The following theorem is true: 

Let w « f(z) be a unction belonging to a given point of Sn and satisfy¬ 
ing 

Then there is a function 

■ viz, m) - u{z + &»(«)«» + btiu)z* +•■•). 0 < « :$ 1, 


(2.5) 
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which is regular and schlicht in \z\ < 1, maps |£r| < i onto |t>| < i minus 
a finite set of analytic arcs, and satisfies 

(z 

[v^J 

where 

B.{u) - 

is non^negative on \v\ — i with at least one zero there. Moreover, v{z, u) 
is continuous with respect to u and, except at finitely many points, is dif¬ 
ferentiable and satisfices 


dr 1 + 

w — V ;-^, 

Qu 1 *“ e V 


(2.7) 


where a « a{u) is a piecewise continuous function of u and Q(e 7 /) == 
0. The terminal conditions are 


I'(s, 1 ) « 2 , lim f{z), 

H-t-O U 

Q{z, 1 ) = Q(z), lim Qiuw, u) = F{w).. 

We remark that (2.7) is the differential equation derived by Lowner 
for functions mapping jr|< lonto |r| < 1 minus any Jordan arc not passing, 
through the origin. However, tlie equation (2.6) for the special class of 
fimctions under consideration is an automatic consequence of the con- 
• tinuous realization of the identification. 

As u varies from 1 to 0^ the point {b^{u), bz{u), .. ., hniu) traces a curve 
which extends from the origin = 0 , fts - 0 , .,., == 0 and tends to the 

boundary point of Vn defined by w ^ f(z) as u tends to 0. This curve 
lies entirely in the interior of except for its end-point at w - 0. Curves 
such as this have been used in a numerical calculation concerning the 
boundary of F* which has been carried out since the winter of 1946-1947 
under ^ project sponsored by the Office of Naval Research. The com¬ 
putation is not yet complete, and we shall therefore give only a brief 
deetch of it. 

One purpose of the computation is to prove that \ai\ < 4 for functions 
/(z) of class S. This part of the program consists of three parts: (a) 
proof that points of the boundary of F 4 corresponding to functions of the 
form ’ 

/(e) - - « + 2"2» + + 4«*V + ... (2.8) 
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have the local maKimum property with respect to neighboring points; 
(ft) proof that over a large part of the boundary |a 4 | ^ 4 — ft, where ft 
is some positive quantity; (c) calculation of points on the remainder of 
the boundary by integrating a system of differential equations obtained 
from (2.6) and (2.7). 

Equating like powers of z in the equation (2.7) we obtain differential 
equations for the coefficients ft„(w) of the function v(z, u). By integra* 
tion we then obtain Lowner’s integral formulas for the coefficients ft„(w). 
From the formula for ft4(0) = it can be shown that if there is a constant 
c such that | a{u) c| < 0.08097, 0 < w < 1, then |a 4 | <4 with equality 
if and only if a(u) is almost everywhere equal to a constant. This estab¬ 
lishes the desired local maximum property of the functions (2.8), 

If/(s) is a function of class S which maximizes Reia^), then it satisfies 
an equation (1.2) where the coefficients in (1.3) are of the form 

( AI ~ aj + 2^3, Az = 3(1^1 ^4$ ~ 1 

^J5o **= 3^4, Bi “ 3a3, Bz 2^2, B$ — I, 

Moreover, Q(z) is of the form 

Qie) = (2 + - 2qze** + e®'*), 

where f > 1, 2 > 1. Comparing the like powers of s we find that 

0 , = - qe-** - pe-^ 

3o, - - 4pe^ - ^qe** + c"*'' + 

We add the condition that |aa| <2 and substitute these expressions in 
the Prawitz form of the area-principle (see reference 1). It can be shown 
that if 7 i and yt are numbers satisfying 1 < 71 < 1 . 1 , 1.25 < 7 > < », 
then the only possible maxima of in the region where min (p, q) < 71 
or max (p, q) > 7 * at which 04 > 3.6 occur for min {p, q) * 71 or max 
iP, 2 ) “ yt- Hence, to exclude the region min {p, q) < 71 , max (p, q) ^ 
7 a from consideration it is sufficient to show that 04 < 4 when p >= 71 , 71 < 
2 < 7 * and when p yi,yi< q< 7 a. Suppose then that 

yi<P<q<y 2 . (2.9) 

From considerations of symmetry we may also suppose that 0^ ^ ^ < 
60®. ^ 

The final step in the calculation is to compute points on the boundary 
of Vi corresponding to points of Si satisfying (2.9) (and also 0^ S v ^ 
60°), If re**, pe** are the roots in 1| < 1 of the function Qip, u) in (2.6), 
we obtain from (2.7) the four equations 
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dr 1 — 

^ du ^ 1 — 2r cos (a + V?) + ' 

dp 1 — 

du ^ 1 — 2p cos (a + ^) + * 

dip . sin (a + <p) 

w ~ BE 2r----—--, 

du 1 — 2r cos (a + ^) + r* 

d\fi ^ sin (a + 

U - - asa 2p--—-----"' -7 * 

du 1 — 2p COS (a + ^) + p‘ 


We observe that a{u) = <p ^ — tt. If the starting values satisfy (2.9) 
(as we suppose), then it can be shown that 


da ^ 2 

du “ 7 i — 1 ’ 


( 2 . 10 ) 


We begin at « = 1 with values corresponding to the range (2.9) and 
whenever a(u) deviates from a constant by an amount not exceeding 
0.08697, we know that |a 4 | <4. Since values of a(M) will be obtained 
at a discrete set of points, we use (2.10) as a means of estimating inter¬ 
mediate values. 

3. We conclude with some results concerning the boundary of the gen¬ 
eral region A point on the boundary of 7* at which there is a (2n — 3)- 
dimensional hyperplane such that F» lies entirely on one side of it will be 
called a supporting point. The set of supporting points will be called 
the supporting surface and it will be denoted by It can be shown 
that Kn is connected and that any function belonging to a point of Kn 
maps |sl < 1 onto the plane minus a single analytic slit without critical 
points. 

Now let be the set of boundary points of Vn whose points belong to 
functions f(z) which satisfy one and only one equation (1.2) and in this 
equation the function Q(s) vanishes at only one point of |«| — 1 where 
it has a zero of precise order two. We have the following theorem: 

The set Mn is not emptyy it is open^ and its closure contains the supporting 
surface Kn. There is a one-one bicontinuous correspondence between points 
of Mn and a dass of Q-functions vanishing at only one point of \z\ « i 
where there is a zero of precise order two. If a is any point of Mn and f(z) 
the function belonging to a, let Q{z) be the corresponding Q-funcUon and let 
be the point on \z\ « i where Q{z) vanishes. Let 

. - ^ - 1) *r 

have a $ero of first or higher order at s e~*", and let 
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X{Z) 


1 r* ^{v) dv 


where \/Q(^) is amlytic on \v\ =*1 except for a discontinuity at the point 
e~*^ which maps into infinity by f{z). As v passes counterclockwise through 
we suppose that y/Q(vj passes from negative to positive values. Then 
ike function f^{z) belonging to any point a* of Mn in a sufficiently small 
neighborhood t/(a, «) of b. is given by the formula 


r(z) - f{z) 




dt 


-fit)] t 


+ o(€), 


where the integration is counterclockwise around | /1 — 1 beginning and end¬ 
ing at Here the function \/ Q(/) is to be interpreted as above. 


* This paper was written while the authors w*erc engaged on a project sponsored by 
the Office of Naval Research (Contract NO-ori. 154, Task III), 

^ Prawitz, H,, ^'Ueber Mittelwerte analytischer Functioncn,” Arkiv for Mat., Astron. 
och Fysik, 20A, C, 1-12 (1927). 

* Schaeffer, A. C., and Spencer, D. C., “The Coefficients of Schlicht Functions 
III/' Proc. Nat. Acad. Sci.. 32, 111-116 (1946). 


ON ZERMELO'S AND VON NEUMANN'S AXIOMS FOR SET 

THEORY 

By Hao Wang 

SociBTY or Fellows, Harvaed University 
Communicated by J. von Neumann, January 22,1040 

If we assume the theory of truth-functions and the theory of quantifiers 
from the beginning' and disregard the axiom of choice, Zermelo’s and 
von Neumann's systems of set theory may be described as follows. 

The membership sjnmbol e connecting variables is taken as primitive in 
both systems so that any combination of the form '"(o c ffp where a and 
/3 are any variables is an atomic formula and all further (well-fonned) 
formulae are obtainable from atomic ones by binding quantifieis and 
applying truth-functional connectives. 

In Zermelo’s system abstracts (such as ,etc.), identity and 

inclusion may be introduced by the following definitions. Let be 
a formula in which * is free but y is not free, and be the result obtained 
from by substituting occurrences of y for all free occurrences of *. 
Let f and tj each be either a variable which is not x or an abstract. 

ZM. or ^x(x e for 

ZI. « vT for ^(x)(x tr^xt nC . 

ZS. '■(f c t])'' for '‘{x){x f I 3 
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The axioms of Zermelo's system as revised by Fraenkel and Skolem are 
the following:* 

Zl. Axiom of extensionality. (%=*y3 

Z2» Axiom of pairing. (a[w)(x)(x Vx:« 2 )). 

Z3. Axiom of infinity. (aw)((3tt)(tt « (x)(x « ^ (Hy)(y € w* 

X c y'X 9 ^ y))). 

Z4. Axiom of summation, (aw)(x)(x « w es (ay)(x e y y € 2 )). 

Z5. Axiom of the set of subsets. (Ew)(x){x € w ^ x c z). 

Z 6 . If '“ 0 xy"‘ is a formula in which x and y are free but 2 , w and u are 
not free, then '’(x)(y){z)(i<l)xy <t)xz) 3 y « 2 ) 3 (aT£^)(x)(x€ w ^ 
( 3 y)(y € u • <(fyx)y is an axiom. 

Von Neumann’s system may be described by first introducing new 
variables a, b, c, rf, e, etc., which take as values only classes capable of 
being members of the other classes (elements). These element variables 
can be introduced by contextual definitions such as: 

NA. ^(a)4>aP for ^(x)((3y)(x e y) ^ <bx)'^, 

NE. for ^{3x)((3y)(x € y)*^x)‘', 

etc., where and^a"' are like and except for containing free 
occurrences of a wherever '“<^x*^and '“^x"’ contain free occurrences of x. 
The definitions for abstracts, identity, and inclusion are: 

NM. ^(a e or ^(a € d<f>a)'^ for ^<t>aP. 

NI. ‘“(f «= t?)*’ for ^(a)(a « f ss a € ij)^ . 

NS. '"(f c 17)*^ for ^{a)(a € f o a € t?)”’ , 

The indispensable axioms of von Neumann’s system as revised by 
Bemays and Goedel are (with non-essential changes) the following:* 

Nl. X « y 3 (x € 2 s y € 2 ). 

N2. ( 3 rf)(a)(o €ds(a«vVa» c)). 

N3. (3flO((H«)(^<^)*(<^)(««^ ^ (3&)(ierf'a c b-a^^b))), 

N4. (3<i)(a)(a eci ss (36)(a tb* bt r)). 

N5. (Ed)(a)(a t d c c), 

N 6 . ( 2 )(r)((a)(&)(c)((<a 6 >€t»*<ac> € t^) 3 5 =c) => {Ud){a)ia€d 
(36)(6 € e-<ba> c v))), 

N7. If ^4>aP is a formula in which y is not free and all bound variables 
are element variables, then ‘“( 3 y)(a)(a « y ^ <^)"' is an axiom. 

If in the above system we replace N7 by a stronger principle due to 
Quine :* N7'. If is a formula in which y is not free, then ^( 3 y) (a) (a c 
y & ^)"' is an axiom, we obtain a system NQ which appears to be some¬ 
what stronger than von Neumann^ system.* Unlike N7, N7' is not yet 
Imown to be reducible to finitely many axioms. Nevertheless, this system 
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NQ seems to be an interesting extension of von Neumann's^ because in 
it we may form classes without asking whether tlie defining predicate is a 
"constitutive expression,"® and the mere replacement of N7 by N7' does 
not seem to affect tlie consistency of the system,’ 

Let Z1 “Z6', ZM\ ZV and ZS' be the result obtained from Zl-ZG, ZM, 
ZI and ZS by substituting element variables for all general variables. 
Then Z2-ZS' are just N2~N5, and ZlZM', ZT and ZS' are special cases of 
Nl, NM, NI and NS by dint of NA. Moreover, by N7, Z6' is a conse¬ 
quence of N6. In fact, with the help of N7, we can deduce from N6 a 
principle N6' somewhat stronger than Z6':N6'. If is a formula in 

which all bound variables are element variables and in which a, b are free 
but c, d, e are not free, then ^{a)(b)(€){(<t>ab^ <l>ac) o b ^ c) ^ (Hd)(a)(ai 
d ^ (a5)(5 € is an axiom. Consequently, to every class in 

Zermelo’s theory there corresponds an element in von Neumann’s theory, 
although there may be some element in von Neumann’s system to which 
no class in Zermelo’s system corresponds. 

Obviously von Neumann’s system is stronger than Zermelo’s. More 
precisely, to every theorem on classes in 2^rmelo's system, there corre¬ 
sponds a theorem on elements in von Neumann's, because, by using defini¬ 
tions such as NA and NE, we can also prove that the result of substituting 
element variables for all general variables in any theorem of the theory 
of quantifiers is again a theorem in it. In particular, if there is a contra¬ 
diction in Zermelo’s system, there is also one in von Neumann’s. In other 
words, if von Neumann’s system is consistent, so also is Zermelo’s. 

On the other hand, it is not at all obvious tliat if Zermelo’s system is 
consistent, so also is von Neumann’s. Quine’s system of New Foundations^ 
is not known to be inconsistent, yet his system originally presented in ML, 
which is related to the former system in a similar manner as von Neu¬ 
mann’s is related to 2^rmelo’s, has been shown to be inconsistent.® Indeed, 
as von Neumann has observed,’® it does seem that iioQe of the known 
contradictions will arise in his system because, although the troublesome 
classes can be proved to exist, they are not elements in his system, and 
contradictions arise only when these classes are taken to be elements. But 
his remark certainly does not amount to a proof of the relative consistency 
of his system to Zermelo’s. It remains to demonstrated that his system 
is consistent if Zermelo’s is. 

In this paper I only propose to investigate how we can obtain von 
Neumann's system by a straightforward extension of Zermelo’s. The 
result will bring out more clearly the point that if we regard Zermelo’s 
theory as a functional calculus of the first order, von Neumann’s system 
may be considered to be a functional calculus of the second order. 

The extension is effected by first introducing into Zermelo’s system a 
new kind of variables X, F, Z, V, W, etc., and stipulating that the member- 
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ship symbol c when connecting a small variable to a large one be also taken 
as primitive. Accordingly, expressions such as x e X, x e Y, etc., are also 
atomic formulae, which, together with the other atomic formulae ac c y, 
jc € s, etc., may again generate new formulae. Large variables occurring 
before t are introduced by definitions such as: 

ZZMl. {X < F) for iHz){z - X • s e F), 

ZZM2. (X € y) for (H«)(s - X • s « y). 

We further stipulate tliat the result of replacing all small variables in any 
theorem of the theory of quantifiers by these large variables is a theorem. 
The definitions ZM, ZI, ZS, and the principle Z6 are reconstrued as covering 
also the cases where ^<t>x^ and '“^y*’ in ZM and in Z6 contain large 

variables and one or botli of f and rf are large variables or tlae new abstracts. 
These reinterpreted definitions and principles will be referred to as ZZM, 
ZZI, ZZS, ZZ6. 

We add one more axiom and one rule of inference to Zermelo^s system 

ZZI. jc = yD (x € X ^y eX), x ^ F^ (xes^Fe^). x F^ 
(jceZs^FcZ). X ^ y ^ (Xez^Yez). XY o (X e 
Z ^ F e Z). 

ZZ7. If X is free in and all the bound variables in <t> are small variables 
is like ^ except for containing free occurrences of 
wherever ^ contains free occurrences of X, and ^ is a theorem, 
then is also a theorem. 

In order to show that the result of thus enlarging Zermelo's system is 
*'equivalent’' to von Neumann’s, we first correlate the large and small 
variables with the general and element variables, resp^^ctively. Then the 
last statement of ZZI answers to Nl, Z2~-Z5 answer to N2-N5, and by 
ZZM. ZZ6 and ZZ7, we can easily deducf ZZC/ and ZZ7' which are exact 
counterparts of N6 and N7, What remains to be shown is that we can 
prove biconditionals which answer to definitions such as NA and NE. 
Once we have proved such biconditionals, we can easily see that the two 
syst^s are equivalent, for (1) ZZM, ZZI, ZZS are then the exact counter¬ 
parts of NM, NI, NS, (2) Zl and the statements in ZZI become special 
cases of the last statement in ZZI, (3) we can easily prove a principle 
answering to ZZ7 in von Neumann’s system,^* and (4) the biconditionals 
answering to ZZMl and ZZM2 are easily provable by Nl and NE in von 
Neumann’s system. 

In order to prove the biconditionals corresponding to definitions such 
as NA and NE, we observe that the following statements are provable in 
the enlarged Zermeio ^tem:^* 
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TL If is like except for containing free occurrences of X 

in place of some free occurrences of x, then ^ Xo )“• 

is a theorem. 

T2. (HF)(x « Y). By ZZ1» x ^ x. So, by ZZM, a; < « x)^ and 

by ZZ7, (aF)(:r < F). 

T3. (aF)(Z € F) ^ &x)(x = X). By ZZMl and the theory of 
qiiantitiers, (3F)(A'^€ F) s (aa:)(jc =» A'*(aF)(A:< F)). There¬ 
fore, by T2, we obtain T3, 

T4, (H.Y)(x = AO. By ZZM, x ^ y(y e x). Therefore, by ZZ7, 

(HX)(x - X), 

Then we can prove a nietatheorem corresponding to NA; 

TNA. If is related to as is related to in NA, then 
^ (X)({KY)(X € F) ^ is a theorem. 

Proof: By Tl, x X :> {\l/x ipX), But Therefore, 

X « X 3 3 ((aF)(Xc F) 3 ^X)). So, {^x)ix - X) 3 3 

((3 F)(X c F) 3 ^Z)). Hence, by T3, 

3 (X)((3F)(X€ F) 3 (1) 

On the other hand, by Tl and T2. jc » X 3 ((X)((3 F)(X € F) 3 ^X) 3 
^3c), By T4, 


(X)((3F)(X€ F) 3 ^X) 3 (x)^x. (2) 

(1) and (2) taken together give us TNA. 

The metatheorem for NE follows by the theory of quantifiers as a 
corollary.* 

^ For example, as are developed in the first three chapters of Hilbert-Ackermann, 
Grundzuege der theorelischen Logik, Berlin, 1938, or in the first two chapters of Quine, 
Mathematical Logic, New York, 1940. I shall assume Quine’s version. Quine’s book 
will be referred to as ML. 

* See, for example, Ackermann, “Mengcnthcorctische Begruendung der Logik,” 
Math. Ann., U5.1-22. Z6 takes the place of Aussonderungsaxiom and Ersetsungsaxiont, 
see footnote 9, page 9 of the cited paper. Compare also consequence 4 of Bernays’s 
axioms I V, Va, Vb, page 3, /. of Symbolic Logic, 6. 

* See Goedel, The Consistency of the Continuum Hypothesis, Princeton, 1940, pages 
3-7. The principle N7 takes the place of Ooedel’s axioms B1-B8 plus an assertion that 
{Hy)(a)(a e y ^ a < o); cf. M3 on page 14. <xy> is the ordered pair of x and y 
(-lU){xyn). 

^ This is Quine's *202 in ML, page 162. 

* The difference between N7 and N7' in their deductive power is not trivial. For 
example, we can obtain the theory of natural numbers with Nl, N2 end NT' plus the 
assertion that the empty class is (represented by) an element (cf. /, of Sytfibolic Logic, 
ISf p. 129), but the same construction cannot be catried through if we use NT inst^ of 
NT', because the defining formula for the ancestral relation (ML, p. 216) contains a 
bound variable which is not an element variable. 
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• See, for example, top of page 9, J. of Symbolic 6. 

’ Compare middle of page 168. Ibid., 7. 

® Am, Math, Mo,, 44, p. 70. 

® J. of Symbolic Logic, 7, p. 1. The inconsistent system contains N7' in place of N7. 
However, whether the replacement of N7' by N7 would affect the derivation of the 
Burali-Forti contradicliun is not immediately obvious. 

Middle of page 228, J, r. angew. Math., 160. 

** If we want to obtain N7' instead of N7, just delete the clause "and all the bound 
variables in 0 arc sinaii variable.s" in ZZ7, 

** Cornpiire the proof of *231, ML, page ITl. 

T1 can be proved by ZZf and ZZl tii the usual manner. Cf., e,g., ML, page 170, 
*223. 

* I am indebted to Pr. I. L, Novak for suggestion in connection with the introduction 
of large variables. I wish also to thank Dr. Novak and Dr. H. Hiz for reading the 
manuscript of the paper and suggesting improvements in the manner of presentation. 

I am grateful to Professor Quine for corrections. 


THE CULTURE OF PARAMECIUM A URELIA IN THE ABSENCE 
OF OTHER LIVING ORGANISMS 

By W. j. van Wagtendonk and Patricia L. Hackett 
Department of Zoology, Indiana University, Bloomington, Indiana 
Communicated by T. M. Sonneboni, January 22, 1949 

The growth requirements of ciliated protozoa are very complex, and 
little accurate work on this has so far been possible since only a few species 
have been cultivated in the absence of other living organisms. Sterile cul¬ 
tures of Tetrahymemi geleii,^ Colpoda duodenaria^* ^ and Paramecium mid- 
timicronucleatum* have been successfully established. T, geleii is thus far 
the only ciliated protozoan which has been cultured in a synthetic medium 
in the absence of natural proteins or j)eptones.^ In addition to an as yet 
unidentified “plasmoptyzate factor/' presumably of protein nature,* C, 
duodenaria requires thiamin, pyridoxin and nicotinic acid in the medium.^ 
The growth requirements of P. micronucleatum have not yet been estab¬ 
lished. It has been reported that this organism requires a heat-labile and a 
heat-stabile factor, both present in yeast press juice and in a bacterial plas- 
moptyzate.® 

P, aurdia is routinely grown in a lettuce infusion inoculated with Aero- 
bacier aerogenes,^ While this procedure is satisfactory for general purposes, 
a standardization of this culture medium would be desirable. This requires 
the establishment of a culture of P. aurelia in a medium devoid of other 
living organisms, which would sustain the growth of this ciliate at a satis¬ 
factory fission rate. After such a medium is developed, a study can be made 
of the specific growth requirements of this organism. 



156 


ZOOLOGY: VAN WAGTENDONK AND IIACKETT Ykoc. N. A. S. 


Sterilization of F. aurelia, —Two different procedures were used to free 
P. aurelia from other living organisms: (a) electrical transport of the 
ciliates against a continuous flow of a sterile agar solution, and (b) exposure 
of P. aurelia to penicillin solutions. 

(a) Sterilization by FJeciromigralion: The electroxnigration tube is 
shown iti figure 1. Tlie tube and the Erlenmeyer containing the wash fluid 
(NaCl ().(XK)5 g., KH 2 PO 4 0,008 g., MgCb.? H 2 O 0.0035 g., FcCIa.G H ,0 
0.00(5 g., CaCOg 0.0(X)5 g., agar 1.0 g., lettuce infusion 10 ml., distilled water 
to make 1 liter) were sterilized separately by autoclaving, linincdiately 
before use the two parts were connected asceptically, and the tube was 
filled by opening stopcocks A , B and C. The flow of the liquid through the 



tube was adjusted to a rate of O.G ml. per minute. The electrodes were 
connected to a 9-volt battery, thereby producing a current of 0.1 to 0.2 ina. 
A suspension of P. aurelia was injected into side arm D. The average 
migration time of the ciliates from D to JS was about 27 minutes. When the 
first P. aurelia appeared at the side tube E, they were removed by means of 
a sterile syringe and placed in sterile culture fluids of different composition. 
At the same time samples were distributed to various culture media in order 
to check for sterility. Subsequent samples of P. aurelia can be removed 
from the tube at point E until all of the wash fluid is exhausted. From 30 
to 50 ciliates con be recovered from each sample. Under the described con¬ 
ditions about 70 per cent of the samples are sterile. 

(5) SterilimUon with Penicillin: Seaman^® was the first to use peni¬ 
cillin as an agent for the sterilization of protozoans. A wild culture of C. 
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campylum was sterilized by treatment with 5000 units of penicillin per nil. 
of a 5 per cent proteose peptone broth for 12 hours. In preliminary experi¬ 
ments it was found that P. aurelia cannot tolerate concentrations of peni¬ 
cillin higher than 3200 units per ml. 

Approximately 20 P. aurelia were washed through nine 1-ml. volumes of 
sterile lettuce infusion, and the small number of organisms which were re¬ 
covered from the washing process were grown in lettuce infusion inoculated 
with A. aerogenes until the population had reached a concentration of 2000 
animals per ml. These paramecia, contaminated by the presence of only a 
single organism, were then transferred to a solution of 1 per cent yeast autol- 
yzate (Basamin-Busch, kindly furnished by the Anhaeuser Busch Com¬ 
pany) saturated with CaCOj, and containing 3200 units of penicillin G- 
sodium salt per ml. (obtained through the courtesy of Dr. J. M. McGuire of 
Eli Lilly and Company). This solution had been sterilized by filtration 
through a sintered glass bacterial filter. After 48 hours in this medium, the 
organisms were washed through 5 2-nil. volumes of sterile lettuce infusion. 
The P. aurelia from the last wash were then transfeired to various media. 
At the same time samples were distributed to various culture media in order 
to test for sterility. 

{c) Sterility Tests: P, awre/th,. treated in either of the two ways de¬ 
scribed under (a) or (ft), were tested for the presence of contaminating or¬ 
ganisms. Aliquots of 0.5 ml. of culture medium to which the organisms had 
been transferred after the sterilization procedure (taken immediately after 
the transfer), and aliquots of 0.5 ml. of the culture medium after P. aurelia 
had been in this medium for 5 days were inoculated in the following media: 
(1) yeast beef agar (Difeo), (2) 0.5 per cent yeast extract (Difeo), (3) 0.5 
per cent yeast extract to which 0.5 per cent sucrose had been added, (4) 0.5 
per cent beef extract (Difeo), (5) nutrient agar (Difeo) to which 0.5 per cent 
sucrose had been added. The tests were incubated at three different tem¬ 
peratures, 20®, 27®, 37®, under both aerobic and anaerobic conditions. If 
no contamination occurred, as observed by the absence of cloudiness in the 
liquid media or absence of colonies on the solid media, in three weeks, the 
originally isolated P. aurelia were considered to be free of any contamina¬ 
tion. The organisms were independently tested for sterility by Dr. L. S. 
McClung of the Department of Bacteriology of Indiana University who 
confirmed our observations. 

Culture in Sterile Media ,—Of the various media tried, only the following 
were able to sustain growth of P. aurelia: 

(a). Equal volumes of 0.5 per cent yeast autolyzate (Basamin-Busch) 
sterilized by filtration through a sintered glass bacterial filter, and an auto¬ 
claved lettuce infusion (20 minutes, 15 poimds), which had been inoculated 
with A. aerogenes 24 hours previous to autoclaving. 

(ft) Equal volumes of 0.5 per cent yeast autolyzate, sterilized by auto- 
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clavinjT (20 xninutes, 15 pounds) and an autoclaved lettuce infusion which 
had been inoculated y/ith A. aerogenes 24 hours previously. 

The organisms would multiply in this medium at an average fission rate 
of 1.7 fissions per day (table 1). The culture has been carried through more 
than 30 successive transfers. At this time no contamination could be de¬ 
tected by any of the methods mentioned under (r). Thus far it has not been 
possible to make any substitutions for either the particular brand of yeast 
autolyzate or for the autoclaved bacterial suspension. Various other 
brands of dried yeast preparations and preparations of fresh yeast were 
tried but none of these could support the growth of P. aurelui. Addition of 
a bacterial autolyzate in 1 Af glycine” did not allow P. aureMa to survive 
for more than .10 days. No fission took place in this interval. Ultrasonic 
preparations of an Aerobacter suspension, followed by sterilization by 
filtration failed to yield preparations which, when added to the yeast autol- 

TAUI.E 1 


Growth Ratu of Paramecium aurelia in a Stkrile Medium 


NO. OP 4S-ilK. 

INITIAL NO. 

NO. OP F . aurelia 

FISSIONS 

TKANAFBKa 

OP P . aurelia 

APTUR 48 HRH. 

PRR DAY 

1 

81 

563 

1.4 

2 

56 

371 

1.4 

3 

37 

272 

1.4 

4 

85 

680 

1.6 

6 

50 

681 

1.8 

10 

22 

350 

2.0 

15 

51 

690 

1.8 

20 

41 

524 

1.8 

25 

74 

1170 

2.0 

30 

15 

216 

1.9 


yzate, would sustain the growth of the ciliates. When either the lettuce 
infusion or the autoclaved bacterial culture was omitted, the medium be¬ 
came incapable of supporting the growth of the ciliates; similar results 
were obtained when the three-component medium (described under (a) or 
{b) was filtered through a sintered glass bacterial filter. Rapid death re¬ 
sulted when the autoclaved lettuce-Aerobactcr infusion was the only 
constituent of the medium. 

Discussian.'^ln view of the accumulated knowledge of the nutrition of 
exacting species of protozoans,'^* it is surprising that P. aurelia is capable 
of growing and multiplying in a medium containing only heat-stabile com¬ 
ponents. However, the fact that the sterile medium permits only a maxi¬ 
mal growth of 1.7 fissions per day, as compared with 4 to 6 fissions per day 
in a lettuce*-Aerobacter infusion, suggests that heat-labile factors may be 
necessary for optimal growth. The complex nutritional requirements of 
P. aurelia are evident from the fact that a three-component medium is 
required for sterile growth. It should now be possible to fractionate the 
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different components into their constituents and thus arrive at a synthetic 
medium for this organism. All three components of the medium, yeast 
extract, lettuce infusion and the autoclaved bacterium A, aero^enes, con- 
tribute essential facb)rs for the nutrition of P. aurelia. The observation 
that this organism will not grow in a medium composed of the three essen¬ 
tial components, but filtered through a bacterial filter seems to indicate that 
some particles of large size are also needed for its gro'wdh. However, it 
might be possible that some essential riutrilite is st> firmly bound to the 
bacterial cell constituents that it had not been liberated in solution by the 
methods used. 

Coritribtition \o. 398 from the Departineat of Zoology, Indiana University. The 
work was snjtported by grants from the Jane Cottiii Childs Memorial Inind for Medical 
Research, the National Institute of Health of the UnilefI States Public Health Service 
and the Rockefeller Foundation (grant for research on Paramecium genetics). 
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SOME PROBLEMS OF THE EVOLUTION OF STARS 
By Otto Struvk 

Yerkes Observatorv, Williams Bay, Wisconsin, University t>r CniCAdo 
To l)e read before the Academy, April, 1949 

During^ the past few years several stimulating articles have appeared 
outlining a new theory of the evolution of stars.' The purpose of this note 
is to present certain considerations regarding the evolution of close binary 
stars and to discuss them in the light of the more general theories, especially 
that of V, Weizsaecker. The earlier theories of double^star formation are 
so well known that they need not be reviewed in this place. The most 
convincing arguments in favor of a fission process have probably been 
advanced by James Jeans, who in many respects continued the earlier work 
of George Darwin. However, serious doubts regarding the possibility of 
fission were expressed many years ago by F. R. Moulton, and the most 
potent considerations against the classical fission theory were published 
about fourteen years ago by G. P. Kuiper.'*^ The problems of cosmogony are 
so involved and diflicult that it is important to record the considerations of 
all those who have worked on this subject, ^^ost investigators are 
primarily influenced by the results obtained within the sco})e of their own 
investigations. This leads me to call attention to certain observational 
results which are not very widely knowm but which have an important 
bearing upon all cosmogonical speculations. I am referring here par¬ 
ticularly to the results obtained from studies of stellar rotation. 

V. Weizsaecker’s recent theory is essentially based upon his earlier work 
on the effect of turbulence in diffuse stellar objects which, in keeping with 
the terminology of Spitzer and Whipple, may be designated as protostars. 
These protostars are believed to have originated through the condensation 
of interstellar clouds of gas and smoke, very much as has been recently 
suggested by Spitzer® and Whipple/ Turbulent motions in the original 
medium would have produced large angular momenta in most of these 
protostars, and this presumably accounts for the high frequency of rapidly 
rotating stars of the earlier spectral types which, according to this theory, 
are relatively young. As the result of turbulent motions within the proto- 
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star, whose rotation is not that of a rigid body, angular momentum is 
transported from the interior regions to the outside, and finally the mass 
breaks into two, the nucleus retaining only a small amount of angular 
momentum while the outer fringe of the diffuse, nebulous mass is dispersed 
into space, carrying away in the process the excess angular momentujn. 
In this manner v. Weizsaecker explains the gradual loss of mass in a hot 
main-sequence star and the absence of large rotational velocities in the 
stars of later spectral types. 

However, it is now known from the work of H. Shapley^’ that although 
the overwhelming majority of the cooler stars of the main se(]uence in the 
Hertzsprung-Russell diagram possess only a very small amount of angular 
momentum there are in existence a large number of binaries of late spectral 
type which possess rapid rotations and large amounts of orbital angular 
momentum. Shapley has shown that these so-called W Ursae Majoris 
binaries are more numerous in space than all the other variable stars now 
recognized. Although he does not give a quantitative estimate of the 
fraction of solar type stars which are binaries of this kind it is clear that 
they are sufficiently numerous to require consideration when we examine 
the evolution of the stars in the main sequence. 

A W Ursae Majoris binary normally has a spectral type close to that of 
the sun. Its surface temperature is therefore in the vicinity of bOOO". 
Each system consists of two components having masses of the order of 
1 solar mass and V 2 solar mass, respectively. The diameters of these stars 
are somewhat smaller than those of the sun. They revolve almost in 
contact and they are surrounded by a common gaseous envelope which 
is unsymmetrical in thickness and in other physical properties.^ The 
average orbital velocities of the approximate geometrical centers of the 
two components with respect to the center of gravity of the whole system 
are 110 km./sec. and 220 km./sec. Since the system rotates approximately 
as a rigid body the relative velocity of the points of greatest separation on 
the two stellar ellipsoids is at least 400 km./sec. Hence, if in the course 
evolution such a star should ever combine to form a single object, its rota¬ 
tional velocity would be considerably more than 200 km,/sec, at the 
equator. Such a velocity would be easy to observe. Yet among the 
single stars of appropriate spectral type there are no objects having any¬ 
thing like this kind of rotation. 

It Height be asked what kind of star would result from the coalescence 
of the two components. There are all reasons to think that the process 
would be a fairly gradual one so that any disturbance in the constitution 
of the object would not for very long remove that star from tlie main 
sequence. The existence of a common envelope makes it, even now, 
difficult to decide whether they are single stars with two condensations, or 
real binaries. At any rate, if the two stars should combine without losing 
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mass they would form a single object having a mass of about 1,5 times 
the mass of the sun. If such a star remained on the main sequence, its 
spectral type would be late F or early G and observations show that there 
are no single stars within these spectral subdivisions which have the re¬ 
quired amount of angular momentum. If the star should be disturbed 
to such an extent as to depart from the main sequence it would have to fall 
somewliere along the appropriate line for mass 1.5 O in the H-R diagram. 
Otherwise it would be necessary to suppose that it would fail to obey the 
mass luminosity relation and this would place it in a portion of the H-R 
diagram where there are so few stars per unit volume of space that we can 
safely exclude the possibility. As a matter of fact this argument strongly 
suggests that the very numerous W Ursat* Majoris type binaries do not 

TABI.ri: t 

Systems of the Types of W Trsak Majoris 


NO.* 

WTAR 

ar. 

p, 

DAYS 

--KM./8UC. 

y Ki 

A'f 

mi 


a 

INT. 

Ji/Ji 

1 

W UMa 

F8 

0.334 

- 5 

134 

188 

0.9G) 0.6. 

1.4 

Var. 

<1 

2 

TX Cue 

FK 

0.38:1 


112 

217 

15 

0.8 

1.9 

Var. 

<l 

3 

44i Boo B 

G2 

0.268 

-f 

.110 

232 

1 A) 

0.5 

2.0 

j> 

<1 

4 

ER Ori 

G2 

0.423 

+35 

95 

155 

0,0 

0.4 

1.0 

•3 

>1 

5 

YV Eri 

G5 

0.321 

-20 

1:10 

200 

1.0 

0.7 

1 ,5 

Var. 

<1 

6 

VW Cep 

KO 

0,278 

-36 

75 

230 

1.1 

0.35 

3.1 

Var. 

<1 

7 

AH Vir 

KO 

0.408 

+ 10 

105 

250 

1.5 

0.7 

2.4 

\’ar. 

<1 

8 

RZ Cam 

KO 

0.3:19 

-12 

130 

270 

t .0 

0.8 

2.1 

Var. 

<1 

9 

V502Oph 

G2 4- F9 

0.453 

-37 

95 

235 

1.2 

0.5 

2.5 

? 

<1 

10 

vSW Lac 

G3 

0.321 

-22 

172 

202 

0.5 

0.4 

1.2 

Var. 

<1 


mean 




no 

220 

LOO 

0,5 

2 




•References: 1. Joy, J., 49 , 189 (1919); Struve and Iwanowska (un¬ 

published); 2. Popper, Uul. 108 , 490 (1948); 3. Popper, /hid., 97 , 407 (1943); 4. 
Struve, Pubs. Astron. Soc. Pacific, 56 , 34 (1944); .5. Struve, Astrophys. 106 , 92 
(1947); 6. Popper, Ibid., 108 , 490 (1948); 7. Chang, Jhid., 107 , 96 (1948); 8. Struve 
and Gratton, Ibid., 108 , 502 (1948); 9. Ibid.; 10. Struve, Ibid, (in press), 

have descendant single stars whose mass is 1.5 ©. Similarly we can also 
show that the reverse process is not possible because none of the single stars 
of mass 1.5 G has enough angular momentum to produce a binary of the 
W Ursae Majoris type, 

I believe that this calls for a mod fication of v. Weizsaecker’s theory. 
Otherwise the W Ursae Majoris type binaries would remain unexplained 
and they are altogether too numerous to be ignored. 

Spectroscopic observations are now available for ten of these objects. 
The pertinent data are summarized in table 1. 

The third column of the table gives the spectral type which is the same 
for both components of each system except in the case of V 502 Ophiuchi. 
In that star the more massive component is of spectral type G2 and the 
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less massive of type F9. The fourth column gives the period in days. It 
ranges from 0.26S day to 0.453 day. The fifth column gives the radial 
velocity in km./sec. of the center of gravity of each system. The ten 
individual values clearly reflect the motion of the solar system through 
the local group of stars and in addition shows that the individual peculiar 
motions of these binaries are distributed approximately as they are among 
single stars of similar spectral types and luminosities. The sixth and 
seventh columns give the orbital velocities of the two components in 
km./sec. with respect to the center of gravity. Columns S and 1) list the 
masses of the two components in units of the mass of the sun. The 
quantity a is the mass ratio. The next to the last column shows whether 
the spectral lines of the fainter component undergo variations in intensity 
and the last column shows whether the ratio of the surface brightnesses 
of the more massive cotnponent to the less massive component is smaller 
than 1 or greater than 1. Attention should be called to the fact that the 
spectroscopic observations give us only the mass functions of the two 
components m\ sin^ i and nin sin** i. The inclinations are either known 
from the photometric observations or they can be roughly estimated, but 
there is some uncertainty attached to these values of i. Hence the tabular 
masses of the two stars are not always known with great precision, but 
they are known sufficiently well to give us a general idea f)f the properties 
of these systems. On the contrary, the mass ratio a is known with great 
precision since it is equal to the ratio K^/Kx, 

Of special interest is the remarkable tendency of these systems to show 
spectral lines of variable intensity. As a general rule the approaching 
component is relatively stronger than the receding component. There 
are indications that the amount of variation is variable in time, but as yet 
no periodicities have been found. It is very probable that these changes 
arc related to peculiar changes in the light curves of these variables which 
have recently been discussed by Eggen.^ The two maxima of the light 
curves, which CiOTespond to the times of greatest elongation of the two 
components, are not of the same height; and the amplitude of this varia¬ 
tion, which can be represented by a term in sin B, where B is the longitude 
in the orbit counted from primary minimum, is variable between zero and 
a small negative value. The exact connection between the photometric 
and spectrographic results is not yet known but, generally speaking, the 
system is less luminous when the less massive component is approaching 
and has its greatest absorption intensity. This phenomenon cannot be 
adequately explained as the result of ordinary differences in the tempera¬ 
tures of the advancing and receding hemispheres of the two stars and it 
must be somehow caused by the stream of gas which forms the common 
envelope. 

Exactly the same spectroscopic phenomenon was found many years 
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ago in spectroscopic binaries of very early type. It is most conspicuous in 
J. S. Plaskett’s star of large mass, HI) 47129, and it is also present in AO 
Cass, another very massive star of spectral type (). There can be no 
doubt that the pherionienon is the same and that in these two otherwise 
very different groups of binary systems we observe the effect of gaseous 
masses whose optical thickness is greatest over the advancing hemisphere 
of the less massive component of each system and perhaps also over the 
advancing hemisphere of the nu^re massive component. The origiti of 
these gaseous masses can otdy be gues.sed by analogy with several other 
binaries, esj^ecially UX Mon. I am inclined to believe that they may be 
caused by vast prominences which not only produce the variation in the 
line intensities but also give rise to the gaseous streams which influence 
the systems and produce various spectroscopic effects, such as double 
emission lines in numerous binaries of early spectral type and peculiar 
absorption features in other systems, which distort the velocity curves of 
these oVjjccts. 

Some time ago I made a crude estimate of the amount of the material 
contained in such a ring-like gaseous formation. The result was 10’^ O. 
No doubt, these streams of gas are secularly unstable. In the earlier 
and hotter systems radiation pressure must rapidly drive them out 
into space. » We actually observe this phenomenon in Lyrae. Even if 
wc assume that the rate of dissipation of the gaseous envelope results in its 
comidete renewal once per year the original mass of the star would be ex¬ 
hausted in something like 10years. This rate of dissipation would require 
an average velocity of expansion of only about 5 X 10 km./sec. A rate 
of expansion 200 times faster, or 10 km./sec., would still be consistent with 
the absence of any conspicuous velocities of expansion in most systems 
(but in Plaskett s star the observed rate of expansion is about 100 km./ 
sec. and in Lyrae it is of the order of 50 km./sec.). It is thus entirely 
possible that the mass of an early-type system would be nearly exhausted 
in an interval of 10^ years. 

It is remarkable that v. Weizsaecker's estimate based upon his ideas 
of turbulence leads to precisely the same interval of time for the dissipation 
of mass and rotational momentum in a protostar of early spectral type and 
of an equatorial velocity of rotation of the order of 100 km./sec. 

This leads me to suggest that perhaps the W Ursae Majoris systems 
have been formed out of the binaries of early type, such as Lyrae, U 
Cephei, or Plaskett's mavSSive star. I recognize that this hypothesis has 
certain weaknesses. For example, there is the difference in the galactic 
concentration of the early-type binaries and the W Ursae Majoris systems 
and also the prevalence of larger indiVidual space motions among the latter 
group. However, this difficulty is common to the present hypothesis 
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as well as to v. Weizsaecker’s original theory. It requires the assumption 
that in the course of 10® or 10® years the distribution of the stars in the galaxy 
and the approach to equipartition of the translational energies has been 
sufliciently accomplished and this would presumably require a much greater 
density of stars in the past than is observed at the present time* There 
is also the difference in the space frequencies of the early-type binaries and 
the binaries of the solar type. I am disregarding here those binaries which 
contain super-giant components. They are so rare in space as not to 
influence the arguments appreciably. The relative frequencies of close 
binary systems among the stars of types O, JI and A with respect to the 
single stars of the same types is probably very nearly the same as for the 
W Ursae Majoris systems and the single stars of types: late F, G and K; 
but per unit volume of space the early-type stars are at least 50 times less 
frequent than arc the late-type stars. Hence, the same ratio must apply 
also to the two groups of binaries. If the early-type binaries gradually 
lose mass and become W Ursae Majoris binaries it is necessary to assume 
that the length of time they remain in the latter stage greatly exceeds that 
which they require in their early-type stage. This argument again is not 
limited to my suggestion but is common also to v. Weizsaeckcr’s theory, 
and it may be related to the relatively great youth which the Bethc theory 
of stellar energies attributes to all stars of very early type. ^ 

One further argument which suggests that the early-type binaries 
represent the youngest stage of double-star formation may perhaps be seen 
in the fact that those systems which, like U Cephei, consist of an early- 
type component of small size and a late-type component of large size show 
large departures from the mass luminosity relation for the fainter com¬ 
ponents: these sub-giants are much too luminous for their masses. It 
almost seems as though the less massive component in a recently formed 
binary system has been seriously disturbed from equilibrium and has 
wandered off the main sequence in the direction of higher luminosities. 
We cannot trace their course in the conventional H-R diagram because 
these stars do not obey the mass luminosity relation, but I think we can 
reasonably conclude that they are anomalous, even though the more 
massive early-type components are still on the main sequence. What 
happens when a star divides into two approximately equal components is 
not certain, because the empirical mass-luminosity relation at its upper 
end is based upon these systems. But it is significant that such stars as 
HD 47129 and AO Cass show spectroscopic features of very high lumi¬ 
nosity. Uns51d and especially Weizsaecker have called attention to tlie 
possibility that some catastrophic phenomenon, such as a super-nova, 
results in the process, but perhaps this is carrying us too far since it is not 
necessary for our purpose to discuss whether some modernized version of 
the fission theory involving the interplay of nuclear reactions in the stellar 
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interiors might meet the objections which Kuiper had made to the classical 
fission theory of Jeans. 

One other point remains to be considered. What happens to the W 
Ursae Majoris binary if it continues dissipating mass and angular mo¬ 
mentum through the medium of the common envelope, which in many 
respects would play the r61e of v. Weizsaecker’s nebulosity? Perhaps 
what would result is precisely what v. Weizsaecker has predicted: a system 
of planets and a rapidly dissipating nebulosity which carries off most of 
the rotational momentum. If this is possible then it is perhaps not too 
far-fetched to think of the W Ursae Majoris systenivS as being the parent 
bodies of what we now observe as single solar-type stars without much 
angular momentum. 

Despite its obviously bizarre appearance, this hypothesis has the attrac¬ 
tive feature of giving us some observational evidence of precisely the kind 
of nebulOvSity which v. Weizsaecker requires. Otherwise, within the do¬ 
main of main-sequence stars later than about type A, shell-like formations 
are not known, at least not among the single stars. Yet one would expect 
to observe various kinds of dilution effects in a mass of gas having the 
properties of the v, Weizsaecker nebulosity. 
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^ Whipple, F,, “Centennial Symposia Volume," Harv. Ohs. Monographs, No. 7, page 
109 (1948). 

* Shapley, H., “Centennial Symposia Volume," Ibid., page 249. 
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U, 117 (1948). 

^ Eggcn, O. J., Astrophys. J., 108, 16 (1948). 


THE ACTION OF ALLELIC FORMS OF THE GENE A IN MAIZE 
IL THE RELA TION OF CROSSING 0 VER TO MVTA TION OF A^* 

Bv John R. Laughnan 

Ds^aktmbkt of Botany, University or Illinois 

Conunttnkated by M. M. Rhoades, February 15,1949 

Inherited changes other than those which may be regarded as true 
mutations of the gene occur frequently in plant and animal material. 
Among such changes in Drosophila some are associated with crossing over 
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between intrachromosomal duplications^^) These latter may be dis¬ 
tinguished from chromosomal aberrations of a more gross nature vSince the 
changes are localized within small regions and the duplicated segments 
involved carry either the same allele or factors closely related in their 
effects. It has been suggested that this highly localized duplication of 
chromatin followed by inutation and selection may constitute an important 
source of new genes. Further, depending on its frequency of occurrence, 
this phenomenon has a direct bearing on the interpretations of studies 
inquiring into the manner of action of genes. These studies assume, as 
the simplest situation, that each member of an allelic series is a single unit 
of action. If this assumption is maintained in those cases in which the 
effects of alleles are non-linear it becomes necessary to consider the action 
of this single unit as correspondingly more complex from a physiological 
viewpoint. However, if it can be demonstrated that the alleles in question 
are represented on the chromatin thread by separable entities it is possible 
to view their action according to schemes which are not so complex from 
the standpoint of action of the individual unit. 

Evidence is presented here for the compound nature of the gene, a 
member of the relatively extensive A series of alleles in maize. As noted 
in the original reportjElin its determination of brown pericarp this allele is 
dominant to the wild type A^ which is associated with red pigmentation. 
Since A itself is dominant to recessive a (brown pericarp) the dominant 
effect of .4Ms not expected on the basis of any simple scheme representing 
the action of these alleles. From a studj^)f the dosage and dominance 
effects of certain mutants derived from A^ and designated A^ it is known 
that these alleles retain the distinctly antimorphic effects of the parent 
allele; their action is unexplained on a simpde basis. 

A^ mutates spontaneously with high frequency to alleles of lower level. 
Measured in the female germ line, Stadle^^ found a rate of 0.0005 (19: 
30,001) for mutation to the A^ allele. Among 55,705 tested female 
gamates, no mutations of A^ to a were found. However, mutations to a 
occur indirectly. A^^ itself a mutant derivative of A^, has produced 4 
mutations to a (4: ca. 50,000).® It appears from this that either the 
mutation of A^ is highly directed or this gene may be compound. In the 
event of the latter the production of the mutant a by two successive 
changes, but never in a single step, is explained if it is assumed that two 
components of A^ are independent in their mutation. 

To test the possibility that ^4** is represented by closely linked determi¬ 
nants experiments were undertaken to determine whether t h ere is a relation 
betwe^„jPmtatjon of over in or near the A locus. 

For such an experiment it is desirabk to study mutation in plants 
heterozygous for marker genes which are closely linked and located on 
either side of ^4*^. If a choice of marker genes can be made such that ohly 
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a small se^ent of the chromosome lies between them, multiple exchanges 
in this region may be eliminated or greatly reduced. Under these condi¬ 
tions the frequency of strands which experience multiple exchanges in the 
marked segment but which appear as non-crossover products is negligible. 
Where the distance between marker genes is greater the efficiency of the 
experiment is reduced in proportion to the frequency of dcjuble crossover 
strands which appear as non-crossovers. Unff)rtunately, until very re¬ 
cently there were no known mutant genes showing close linkage with A. 
At the time the present experiments were begun the best choice of markers 
was that of /g 2 ‘^nd_£/, which lie, respectively, 33 uj iits to the left an d 13, 
units to the right of .4 in the long arm of the third chromosome. Since 
the recombination value between Ig and el is high (ca. 42%), it was con¬ 
sidered that even in the event that mutations of were always associated 
with crossing over many of the mutants would appear as non-crossovers 
owing to the high frecjuency of double exchanges between Ig and et. This 
disadvantage maj^bc lessened if plants of the constitution are employed 
in^ad of the hompzygbtes- This substitution allows the use of a as a 
third marker gene in the experiment; instead of 42 units of recombination 
the values corresponding to the Ig-a and a-el intervals may now be em¬ 
ployed, Since mutants of the tyjie have never been obtained from a, 
it is certain, after suitable testing, that those which occur in these experi¬ 
ments have originated from A^. Moreover the mutant seeds which are 
pale in appearance are distmguishable from both the deep purple seeds 
associated with and the colorless phenotype associated with a. 

The dal^a reported here are derived mainly from one type of cross: 
A^/lg a et X Ig (I et. Plants having these constitutions were grown at 
Princeton in the summers of 1947 and 1948. In order to avoid the occur¬ 
rence of paje^^^s^due to contaminating pollen grains the plants were 
started and reached the flowering stage earlier than any other families in 
the field; moreover the mass pollination te^nKi^Ue.’aras^^ favor 

of individual hand pollinations. The mutants from the 1947 experi¬ 
ments have had two generations of testing since their occurrence. These 
will be considered separately from those obtained in 1948 since the latter 
have not been as thoroughly tested. 

, Approximately half of the seeds produced by this cross have deep purple 
aleurones (A^ a a) and half are colorless {a a a). Ears of two families 
which produced a total of 27,936 purple seeds in 1947 were examined for 
the occurrence of pale seeds. Kfty^one pale seeds (suspected mutants) 
were obtained for testing. Of these, 36 had etched endosperms (et et et) 
and 15 were normal {Et et et). Not all were expected to be true mutants 
since these included many seeds which deviated only slightly in phenotype 
from the purple class. Unfortunately only twenty of the 51 cases survived 
beyond the seedling stage. Thirteen of theselvere indistinguishable at 
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maturity from sib a plants grown as controls. That these* plants carried 
an unmutated gene is established from their crosses with sib .4** a plants. 
If the plants in question had carried a mutant gene {A^ a) three types of 
seeds would have resulted from these crosses: purple, pale and colorless. 
Only purple and colorless seeds were produced. 

The remaining seven plants of the twenty which grew to maturity had a 
reddish brown plant c(jl()r in distinct contrast to the purple phenotype of 
sib A^ a plants. That these plants carried a mutated allele oi A'^ pro¬ 
ducing an intermediate phenotype is confirmed by their selfed and out- 
crossed progenies. These data are summarized in table 1, 

Six of the seven plants yielded progenies following self pollination. As 
indicated in the table only pale and colorless seeds were produced on these 
ears. Crosses of each of the pale plants with A^ a individuals gave purple, 
pale and colorless seeds. From this it is apparent that all seven of the 
pale plants were heterozygous for a mutant gene associated with inter¬ 
mediate plant and aleurone phenotype and originating in the female germ 
line of the A^ a plants of the original cross. 

TABI.K 1 

Summary of Data on Ai.euronk Couor from Selfed and Crossed Prooeniks of 
THE Seven Pale Plants Originating prom the Cross: A^/lg a et X Ig a ct 


^ - ■’-SKl-l'KD PROOfiNIKB--—-— ~ ---CKOStHSB WITH O « - 


ri-ANTti 

RirRPLB 

PALK 

COl.01tl.BSH 


yAi.« 

COLORLKHH 

1A4 

(J 

125 

48 

0 

788 

866 

8A-1 

0 

94 

49 

0 

469 

472 

9A4 

0 

68 

26 

0 

148 

144 

14A-1 

0 

146 

46 

0 

434 

465 

19A-1 

0 

40 

14 

0 

693 

695 

78-1 

0 

76 

18 

0 

143 

159 

78H.1 




0 

300 

365 


vSome of the Ig a et plants used as a source of pollen in the ,1947 crosses 
carried Dt. This gene induces the mutation of a to A and to other alleles 
of higher level. Rhoade^^has shown that the frequency of this change 
is conditioned by the number of doses of both the a and Dt genes. The 
aaa Dt dt dt endosperms of seeds resulting from crosses with pollen which 
transmitted Dt showed a moderate degree of dotting on a colorless back¬ 
ground. The cells of the purple endosperms (A^ A^ a Dt dt dt) ctlrry both 
a and Dt and presumably some of these carry an A gene resulting from the 
I>/4nduced mutation of a. However, no dots have been observed on 
purple endosperms of this constitution and it may be inferred that the 
mutant cells A^ A) are indistinguishable from A*^ a cells. This 
failure of the mutated A to modify the phenotype of cells which already 
carry A*^ has an application in establishing with certainty the mutant 
character of the pale seeds suspected of carrying an A^ allele. If the pale 
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phenotyx)e of these seeds is owing to the action of modifier genes and not 
to a change in the gene they as well as any pale seeds in their progeny 
are expected to be without dots. If, however, a mutation of to is 
involved, such that the endosperms are of the constitution A^ A^ u Dt di dt 
the cells carrying the D/-induced, mutant A gene {A^ A^ A) are expected 
to appear as purple dots on a pale background. Three of the seven pale 
seeds whose progeny test are given in table 1 had dotted endosperms. Two 
other seeds, though they had no dots, carried Dt. The absence of dots on 
these seeds may be attributed to the fact that dots frequently are absent 
on seeds which carry single doses of Dt and a. Each of the selfed progenies 
from these five seeds produced many pale, dotted endosperms. In a later 
generation all seven mutant cases were tested for the presence of dots on 
pale background by crossing the A^ a plants with a a Dt Dt individuals. 
In all cases the presence of pale seeds with dots confirms the changed 
nature of the A^ gene. 

In view of the fact that the A*^ mutants originated in a plants it is 
necessary to rule out the possibility that they were derived from a. In a 
previous stud^l^it was established that a number of mutants of the A^^ type 
which could have come only from share several distinctive types of 
effect: (1) These mutants, like the parent A^ allele, are dominant to A in 
their brown pericarp effect; (2) though the mutants arc associated with a 
decidedly intermediate plant and aleurone phenotype, there is no cumula¬ 
tive effect with increasing doses; (3) in compounds with an allele of a higher 
level of action the A^ mutants detract from, rather than add to, the effect 
of the former. Since mutants having this combination of effects have 
never been obtained from a, a study of the seven A^ mutants under con¬ 
sideration may be expected to establish conclusively their origin. The 
original seven plants having the constitution A^ a were crossed with A A 
individuals. The pericarp color of the Fi plants indicated, for each of the 
seven cases, that the A^ gene is dominant to A in its effect on this tissue. 
To test the effects of the A^ mutants in compounds with stronger acting 
alleles the A^ a plants were crossed with A^^ individuals. In the Fi 
progenies plants having tlie constitutions A^^ A^ and A^ a were compared. 
Five of the seven mutants have been tested in this manner and all show a 
striking effect in the displacement of the phenotype of .4^* plants in a 
direction a^ay from wild type as compared with sxh a plants. The 
tests of the dosage effects of the A^ mutants require an additional generation 
and these studies are not completed. However, on the ears of the selfed 
A^a plants pale endosperms of three types occur, having one, two and three 
doses of the gene. The phenotypes of the pale seeds on these ears are 
quite uniform suggesting that the mutants show no dosage effect. More 
critical evidence on this point is being sought at the present time from 
.studies involving comparisons in which a deficiency, instead of a is em- 
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ployed. These tests indicate that the mutants which were obtained 
in the present experiment from a individuals are indistinj^uishable from 
those which have a known origin from ^4** plants. It may be concluded 
that the former also are derivatives of A^. 

Since the heterozygous egg parents of the original cross were A ^/Ig a et 
and the pollen parents were Ig a et^ a linkage of Ig or et with in individuals 
from this cross is attributable to crossing over between .4*^ and the loci of 
the marker genes. Table 2 summarizes the information on recombination 

TABLE 2 


Summary or Data on Crossing Over in the Ig^a (Region 1} and a-et (Region IJ) 
Segments prom Progenies of Backcrosses of the Type: A^/lg a et X Ig a et * 


TOTALfi 

RKOION I 

NUM- 

DBR PKICQUUNCV 

—--CRUSMOV! 

RRCION 11 

NUM¬ 
BER FRKQUENCY 

KUS 

NUM- 

NKR 

RRGIONS I ANO U 

KXPKCTUD 
FKUgUUNCY PRliQUKNCy 

COINCI* 

DKNCK 

17,298 

5714 

0.3303 

2220 

0.1283 

405 

0 0234 0.0424 

0.55 

(61 ears) 


=fc0.(K)3G 


=^^0.0025 


=tO.<K)04 


22.70dt 



204« 

0.1297 




(GO ears) 




.^0.0022 





* The data reported are from the two fumilies which were involved in the original 
crosses and which produced the seven individuals carrying the mutatU gene. 

t These more extensive data on crossing over in Region II include the 51 cars in the 
first row of the table along with additional progenies from the same families classified 
for a and et only. 

for the Ig-a and a-et regions obtained from progenies of the original crosses 
which produced the mutant individuals. Table 3 summarizes information 

TABLE 3 

Summary of the Linkage Information for the Mutant 4**-Bearing Individuals 
FROM THE Cross: A^/lg a et X Ig a et 

. . ——CONSTITUTION OP THB A^ BlEAUrNG StKANt)- --, 


MUTANT NON-CROSaOVliR --—--*-CROBHOVUR TYPliS---- 

PLANT TYPES RftQlON 1 RKQIOnII RKOIONH I AND 11 

lA-1 ... . LgA‘‘et . 

8A-1 ... . ...... . 

9A-1 ... . . . 

14A-1 ... . . . 

19A-1 ... . .... .. . 

78-1 ... lgA*Et . . 

78H-1 . . hA'^et 

Totals 0 1 6 "l 


as determined in progeny tests on the linkage phase of the etched endosperm 
and Uguleless characters fur the seven original plants carrying the mutant 
A* gene. The interesting feature of these data is that in six of the seven 
cases the chromosome carrying the A* gene emerged from the original cross 
combined with et. 
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Unless the change of to is in some way related to crossing over it 
would be expected that the frequency of crossing over in the a~et interval 
would be the same in sporocytes which carry A^ as in those which transmit 
A^, On this basis, of the original mutant plants approximately 13% 
(table 2) A^ et/a et (crossover) and 87% A^ Et/a et (non-crossover) 
individuals are expected. The actual results were almost exactly the 
reverse of this; six of the seven individuals were crossover types for the 
a-et region. On the basis of 13% recombination and with no association 
between crossing over and mutation this number of mutants which are 
crossover types would be expected to occur among a total including ap¬ 
proximately 40 mutants which are non-crossovers for the a-ei region. 
There was only one of the latter. 

The foregoing data suggest a relation between the mutation of .4*^ and 
crossing over in the a-et region. This interpretation receives further 
support from experiments conducted in 1948 on a larger scale. As before, 
marked heterozygotes carrying 4* were crossed with homozygous pollen 
parents of the constitution Ig a et. In this case all of the pollen employed 

TABLK 4 

Summary of Data on Crossing Over in thk Ig-a and a-et Segments prom Back- 
crosses OF THE Marked HKTERozYcqTEs Carrying * 

. -RFCCTONS I AND 11“*"-— ^ 

-RROION 1-' -REGION II- EXPECTED COINCI' 

TOTAD NOMBttR PRtiQUENCV NOUBBR FREQUENCY NUMBER PHEQUBNCV PREgi/ENCY DRNCE 

5790 2068 0,3572 804 0.1389 184 0.0318 0,0496 0.64 

0,0063 ^0.0045 =*=0.0023 

* These data from 34 ears in 23 families in 1948, 

carried the Dt factor. Progeny tests of suspected mutant individuals from 
these crosses have not been made as yet. In the absence of these, however, 
all of the pale seeds with dotted endosperms have been selected and 
classified for normal versus etched phenotype. As indicated above by 
reason of their dotted phenotypes these seeds carry a mutant deriv¬ 
ative of 4* and their selection on this basis is not subject to the error 
and prejudice which may be involved when classification is made solely 
on the basis of a character which may be quite variable such as the degree 
of pigmentation, Of the total of 34 pale, dotted, mutant seeds, 30 are 
crossover types for the a-et interval. Here as in the previous experiment 
there is an unexpected preponderance of the crossover class. In order to 
detennine the normal rate of crossing over in the stocks employed in this 
experiment the total progenies from those ears on which mutant seeds 
occurred were claswfied. Since the mutant seeds occurred singly on the 
ears, a total of 34 ears is involved. The value obtained (table 4) for re¬ 
combination in the a-et region (13.9%) agrees reasonably well with that 
obtained in the 1947 experiment. 
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The association of crossing over with mutation of may be explained 
if it is assumed that there is some causal relation between the two. On 
one hypothesis it may be argued that occasionally a crossover in the a-et 
region results in an unequal exchange of chromatin at the locus of a gene 
which, like affects the pigmentation of plant and endosperm tissues. 
On this basis the pale phenotype of the “mutant*' individuals would not 
be due to a change in the gene but to a modification of chromatin some¬ 
where between the a and et loci. Two types of evidence are against such 
an interpretation. (I) In all cases dots, resulting from the Z?Mnduced 
mutation of a to .d, have been observed on the pale background of the 
mutant seeds or of pale seeds in their progenies. If the pale background 
of these seeds is owing to the action of a modifier gene, the phenotype of 

TABIvR 5 

Actual and Theoretical Frequencies of Crossovers and Non-crossovers Rela¬ 
tive TO THE a-et Interval for the ^I'^-Bearing Strands of the Forty-one Mutant 

Individuals* 


BASlfl DM WHICH PKE^UtCMCIES ARB COMPUTKD 

CROSSOVRRS 

NOM-CROaSOVKRS 

STAMPAKI) 

ERROR 

Observed 

0.878 

0.122 

0.051 

No relation between mutation of A^ and 
crossing over 

0.132 

0.868 

0.053 

Mutation of conditioned by cro.ssing 

over at that locus. No allowance for 
interference 

0.868 

0.182 

0.053 

Same as above but allowing for coinci¬ 
dence of 0.5 

0.934 

0.066 

0.039 


* Actual values are based on the total of 41 mutants, 36 of which were crossover types. 
Theoretical values are based on the average rate of crossing over for this region (13.2%) 
taken from tables 2 and 4. 

cells included in the dots should be modified to pale also. (2) If the pale 
phenotype of mutant seeds is held due to a modifier it is clear that the latter 
must be dominant since the cells of these endosperms carry a normal 
chromosome from the pollen parent. In this case the selfed or suitably 
crossed progenies of mutant individuals should produce some offspring 
which are homozygous recessive for the modifier condition and carry A^; 
these would appear as recovered cases having purple endosperms and 
purple plant phenotypes. No such recoveries have been noted in the 
seven cases for which progenies are presently available. 

These two types of evidence not only rule out the possibility of a modifier 
effect in the occurrence of the mutant seeds but indicate further that the 
pale effect of the mutation must be due to a change in the A^ gene itself. 
On any other basis the mutations of a (for which these seeds are heterozy¬ 
gous) to A through the action of Di would not be recognizable as dots on 
these seeds; nor would the absence of purple seeds and plants in the 
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progenies of the mutant individuals be expected. Since it is necessary to 
relate the high frequency of crossing over to this change the simplest and 
most direct hypothesis is that these mutations of to are a result of 
crossing over within the locus of A^, 

In the cases of 5 of the total of 41 mutants from both experiments the 
^**“bearing strand delivered to the egg was seemingly a non-crossover 
type for the a-et interval. In view of the relatively great length of this 
segment (13.2 units as an average in these experiments) it is possible to 
explain these apparent non-crossover types as due to double exchanges, 
one occurring at the locus of A^, giving rise to the mutation, the other 
occurring somewhere between this locus and that of ei, thus reconstituting 
the parental combination. The data of table 5 are pertinent to this argu¬ 
ment. Here are presented the actual frequencies of crossover and apparent 
non-crossover strands carrying the mutant A^ gene alone with frequencies 
expected on three tlieoretical bases. The greatest discrepancy is between 
observed values and those expected on the basis of no relation between 
mutation and crossing over (second row). In the third row of the table 
are given the frequencies expected on the hypothesis that the mutation of 
is caused by a crossover at that locus. On this basis the non-crossover 
class results from double exchanges. Here there is good agreement be¬ 
tween the theoretical and exp>enmental frequencies. The value 0.122 for 
apparent non-crossovers among the 41 mutant cases is close to the average 
value of 0.132 for crossing over in the a-et region (from tables 2 and 4). 
However, in the computation of the theoretical frequencies in the third row 
of table 5 no allowance has been made for interference. The frequency of 
0.122 for non-crossovers (reasoned as cases of double exchange) among the 
41 mutant cases corresponds to a coincidence of 0.9. This exceeds the 
coincidence value of O.G corresponding to the Ig-a and a^et regions (tables 
2 and 4). In view of the small number of mutant cases it is not clear 
whether the excess of apparent non-crossover types among them is due 
to errors in sampling or to the occasional occurrence of mutations of 
which are not associated with crossing over. If mutations of the latter 
type occur a large proportion of these would fall in the non-crossover class 
thus tending to increase unduly the coincidence value. There is at present 
no badis for estimating the effect of a crossover at the A^ locus on the fre¬ 
quency of coincidental exchange in the a-et region but it is reasonable to 
ex^ct th^it the value for coincidence in this case would fall below 0.6. 
In the last row of table 5 are given the theoretical frequencies of crossovers 
and apparent non-crossovers associated with an arbitrarily chosen co¬ 
incidence of 0.5; from the corresponding standard error for == 41 it 
is clear titat the actual frequencies could well have been chosen from such 
a population. 

Confirmatory evidence of the association of mutation of A^ and crossing 
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over is being sought from independent experiments using plants in which 
the segment of the third chromosome either has no homologous region 
with which to synapse (in hemizygous plants) or, in cases where is 
carried in a duplication, competes at a disadvantage for synapsis. Since 
these experiments are designed to eliminate or suppress those A^ mutations 
due to crossing over they may be expected to establish also whether muta¬ 
tions of A^ to A^ which are not associated with crossing over can occur. 

In the foregoing presentation occasional reference has been made to the 
''A^ locus.”. .There is strong argument from the present evidence for 
viewing the ''A^ locus” as composed of at least two, physically distinct 
units which function cooperatively in the determination of the A^ effect. 
If these are designated alpha and beta, the latter being more distal, 
the A^ mutants may be described as having alpha and lacking beta since 
the strands carrying A^ in these experiments are predominantly of the 
non-parental class for ely the more distal marker gene. This consideration 
poses several interesting problems whose analysis may be viewed as critical 
tests of the hypothesis. (1) Since on this basis is composed in part of 
the or alpha component the action of A^ may be interpretable, at least 
in part, in terms of effects which, among those of the A alleles, are dis¬ 
tinctive for A^. As reported elsewher@these include the determination 
of brown pericarp which is dominant to the red effect of A , the absence of 
a cumulative effect with increasing doses, and a striking tendency to reduce 
rather than enhance the type effect in combinations with various A alleles. 
Of the alleles associated with purple aleurone and plant phenotypes, only 
A^ has a brown pericarp effect which is dominant; it is reasonable to infer 
that this action may be assigned to A^ which has been argued as a com¬ 
ponent of It is not known whether A^ shares the dosage and competi¬ 
tive effects of A^ but this information is technically more difficult to obtain 
for A^ than for A^ because of the closer approach of the former to wild 
type. (2) If, as on the present scheme, the A^ mutants represent the 
alpha component which has been separated from the beta constituent by 
crossing over between the two, it is expected that another class of mutants 
corresponding to the beta component carried on the reciprocal strands 
involved in such exchanges should occur with equal frequency. While 
these have not been isolated this is no argument against their occurrence, 
.4* is associated with purple aleurone and plant while what has been argued 
as its alpha component, A^y is distinctly intermediate in effect. From this 
it seems likely that the beta component produces a purple phenot 3 q)e and 
if so mutants of this type would be indistinguishable from seeds carrying 
the unchanged A\ However, on the expectation that the beta component 
produces a pericarp color distinguishable from experiments are being 
conducted to determine whether A^ gives rise to mutants of this type. 
These would have escaped detection in the experiments reported here 
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since the P factor which has a complementary effect in the pigmentation 
of this tissue was absent. (3) Since the mutants are argued to represent 
a more proximal component of considerable interest attaches to whether 
these mutants are similar in their action. If the alpha component is 
itself compound in nature it might be predicted that the A^ mutants in 
turn not a homogeneous lot. Comparisons in constant genetic back¬ 
grounds 6f the mutant alleles of the present experiments are not available 
now; from observations of related but non-sib mutant plants the impres¬ 
sion is given that these alleles will prove to be quite similar in effect. 
Nevertheless, the possibility of the component nature of alpha remains a 
particularly inviting prospect. StudieSon the action of A^' and several 
mutants of the A^ type indicate that their action cannot be explained on 
the basis of a simple relation between gene and reaction. Provisional 
schemes were offered to account for the exceptional behavior of these 
alleles. It was suggested (a) that the determinants corresponding to these 
genes function as units but that the enzyme corresponding in each cavSe 
might participate in more than a single reaction, or alternatively (6) that 
a simple relation biochemically between gene and enzyme might be de¬ 
fended on the assumption that each of these alleles is compound in the 
sense of being constituted by more than one physically distinct determi¬ 
nant. The evidence reported here suggests that the antimorphic action 
of A^ resides in such a C()mponent nature. ’ It is possible that the A^ 
mutants likewise owe their unusual behavior to a similar cause but proof 
of this requires direct evidence of the compound nature of what has been 
labeled here the alpha component. (4) Is the crossover which gives rise 
to the mutants preceded by unequal synapsis? Since the mutations 
occurred in plants heterozygous for a it follows that any statement about 
such an arrangement must be based on some understanding of the physical 
constitution of this allele and on this point there is no information. There 
is hence no basis from these experiments to argue that the change is related 
to unequal synapsis or even that there is any final inequality of exchange. 
However the mutants which vStadleSS obtained and which are similar in 
effect to the A^ mutants of the present experiments occurred in homozygous 
A^ individuals. It is not known whether these mutations were associated 
with crossing over, but if so, there is a basis for the argument that unequal 
synapsis is involved. Making use of more efficient markers which have 
become available recently, the relation between crossing over and mutation 
in A^A^ plants is being investigated. 

It is premature to discuss the relation of the present case to others which 
have b^n more extensively studieciC^ Nevertheless it is a rather inviting 
prospect, in analogy with the cases of Bar, lozenge, Star-asteroi<L.fiUid 
otherlSn Drmoph^ and wirii that in Ji* repiesen 

repeated loci and by further analogy with several of these cases has com- 
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ponents which are derived by duplication from a common ancestral locus 
and which have since become modified. No less attractive is the possibility 
that the divergent action of certain of the A alleles may find an explanation 
in terms of their component nature. 

* This work was cotiducted at and supported by Princeton University, California 
Institute of Technology and the University of Illinois, to which institutions grateful 
acknowledgment is made. 
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ABERRANT HETEROZYGOrES IN ESCHERICHIA COLI* 

By Joshua Lederberg 
Dbpartmbnt of Gbnbtics, University of Wisconsin 
Communicated by R. A. Brink, February 9, 1949 

A mechanism of genetic recombination has been indicated in experiments 
on Escherichia colt, strain K-12.* A synthetic agar medium was used as a 
selective sieve to isolate occasional prototroph recombinants which appear 
in mixed cultures of complementary biochemical mutants. Later, addi¬ 
tional genetic factors were introduced, including fermentation and virus- 
resistance mutations, and these factors were found to segregate in charac¬ 
teristic ratios, suggesting linkage. All the cells in a given prototroph 
colony showed the same combination of characters and were stable on 
further cultivation. Therefore, it was inferred that segregation had 
occurred before the initiation of the colony, and that the postulated zygote 
had a very short life, probably a single cell generation. The life cycle 
would resemble tlie ascoraycete*s, in which haploid nuclei fuse to form 
a transient diploid zygote which undergoes metosis without any intervenmg 
mitoses. 

Exceptions to this rule have now been lound in the form of unstable 
prototroph cultures which continually segregate out various recombination 
types so as to suggest that they are heterozygous and dipbid. But 
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abnormalities in the segregation ratios suggest some sort of chromosomal 
aberration whose nature has not yet been proved. 

Material and Methods—The cultural and crossing techniques used earlier 
have generally been followed. Crosses were also made by spreading 
mixtures of cells on the surface of synthetic medium’' to which carbo¬ 
hydrate and an eosin-methylene blue indicator are added. This medium, 
EMS-, classifies prototrophs as soon as they appear for fermentation of the 
sugar used. Other media used include EMB- agar, in which the indicator 
is incorporated in a sugar peptone base. The genetic factors involved in 
this study are summarized in table 1. 


TABLE 1 

Summary of Mu i ants 


LOCUS 

“TYPB’* 

ALLELE 

MUTANT 

ALLKLE 

CHARACTER OR MUTANT 

B 

+ 


Needs biotin for growth 

M 

4- 

-- 

Needs methionine 

T 

*4 

— 

Needs threonine 

L 

4 


Needs leucine 

Bi 

4 

- 

Needs thiamin 

Lac 

4 


Unable to ferment lactose 

Mai 

4 

— 

Unable to ferment maltose 

Gal 

4 


Unable to ferment galactose 

Ara 

4 

... 

Unable to ferment L-arabinose 

Xyl 

4 

— 

Unable to ferment D-xylose 

MU 

4 

— 

Unable to fennent mannitol 

Vi 

s 

r 

Resistant to phages Tl, T5 

Vi, 

s 

r 

Resistant to Tl; sensitive to T6 




Persistent heterpzygote factor 


Crosses Involving —^The first unstable prototroph to be discovered, 

**H~lt'* arose in a cross to test the allelism of the virus resistance factors 
Fiand Fu. TheparentswereB — M—Lac4- Fi/andT —L—Bx —Lac— Fx'’. 
Among 200 prototrophs picked and tested on synthetic agar for sensitivity 
to Tl, only one was an apparent crossover showing a full sensitive reaction. 
However, when this unique culture was streaked out on EMB —lactose, it 
gave rise not to typical dark Lac-f- or light Lac— colonies, but to highly 
variegated colonies with intermingled sectors of light and dark cells. The 
variegated reaction will be referred to as Lacr. 

When Lace colonies were streaked out again on EMB—lactose, pure 
Lac—, pure Lac-f and a few Lao; colonies were seen. But when the 
piire — and + colonies were inoculated on EMS—lactose they failed to 
grow, showing that tiiey were nutritionally deficient. Furthermore, 
although they had been derived from a virus-sensitive culture, most of the 
purified "'segregants'’ were resistant to Tl when tested on EMB-lactose. 
On the other hand, tacr colonies gave rise to normal appearing Lac+ on 
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EMvS —lactose, which, as before were sensitive tuTl. TakenbacktoEMB — 
lactose, they showed the Lacr result of splitting off pure — and + types. 
When single colonies were streaked out in series for 15 transfers on EMS — 
lactose, they retained their normal Lac+ appearance, but throughout the 
experiment they continued to segregate when brought on EISIB —lactose, 
which is a nutritionally “complete” medium. To summarize, H-1 was 
an unstable prototroph culture which was apparently Lac+ and Tl- 
sensitive so long as it was maintained on a synthetic medium, but which 
segregated nutritionally deficient, Lac-“ and Tl^resistants on a “complete” 
medium. 

At this point, three alternatives had to be distinguished. The segregat¬ 
ing entities might be (a) associations of intact cells of the original parental 
mutants collaborating by syntrophism to allow growth on synthetic 
xnedium; or (b) heterokaryons comprising intact nuclei of the parents in 
the vSame cell; or finally (c) diploid heterozygotes. The phage sensitivity 
of //-i, contrasted to the resistance of the parents, render (a) unlikely, but 
the segregation might still be from a heterokaryori or a heterozygote. 
To test these alternatives, it was thought that a heterokaryon should split 
out each of the two parental genotypes, but no additional combinations. 
On the other hand, segregation from a heterozygote should sometimes be 
accompanied^by crossing over, and the formation of new combinations of 
the parental characters. 

One hundred thirty-five Lact> colonies were separately streaked out on 
EMB —lactose, and a single pureLac+ and Lac— segregant isolated from 
each of the 135 streakings, to insure that each of the cultures tested was 
an independent segregant. Among the 135 Lac— tested, there were 121 
T5^ (parentals) and 14 T5'' (exchanges); the Lac+ included 133 T5* 
(parentals) and 2 T5^ (exchanges). Therefore, out of 270 tests there were 
16. or 6%, new combinations. Therefore, crossing over occurs during the 
segregation of //-/. This is compatible only with the hypothesis of 
segregation from a heterozygote. 

The following remarks should not obscure this major conclusion. The 
amount of exchange in the Lac — and Lac+ series is not the same (x^ 9). 
The crossovers in the two series came from different Lact; colonies, but 
redprocality cannot be demanded if many different segregations occur 
during the growth of a single Laev colony. Even the higher value of 
^*/m or 10% for exchanges between Lac and Vi in the Lac— series is lower 
than the 38% derived in previous studies on prototroph recombinants. 
Finally, it was very obvious that the Lac— segregants far outnumbered 
the Lac+. If anything, selective pressures on EMB—lactose seem to favor 
Lac+» so this finding was most unexpected. 

Owing to technical difficulties, tests on nutritional segregations have 
been less extensive. It proved to be especially difficult to score for the 
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biotin requirenierit in the presence of amino acids, probably due to partial 
replacement. The classification of the thiamin requirement (Bi —) also 
requires fastidious attention to clean chemicals and glassware. Most of 
the Lac+T5'' segregants are the parental B —M—; Lac — TtV are usually 
T L “ Bi —, However, prototrophs and the multiple mutant combinations 
M—T — L— andM — — have been encountered. These combina¬ 

tions could not be obtained by previous methods, which necessarily iso¬ 
lated prototrophs. 

Unstable heterozygotes like H-l had not been encountered before, 
although many hundreds of Lac+ proti>trophs from crosses heterozygous 
for Lac had been streaked out on EMB—lactose. The persistence of H-1 
as a diploid might be a non-genetic accident or perhaps an effect of a spon¬ 
taneous life cycle mutation. If so, it would be possible to set up crosses 
to yield diploids heterozygous for additional markers. 

Three segregants from IJ-l have been used in crosses to test for the 
production of persistent heterozygotes. (.4) (W-4()6) was B—M —Lacj — 
Vi"; (B) (WAIT) T L - Bi - Laci - Vi'and (C) (W-478) H - M - Lac + Vi‘\ 
These cultures were crossed on EMS—lactose with appropriate, “standard" 
complementary stocks (B —M— or T--L—Bi—; Lac“'orLac+)ofindepen- 
dent origin. Lac+ prototrophy were streaked out on E MB — lactose, and Lacr 
colonies looked for. In each of these crosses, about 5% of the Lac4* 
prototrophs were heterozygous. Crosses of .4 X C gave the same result. 
If is located on a chromosome, it is effective whether present in 

one or both parents. 

In further studies still in progress, C has been crossed with multii)Ie 
fermentation mutant stocks, T —L—Bi — Laci —Mal“Gal —Ara —Xyl—, 
and some also Mtl—. Such stocks were developed by irradiations 
on EMB — media, in sequence. As before, about 5 to 10% of the + proto¬ 
trophs isolated from EMS lactose or xylose plates are heterozygous. 
However, these cultures arc not uniformly heterozygous for all the factors 
in which the parents differed. It is especially notable that in over a 
hundred heterozygotes obtained in this way, Mai has never been hetero¬ 
zygous. Usually, the cultures are pure Mai — , sometimes Xylr 

cultures are equally often Lacr' or pure for Lac, as well as the converse. 

It remains to be decided whether the “pure" charactexs are homozygous 
or hemizygous. The Mai locus which, as mentioned, has always been 
“pure" is probably hemizygous, as shown by reversion studies. If the 
cultures were homozygous, Mai— would be twice represented, i.e., 
Mai—/Mai—. Reverse mutations of one of these genes should Iea<i to 
heterozygosity at the locus. Preliminary tests on reversions for Mai in 
these stocks have invariably given pure Mal+ cultures, although they still 
segregated for other factors. This suggests that Mai is represented only 
once, that it is hemizygous, and, therefore, that there is deficiency for a 
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region including this locus. This tentative conclusion is in accord with 
the aberrant segregation of I>ac (excess of Lac — ) observed in II-1. The 
hypothetical deficiency would be lethal in a haploid, and lead to the loss of 
segregants carrying the alleles linked to it. 

Some quantitative studies of segregation and crossing over have been 
carried out on these a)mplex heterozygotes. 11-72 segregates both for 
lactose and xylose fennentation. Segregation was pertuittcd to occur 
**ennmsse” in heavy cultures in nutrient broth, the cultures diluted and 
plated on EMB— xylose and EMB—lactose. Of 895 colonies on EMB — 
xylose, 19 were still Xylr; 815 Xyl— and (>1 Xyl+. The Xyl+ were 
all Lac—. The segregation ratio is 815—:61+ or more than 18:1. 
Similarly, of 753 colonies on EMB—lactose, 23 were still Lact'; 654 Lac — 
and 76 Lac+ (all of which were Xyl—). Thus, no I^ac+Xyl+ segre¬ 
gants were observed in this sample. The other classes are coni[)uted to 
be Lac—Xyl— 83%, Lac—Xyl+ 7% and Lac+Xyl— 10%. These 
figures might be accounted for by mapping: 

Xyl+ 7.7 Lethal 11.2 Lac+/Xyl- . . . Lac-. 

To justify these conclusions, independent mapping of Xyl, Mai, Lac 
will be necessary. 

Four hundred ten segregants were tested both on EMB — lactose and on 
EMB —xylose. Segregation was always complete; Le., no cultures were 
found which had segregated for one factor, and not for the other. This 
eliminates interpretations based on new segmental losses, or on some forms 
of autogamy. 

It may be argued that the unequal segregations are due to selection. 
This factor cannot be excluded, but the dominant segregant differs from 
diploid to diploid. That is to say, other heterozygotes have been isolated 
from parallel crosses which gave an excess of Lac+ rather than Lac — 
segregants, or Xyl+ more than Xyl — or both. It seems more likely that 
the ratios observed are based upon the genetic constitution of the hetero¬ 
zygote. 

The Lac+ character of Laci heterozygotes shows that Laci+ is domi¬ 
nant to Laci—. A number of other loci have been identified, mutations 
at which lead to the inability to ferment lactose.. At two more of these 
at least, the + allele is dominant* Cultures carrying Lac#— or Lac 4 — 
were crossed to stocks carrying Laci—. A large proportion of the 

Lac+ prototrophs seen on EMS—lactose turned out to segregate for lactose 
fermentatiot!. Thdr variegation, however, was generally periclinal 
ratlier than sectorial, with dark, Lac+ centers and light, Lac — margins 
with only occasional streaks of Lac+. This difference is to be expected, 
since each of the chromosomes of the diploid carries a Lac— irmtation. 
Therefore, only those segregants in which there has been a crossover 
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between the two Lac loci, bringing the + alleles into coupling phase wiU 
be lactose positive. Ttiat these cultures are segregating for two Lac — 
factt)r8 has been confirmed by physiological and genetic tests on the 
segregants. 

Heterozygotes from Standard Crosses ,—All the heterozygotes so far re¬ 
ferred to are the issue of crosses involving the hypothetical factor 

derived from //-I. In these crosses, several per cent of the prototrophs 
are demonstrably heterozygous. Previous and current controls showed 
that, if they occurred at all iii '‘normal’' crosses, they must be very much 
rarer. In order to make a more thorough test, advantage was taken of 
the very close linkage (less than 1% recombination) which has been 
observed between the Laci and Laci loci mentioned above. B — M —■ Laci — 
Lac 4 + was crossed with T—L —Ri—Laci+Laci—. Much less than 1% 
of the prototrophs of this cross on EMS—lactose are Lac+. It was reasoned 
that a Lac+ prototroph might represent either a very rare crossover, or a 
diploid in which the + factors were carried on opposite chromosomes. 
Because most haploid recombinants, being Lac—, can be set aside by 
inspection, this is a fairly efficient way of screening for rare diploids. In 
this way, heterozygous diploids were also obtained from normal stocks, 
not carrying “/feif,” but they constitute only about 0,1% of the proto¬ 
trophs. These prototrophs are generally similar to the previous ones, 
except that they are somewhat more stable. It has not been established 
whetlier new ‘7/e/” mutations have occurred here. When these diploids 
are singly heterozygous for varioUvS sugar fermentatioti factors, they also 
show non-random segregations, but tliese mutations are not the same as 
those in the “TTe/” series, so that a direct comparison is not yet possible. 

Discussion ,—It is not clear what relationship there is between the 
exceptional persistence of these diploids, and the abnonnalities in their 
segregation. There may be some direct connection between their hetero- 
ploidy, i.e., deficiency for the Mai region, and the prolongation of the 
diplophase. But the very disturbing possibility has not been discounted 
that these heterozygotes merely reveal a situation which also oj^erates in 
the formation of haploid prototrophs from transient zygotes. If this is 
so, the linkage map of E, coli K-12 will have to be systematically re¬ 
examined, with the use of several unrelated sets of stocks. In any case, 
the discrepancies affect only the details of chromosome behavior. These 
heterozygotes^ on the other hand, have provided an unexpected con¬ 
firmation of the sexual basis of genetic recombination in this bacterium. 

Although the heteroploidy is somewhat of a limitation, heterozygote 
formation is a very hdpful tool in genetic analysis. Since aH types of 
recombinants, not only prototrophs, can be recovered, it is feasible to 
extend pedigrees to several generations, and interesting combinations of 
factors can be put together in a form allowing their use in crosses. For 
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example, a LaCi — mutation occurring in a T — L — Bj — stock has been trans¬ 
ferred to a combination with B — M—, allowing it to be compared genetically 
in crosses with other Lac— mutants induced in T —L — Bi— material. 

The experimental production and maintenance of diploids raises ques¬ 
tions of dominance and dosage effects. It has already been noted that 
the normal alleles of several biochemical mutations are dominant, although 
quantitative comparisons of enzyme competence in heterozygotes, haploids 
and homozygotes remain to be carried out. The dominance of the type 
sensitive alleles of genes for phage resistance sui)ports, at least in part, a 
segregation interpretation for the delayed effects noted by Demerec and 
Ivatarjet in induced resistance mutations.® On the other hand, for the 
study of phcnotyj)ic lag in bacteria/ segregation provides a far larger 
and more reproducible source of material than niututioTi. 

In respect to lactose fermentation, such a lag cannot last more than a 
few cell generations in this material, in view of the appearance of numerous 
IvHc — sectors in Lace colonies on EM H — lactose agar. The tnasking effects 
noted® with yeast asci segregating in the pre.scnce of the substrate have 
thus not beeen found here. 

Cytological and single cell studies on these strains are in progress. 

Summary --li. Unstable prototrophs have been isolated from certain 
crosses in E. coli K-12, and characterized as segregating heterozygous 
diploids. 

2. The capacity to produce appreciable numbers of persistent hetero- 
zygous diploids is inherited. 

3. The segregation of various mutant factors is strongly biased, possibly 
due to a recessive lethal deletion including a locus affecting maltose fer¬ 
mentation. 

4. In the heterozygotes, the type + alleles of factors controlling several 
fermentations and nutritional requirements are dominant. Sensitivity to 
bacteriophage T1 is dominant to resistance. 

* Paper No. 301 from the Department of Genetics, College of Agricnlture, University 
of Wisconsin. This work has been aided by a grant from the Wisconsin Alumni Re¬ 
search Foundation. The author is indebted to Professor James F. Crow for his stimulat¬ 
ing discussions. 

1 Tatum, E. L., and Lederberg, J., 7. Bad., 53, 673-^84 (1947). Lederberg, J., 
Gmetics, 32, 605-525 (1947). 

* The composition of EMS-, in grams per liter, is; Sodium Succinate 5; (NH 4 )*S 04 
5; NaCl 1; MgS 04 1; KtHP 04 2; Agar 15; Methylene Blue Hydrochloride 0.066; 
Kosin Y 0.4. This formula is conveniently stored as a dry mixture of the powdered 
components. 

»Demerec. M., and Latarjet, R., Cold Spring Harbor Symposia Quant, Biol,, H, 
38-60 (1946). 

< Newcombe, H, B., Genetics, 33, 447-476 (1948). 

* Spiegelman* S., Lindegrcn, C. C.. and Lindegren, G., these Prockedings, 31, 95-102 
(1945). 



Vou 35, 1949 


GENETICS: R. P. WAGNER 


m 


THE IN VITRO SYNTIIKSIS OF PANTOTHENIC ACID BY 
PANTOTHENICLRSS AND WILD TYPE NEUROSPORA 

Bv Robert P. Wagner* 

Genetics Laboratory, University of Texas, Austin, Texas 
Communicated by J. T. Patterson, February 26, 1949 

It has been demonstrated by Wagner and Guiratd^ that the resting my¬ 
celium of wild type Neurospora is able to synthesize pantothenic acid in 
the presence of /?-alanine and pantoyl lactone (DL-Q(-hydroxy-i3,^-di- 
methyl-y-butyrolactone). The in vivo synthesis of pantothenate from 
these precursors cannot be performed, however, by the pantothenicless 
mutant 5531. If the wild type mycelium is treated with acetone to kill 
the cells and then dried with acetone, the resultant preparation can also 
be shown to possess an active enzyme system capable of carrying out the 
above synthesis in vitro A 

This present communication is concerned with an extension of the 
investigation of in vitro synthesis of pantothenate by Neurospora, Three 
strains, Emerson wild type 5250A, and two jiantothenicless mutants, 5531A 
and 34550A, were used. Both mutants appear to be due to a change at the 
same gene locus. The two differ in that 5531 was induced by x-rays and 
34556 by ultra-violet light.* 

ExperimentnL Activity of Intact and Water Extracted, Dried Mycelium: 
Fresh Mycelium of 5256, 34556, and 5531 was treated with acetone ac¬ 
cording to the metliod previously described.^ The resultant preparations 
arc described in what follows as intact, acetone-dried mycelium. The 
activity of t;hese preparations with respect to the production of panto¬ 
thenic acid from the precursors, ^-alanine and pantoyl lactone was tested 
at three different temperatures. In each case the reaction mixture con¬ 
sisted of 50 mg. of acetone-dried material/llask suspended in 25 ml. of 
0.04 M potassium phosphate buffer at pH 6.5. In the case of those flasks 
to which precursors were added, an initial concentration of 0.004 Af'of 
each precursor was used. The flasks and contents were sterilized by 
autoclaving and cooled before the addition of the acetone preparations. 
Incubation was carried on for twenty-four hours with constant shaking at 
22°. 27° and 35°C. The flasks were then steamed, the solids filtered out 
and the filtrate assayed for pantothenate with Lactobacillus arahimsus by 
the method of Skeggs and Wright.* The results are presented in table 1, 
as Mg. pantothenate produced/50 mg. mycelium/twenty-four hours, both 
in the presence and absence of the two precursors. 

Ten grams of each of the intact, acetone-dried preparations were washed 
in 1000 ml. of distilled water for several hours with constant shaking and 
then filtered. The residues (R) were dried with acetone and weighed. 
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In the case of each strain the residue was found to have lost ca. 50% of 
the original weight of the unextraeted preparation. The filtrates were 
each reduced in vacuo to 200 ml. The water-insoluble residues (R) were 
tested for activity in the same way that the intact preparations were tested 
using 50 mg. of R per flask. The concentrated filtrates (S) were sterilized 
by Seitz filtration and tested for activity at 35° with and without the cor¬ 
responding residues. An amount of S (1 ml.) equivalent to 50 mg. of 
intact, acetone mycelium was added to the flasks. Table 2 presents the 
results of these tests. 

AcHvity of the Concentrated Water Extract: The concentrated filtrate (vS) 
from each strain was added in several different ml. concentrations to a set 
of flasks containing the precursors and 50 mg. of the respective residues. 



PIOURB 1 

The effect of added excess filtrate (S) on 
the production of pantothenate. 



FIOURB 2 

The effect of the precursors ou the 
’growth of the pantothenkless mutants. 
A» 6531 plus precursors; B, 6631 without 
precursors; C, 34666 without precursors, 
D, 34666 plus precursors. 


Incubation was at 35° for twenty-four hours. The results are described 
by figure 1. 

The Effect of the Precursors on the Growth of the Mutants: The mutants 
34556 and 5531 were grown for four days at 35° and pH 6.6 in the presence 
of 0.004 M ;3-alanine and pantoyl lactone, and various concentrations of 
Ca pantothenate. A control series without the precursors, but with Ca 
pantothenate, was tested simultaneously. The results of this experiment 
are given in figure 2. 

Growth of the Mutants on Paniotkenate Synthesized^ in Vitro: The panto- 
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thenicless mutants were inoculated into media containing various concen¬ 
trations of pantothenate synthesized by the acetone preparations of these 
same strains which had been previously assayed with L. arabinosus. The 
pH of the medium was at 6.5, the temperature, 35°, and the incubation 
period, four days. Controls were run simultaneously with Ca panto¬ 
thenate. Figure 3 sliows the growth response of 5531 to pantothenate 
synthesized by 5531 in vitro, and figure 4 the response of 34556 to its 
corresponding source of pantothenate. The data from the corresponding 
controls are included in each case for comparison. 



FlGtTRE 3 

Growth of 5631 on Pantothenate synthe¬ 
sized in vitro by 5531. 

O pantothenate synthesized by 5613 
• Ca pantothenate control 



FIGURE 4 

Growth of 34556 on pantothenate syn¬ 
thesized in vitro by 34556. 

O pantothenate synthesized by 34556 
# Ca pantothenate control 


Discussion .—The data presented in tables 1 and 2 demonstrate that the 
pantothenicless mutants, 5531 and 34556, as well as the wild type Nmro- 
spora, possess an enzyme system capable of carrying out the in vitro 
synthesis of pantothenic acid from iS-^anine and pantoyl lactone. There 
is a difference indicated in the system possessed by mutants when 
compared to the wild type with regard to the effect of temperature, but the 
enzyme is active to the same degree in all three strains at 35°. The 
enzyme in each strain consists of at least two parts, a water-insoluble 
residue (R) >ind a water-soluble portion (S) which is inactive alone, but 
which increases the activity of R when combined with it. 

The data in figure 1 when combined with the data in tables 1 and 2 show 
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that the concentration of S is limiting, with the concentration of precursor 
used, in the synthesis of pantothenate by the intact and washed acetone 
preparations. The amount of pantothenate synthesized in the presence 
of excess S, as shown in figure I, leaves no doubt that there is present in all 
three strains a mechanism active in this synthesis. This considerable 
increase in pantothenate production cannot be accounted for by the 
pantothenate present in S, which is 0131, 0.48 and 0.G5 jug./ml. for 525(5 (S), 
5531 (S) and 34550 (S), respectively. 

TABtJC 1 

Thk Aciivitv of Intact, Acetone-Dried Mycelium 


ACKioNK --.- .-27®——-■™., -35... 


I'RKPARATION 

o 

P 

O 

P 

O 

l» 

5255 

4.0 

12.5 

2.8 

55.0 

2.3 

48.0 

5531 

0.51 

0.55 

1.8 

13.0 

1.5 

47.0 

34555 

4.2 

8.3 

1.5 

9.5 

1.5 

45.0 


patitotlienate pro(liict*d/50 mg. intact, acctonc'dricd mycclinm/twcnty-foiir 
hours by 5250 (wild type) and two piintothenidess strains, 5531 and 34550, at three 
different tetnperaturCvS. O designates absence and P presence of both tiautoyl lactone 
and ^'Ulauinc. 

TABLK 2 


The Activity of Water-Soluble and Water-Insoluble Fractions 


RBACTlON MIXTCKK 

5256 

I 

:u55r) 

Residue alone 

0.43 

0.55 

0.90 

Residue 4* precursors 

12.0 

13,0 

12,0 

Filtrate + precursors 

0.42 

0.05 

0.05 

Residue + filtrate -f precursors 

48.0 

78.0 

08.0 


/ig. pantothenate produccd/50 mg. residue/twenty-fotir hours. The amount of 
filtrate added was equivalent to 50 mg. of intact acetone dried myceliutn. Temperature 
ut 35 

The water-soluble factors appear to lie identical in activity for the three 
strains, since they can be substituted for one another with results com¬ 
parable to those given in figure 1. In addition the factor or factors are 
dialyzable and heat stable while the water-insoluble fraction is not. Fur¬ 
ther work has been done on the coenzyme indicated, and these results will 
be recorded elsewhere. It is evident that 3455(3, 5531 and 525(5 each 
have the same or a similar coenzyme involved in the production of panto¬ 
thenic acid from (5-alanine and pantoyl lactone. 

In all of the experiments discussed above the production of pantothenate 
was determined by assaying with L. arabinosus. It was necessary, there¬ 
fore, to esl^abUsh the activity of the pantothenate for the mutants* Since 
the reaction mixtures containing pantothenate also had uncombmed 
pantoyl lactone and ^-alanine present, the effect of these compounds on 
the growth of the mutants was determined as shown in figure 2, It can 
be seen from these data that no growth occurs in the absence of panto- 
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thejiate with the precursors present, and there is no increase in growth 
over the controls in the presence of the precursors and limiting amounts of 
pantothenate. There docs seem to be a slight but consistent benchcial 
effect of the precursors on the growth of 5531 at optimal concentrations of 
pantothenate. 

In view of the inactivity of the precursors, the data in Figures 3 and 4 
definitely establish the activity of the pantotheiiate synthesized by 5531 
and 34556 in vitro for these mutants. The results reported here were 
obtained by using pantothenate synthesized in the presence of excess 
coenzyme. Similar results were obtained by using the pantothenate 
synthesized by intact, acetone-dried mycelium, and also with pantothenate 
synthesized by wild type. 

These findings are of interest in connection with the current hypotheses 
dealing with the postulated gene enzyme relationship. According to one 
of these hypotheses* 5531 and 34556 are mutant because they are incapable 
of synthesizing their own pantothenic acid due to a blocking of the reaction 
coupling /^-alanine and pantoyl lactone. 'Phe block may be caused by the 
absence of the necessary enzyme or coenzyme or by inhibition, This 
interpretation is supported by the fact that (1) wild type is stimulated to 
produce pantothenic acid by the presence of these two compounds,^ (2) 
by the demonstration that these compounds together do not support 
growth of the mutants, and (3) by the report that these precursors accu¬ 
mulate in the medium when the mutant 5531 is grown in the presence of 
pantothenate.® (Strain 34556 has not as yet been tested for accumulation 
of precursors.) The data presented in this report rule out the enzyme 
absence hypothesis for these mutants, assuming that we are correct in 
concluding that it is this particular step in the synthesis of pantothenate 
which is involved. It is then necessary to conclude that the mutants 
possess a mechanism which is active in vivo in preventing this enzyme 
system from operating in pantothenate synthesis. 

The pantothenicless mutants 5531 and 34556 of Neurospora 
possess, like wild type, an enzyme system for the synthesis of pantothenic 
acid from i(?-alanine and pantoyl lactone in vitro. 

* A portion of this work was done while the author was a research fellow at the Cali* 
fornia Institute of Technology during the summer of 1948. 

^ Wagner, R. P., and Guirard, B. M., these Procbedinos, 34, 398"402 (1948). 

* Houlahan, M., Private Communication. 

» Skeggs, H, R., and Wright, L. D., J. Biol Chem., 156, 21 (1944). 

* Beadle, G. W., Chem. Rev., 37, 15-96 (1945). 

‘ Tatum, E. L., and Beadle, G. W.. Ann. Missouri Boian. Garden, 32, 125-29 (1945). 
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BOUNDS FOR THE SOLUTIONS OF A SBCOND^ORDER LINEAR 
DIFFERENTIAL EQUATION 

By Walter Leighton 

Department of Mathematics, Washington University 

Comitmnicated by Marston Morse, February 15, 1949 

In this note we consider self-adjoint differential equations of the form 

(r(x)y')' + p(x)y = 0, (1) 

where r, p and {rp)' are continuous and r and p are positive on /: a< x < 
00 « 

Thborrm. If (rp)^ > 0 on /, every solution y(x) of {!) is hounded on I. 
If (iP)' ^ 0 on It 1I < M/r(x) on /. 

It is easy to verify that if y(x) is a solution of (1), 

{ryy + rpy^ - + X* {rp)ydXt (2) 

where is a positive constant. Suppose the maximum M of |y(jc)| on 
[a, .t] is assumed at =» f. Then 

r(f)y'(f)2 + rimOAP + fj{rp)ydxt 

and 

+ AP (rpYdx. 

It follows that < P/r{a)p{a). Since P/r{a)p(a) is independent of x% 
tlie first statement in the theorem is proved. The second statement in 
the theorem is an obvious consequence of (2). One notes incidentally 
that if (r/))' < 0 on /, rpy^ < M. 

In the corollaries which follow the theorem is applied to detennine 
bounds for the solutions of a differential equation in so-called normal form 
of(l): 

yo" + po{x)yt = 0, (3) 

where we assume Pq{x) to be class C on /. It will be observed that the 
method employed is also available for equations not in this form. 
Corollary 1. If R{x) is a positive function of class C'" on 1 such that 

rp « + PoR) > 0 (4) 

and {rpy 't.O on I, every solution yo(«) of (3) satisfies the condition 

Iyo(*)| < MR{x). 

To prove the corollary it is sufficient to note that the transformation 
yo “ r'^’y(r’'^* ■* J?) carries (3) into (1), where p is defined by (4). 
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“Bestness” of the corollary's conditions follows from the readily veri¬ 
fiable fact that the general solution of the differential equation + 

pf^) — 1 can be given the form i?* « ayi* + + ^cyiy^ {ab «= + 

where 5 is the Wronskian of the solutions yi and yz of (3). 

A frequently useful consequence of Corollary 1 may be obtained by 
writing « q. We have then the following result. 

Corollary 2. If there exists a number a suck that tt =» — a + 

a*) > 0 and x' >0 an If a solution yo(^c) of (3) has ike property that\ yo(^) | ^ 
Mx" on /. 

To prove this corollary one sets i? » in Corollary 1. 

The method suggested in the preceding corollaries is also available for 
determining bounds for the derivative of a solution y(x) of (1). One simply 
observes that z =» r(x)y\x) is a solution of the differential equation 

-I- » Q, (5) 

which is of the form (1). 

Example: To study the differential equation (3)' y*^ + — 0 

( 4^2 4^2 _ ;[ > Q) apply Corollary 2 with a = V 2 . Thus|y(:r) | < 

Mx^^*, Equation (5) becomes + 0-0, which under the trans¬ 

formation z « ax'^'^w becomes + a-x 'hv 0. Thus | w\ < and 
|y^(^)| < Solutions of (3)' are readily seen to be sin k log x 

and cos k log x. 

The bibliography of this problem is voluminous. Further references 
to the literature will be found in the list of papers which follows. 

Bellman, Richard, "The Boundedness of Solutions of Linear Differentia! Equations," 
Duke Math, J„ H, 83-97 (1947). 

Boos, M., Boas, R. P., Jr., and Levinson, N,, "The Growth of Solutions of a Differen¬ 
tial Equation," Ibid,, 9, 847-863 (1942). 

Hille, Binar, "Non-Oscillation Theorems," Trans. Am. Math. Soc., <54,234-252 (1948). 

Levinson, Norman, "The Asymptotic Behavior of a System of Linear Differential 
Equations," Am. J. Math.f <58, 1-6 (1946). 

Weyl, H., "Comment on the Preceding Paper,” Ibid., 68, 7-12 (1946). 

Wintner. A., "The Adiabatic Linear OscUlator," Ihid.f 68, 385-397 (1946). 
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PRINCIPAL QUADRATIC FUNCTIONALS AND SELF-ADJOINT 
SECOND-ORDER DIFFERENTIAL EQUATIONS 

By Walter Leighton 

Dkpartmknt of Mathematics, Washington University 
Communicated by Marston Morse, February 15, 1940 

i. Principal Quadratic FunctionalsK principal quadratic functional 
is defined to be a functional of the form 

/ - Hx)y'^ - p{x)y^]dx (b > 0), (1) 

where r(x) and p(x) are continuous and r(x) > 0 on the interval 0 < x < b. 
A function y{x) and the curve y = are said to be A-admissible^ on 
0 < X < b if 

1. y{x) is continuous on 0 < ^ ^ and y{0) = 3 '(^) = 0; 

2. 3 ^(jc) is absolutely continuous and in L on each closed sub¬ 

interval of 0 < X < 6. 

Theorem 1. If p{x) > 0 when x is near zero and if 
Hni SJ" P{x)dx « +00, 

there exists an A-admissible curve y ~ y{x) along which J assumes a finite 
negative value. 

The above theorem generalizes certain earlier results.^ 

Theorem 2. If p{x) > 0 near x — 0, if there is no point onO < x <b 
conjugate to x 0, and if 

lim pix)dx 

is finite^ then 

lim infX^(ry'2 — py^)dx > 0 (2) 

for all A-admissible functions y(x). 

. Inasmuch as x = 0 is, in general, a singular point of /, the classical defi¬ 
nition of the conjugate point is not valid. The definition used here is 
the generalization of the usual concept which wafe employed in a paper by 
Morse and Leighton.^ 

Let y(x) 0 be an extremal orthogonal to the line x » Xq > 0. If 
X a is the first zero following x « Xo, lim a as Xo 0+, when it exists, 
is called the focal point of the y-axis. It can be shown that if the y-axis 
contains its focal point, there exists an A-admissible curve y « y(x) along 
which J assumes a finite negative value. 

The focal point solution y(x) of the Euler equation of J may be defined 
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(when X »= 0 is not its own first conjugate point). Its smallest positive 
zero, if it exists, is the focal point of the 3 ;“axis, and conversely. 

A curve y = y(.r) is said to be -P-adraissible^ if 

1. y{x) is continuous on (0, b] and y(l)) = 0; 

2. y{x) is absolutely continuous and is in L on each closed sub¬ 

interval of (0, b]. 

Theorem 3. If p{x) > 0 near x = 0, the limit {2) is > 0 for all F~ 
admissible curves y = y(x) if and only if there is no focal point of the y-axis 
on 0 ^ X < b, 

2, The Oscillation of Solutions of a Self'•Adjoint Second-Order Linear 
Differential Equation; a Neiv Normal Equationr ~NJit study the detection 
of an infinity of oscillations of the solutions of the equation 

[r(x)yr + pix)y - 0, (3) 

where r(x), r'(x) and p(x) are continuous and r(.r) > 0 on 0 < < «>. 

The following theorem appears to be fundamental. 

Theorem 4. If p{x) > 0 near x = + a^id if 

dx r - 

j, m-J, 

every solution of {S) has an infinity of zeros on the interval 1 <x < ». Simi¬ 
larly, if p{x) > 0 near x == 0+, and if 

r r . 

J. ■ J. ■ + ” 

every solution of (3) has an infinity of zeros on the interval 0 <x < L 
The proof is elementary. 

Roughly speaking the theorem is most sensitive when J*dx/r{x) diverges 
slowly. This suggests the study of the normal equation 

{xyy + p(x)y = 0 (4) 

as superior for many purposes to that of the classical form y' + p{x)y = 0. 
Equation (3) can be transformed into (4) by the substitution y ^ {x/rf^h. 
The following result is valid. 

Theorem 5. If p{x) > 0 and 0{x^*^){a > 1) for x large, a non-null 
solution of (4) has at most a finite number of zeros on 1 <x < co. Similarly, 
if P{^) > 0 and 0{x"‘^){ot < 1) near x — 0+, a non-null solution of (4) has 
at most a finite number of zeros on 0 <x < 1, 

Detailed proofs of the theorems stated and of others, as well as a more 
complete bibliography, will be published elsewhere. 

^ Morse, M., and X^ighton, W,, ^‘Singular Quadratic Functionals/* Trans. Am. Math 
Soc.. 40, 262-286 (1936). 
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THE MECHANISM OF PROTEINURIA^ 

By T. Addis 

Stanford Univkrsity Medical School, San Francisco f 
Read before the Academy, November 16, 194S 

During the last war the Office of Scientific Research and Development 
gave this laboratory an opportunity to observe some effects on the kidney 
of various materials that had been suggested as possible substitutes for 
blood plasma lost in battle casualties. One of the methods we used was 
to inject large amounts of the proposed blood substitute into the peritoneal 
cavities of 150-g. 9 rats (060 mg. of the material in 6 per cent solution). 
When a single injection was given we found, in consonance with the work 
of others,^ that the rate at which the kidneys excreted any protein de¬ 
pended, first of all, on its molecular weight. Thus proteins whose molecu¬ 
lar weight was about 34,000 (egg albumin, globin and Bence Jones 
protein) were rapidly excreted, proteins with a molecular weight of 70,000 
(preparations of bovine or human serum albumin) gave only a slight and 
delayed increase over the usual amount of protein in the rat^s urine, while 
globulins (molecular weight about 150,000) were not excreted at all. 
However, when we began to give repeated injections, we found that even 
proteins with a molecular weight of 70,000 began to appear in the urine 
until the rate of excretion rose to very high levels and the kidneys were 
excreting in 24 hours more than their own weight of protein. 

Clinicians are called on to treat patients who excrete considerable 
amounts of protein in their urine. The current supposition is that in 
tliese people disease of one sort or another has damaged the glomerular 
membrane so that it has become permeable to protein. The absence of 
protein in the urine of healthy people is seen as a consequence of the fact 
that the normal membrane allows no protein to pass into the urine. This 
supposition is based on the classical experimental work of Wearn and 
Richards® who first demonstrated that the glomerulus is a filter when they 
succeeded in obtaining minute amounts of fluid from Bowman’s capsule 
and showed tliat it was a filtrate of the plasma perfusing the glomerulus, 
since the concentration of various small molecule solutes was the same in 
the fluid as in the plasma. This filtrate they found to be “protein-free,’^ 
or, at least, it contained less than 30 mg. of protein per 100 cc., which was 
the lowest concentration that could be detected with the most sensitive 
tests they used. There is thus a sound foundation for the present clinical 
idea about proteinuria. It might even be regarded as beyond assail if 
it were not that the volume filtered by a man in 24 hours is about 180,000 
cc., so that even if the concentration of protein were only 10 mg. per 100 
cc., i.e., too small to be detected, 18,000 mg. would every day leak through 
the membrane. 
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We agree that this simple hypothesis as to the mechanism of proteinuria 
should not be discarded simply because human or bovine proteins of 70,000 
molecular weight, do, in the end, and after repeated injections, induce 
intense proteinuria in the rat. These are "foreign"’ proteins. We cannot 
be sure that they may not appear in the urine because they somehow 
render the glomerular membrane more permeable to protein. It is another 
matter when we find that proteins from the rat’s own blood serum induce 
the excretion of large quantities of protein, particularly when the injections 
of serum appear to leave the animals wholly undisturbed. For in this case 
it would appear that the injections have done no more than increase the 
concentration of the proteins that are always flowing through the glomeru¬ 
lar capillaries. These considerations led us recently to repeat and extend 
our first observations on the effect of injecting rat serum into rats that 
we made some years ago during the war. 

TABLE 1 

Proteinuria Following Kach Injection ok 5 Ml. of Rat Serum per 100 Sq. Cm 
OF Bonv Surface (6.0 G. Protein per 100 Cc.) Every 48 Hrs. Controls Given 
THE Same V^olume of 0.85 Per Cent NaCl Solution 

.— “tmrNB PROTieiN-.- sbkiim pkotkin- 




hat SKRffM, 

NaCl, 

rat sbkum. 

NaCl. 



Mn. PKR 

MO. RJiR 

«. PKR 

n. PKH 

UAV 

INJECTION 

24 HRS. 

24 HRS. 

KM) cc. 

100 cc. 

1st 

+ 

7 

2 

7.2 

5.7 

2nd 


3 

3 



3rd 

4* 

19 

3 



4th 


3 

2 



6th 

+ 

18 

2 

8.3 

6.1 

6th 


7 

2 



7th 

+ 

23 

2 



8th 


6 

2 



9th 

4- 

45 

2 

8.5 

5.7 


In table 1 we give average 24-hour rates of excretion per rat obtained 
from two groups^ each containing 0 9 rats of about 150 g. body weight. 
The protein was determined by a modified biuret method.* One group 
was given intraperitoneal injections of rat serum and the other, the control 
group, injections of the same volume of 0.85 per cent NaCl solution. 

To us the significance of the data given in table 1 lies in the fact that 
the slight but very definite and increasing excretion of protein that followed 
each'successive injection of rat serum was found in a group of rats 
that seemed to be in better health than the control rats given salt 
solution. At the end of the ten-day period the average control body 
had fallen from 149 to 138 g. while the rat serum injected group that 
started at 150 g. had a body weight of 148 g. Both groups were on a 
protein-free diet of 36 per cent glucose in 0.4 per cent NaCl with 1 per cent 
of a mixture of B vitamins. Since we have found that the intraperitoneal 





196 


FA THQLOG Y: T, A DDIS 


Proc, N. a. S. 


injection of horse serum into rats prevents the loss of protein that other¬ 
wise occurs on a glucose diet** we suppose that the condition of the serum 
injected rats was better because they were able to use for anabolism some 
of the rat serum protein we injected. We stress this point because if the 
injections had disturbed the health of the animals the proteinuria might 
have been a consequence of damage to the glomerular membrane. It is 
true, of course, that the injections increased the concentration of protein 
in the blood. The hematocrit changes indicated that one of the effects 
was a dilution of the blood in respect of its red blood cell content. But 
these changes are neither sudden nor extreme, because the absorption of 
the seniin from the peritoneal cavity occurs slowly over a period of several 
hours. Neither the rate of urine flow nor the blood serum urea concen¬ 
trations indicated any deviation from normal renal function. This was 
a pure proteinuria. Under these circumstances we think it would be far¬ 
fetched to postulate a change in glomerular permeability due to injury. 
We think that some protein was always escapitig through the membrane 
and that the rate of escape was increased by the increase in serum protein 
concentration that we induced. 

The intensity of the proteinuria induced by rat serum injections is 
greatly increased if the itijections arc given at shorter time intervals. 
When 4 injections of the. same volume of scrum containing 0.2 g. per 100 
cc. are given over a period of 48 hours steeply rising rates of excretion are 
observed, until after the fourth injection rates corresponding to over 4Q0 
mg. of protein per 24 hours arc delivered from kidneys that contain only 
100 mg, of protein—a rate, in respect of the size of the kidney, higher than 
we ever obtain from human kidneys no mattef to what degree disease 
may have damaged the glomerular membrane. These very high rates 
per gram of kidney arc associated with unusually high levels of serum 
protein concentration, sometimes exceeding 12 g. per 100 cc. Here, again, 
we find no evidence of injury to the kidney, either in the formed elements 
in the urine or in the histological appearance of the glomeruli. There is, 
however, an increase in the weight of the kidney, which is due, predomi¬ 
nantly, to an increase, not of water, but of protein. Even with lesser 
degrees of proteinuria tliis increase in the weight of the kidneys occurs if 
the injections are reiterated. Thus in the case of the rats whose protein 
excretion after 5 injections is given in table 1, the salt injected group had 
kidneys that weighed 833 mg., while the group given rat serum had kidneys 
that weighed 1042 mg. We believe this weight increase is a consequence 
of the reabsorption of filtered protein by the proximal tubules. 

The rat is not the only animal in which proteinuria can be induced by 
injection of its own plasma proteins. Thorn and his co-workers found 
that patients with liver cirrhosis excreted considerable quantities of protein 
after reiterated intravenous injections of human serum albumin^ and 
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recently Whipple and his associates observed in dogs injected with dog 
plasma long-continued and high urinary excretion rates of albumins and 
globulins, with no evidence of glomerular damage.^* Admittedly such 
observations scarcely warrant positive conclusions. They are too indirect. 
Their value is negative and lies in the fact that they permit us to doubt the 
direct and seemingly compelling evidence given by Wearn and Richards 
that the glomerular filtrate is protein free and the normal glomerular 
membrane impermeable to serum albumin or any larger plasma protein. 
Nevertheless that freedom is important because once the idea is enter¬ 
tained that under normal conditions some protein may always be escaping 
into the urine we find many well-documented clinical, experimental and 
pathological observations can then for the first time be viewed as conse¬ 
quences of a quantitative intensification of processes that are physiological. 
We refer to the data on proximal tubule reabsorption of urine protein 
given by Gdrard,^ Oliver,*^ Dock,® Randerath,^^’ Smetana,*^ and Yuile 
and others^- and to the work of Rather,on the digestion of hemoglobin 
reabsorbed from the urine. The clinician who has to try to comprehend 
what he observes in patients with proteinuria finds that there are many 
questions that have to be laid aside as insoluble so long as he holds to the 
postulate of the absolute impenetrability to protein of the normal glo¬ 
merular membrane (capillary wall, basement membrane and epithelial 
membrane), and continues to believe that all proteinurias arise only bt‘cause 
of damage to the membrane. It remains true, of course, that tlie more 
complex idea of the mechanism of proteinuria as involving three processes, 
the filtration, the reabsorption and the intracellular digestion of protein, 
remains no more than a working hypothesis. But the advantage of the 
more complex view is that it is susceptible of experimental validation, 
correction and extension, though that will require the coordinated efforts 
of groups of workers etnploying the techniques of physical chemistry, 
histochemistry and enzyme chemistry, in conjunction with the simpler 
methods of experimental biology, 

* This work was made possible by a grant from the Public Healtli Service. 

t The author has removed to Institute for Medical Research, Cedars of Lebanon 
Hospital, 4751 Fountain Ave., Los Angeles 27, C-tilifomia. 

* Bayliss, L. E.. Kerridge, P. M. T., and Russell, 1). S., /. Physiol, 77, 386 (1933). 
Bott, P. A., and Richards, A. N., /. Biol Chem., 141, 291 (1941). 

* Wearn, J. T., and Richards, A. K,,Am. J, Physiol, 71,209 (1924). 

« Addis, T., Barrett, E., Boyd, R. I., and Hreen, H. J., 7. Exp. Med., 89, 131 (1949). 

^ Addis, T., Lee. D. D., Lew, W., and Poo, L. J., Am. J. Physiol, 128, 544 (1039- 
1940). 

» Thom, G. W., Armstrong, S. H,, Jr,, and Davenport, V. D., J. Clin, Invest., 25, 
304 (1946). 

* Terry, R., Hawkins, D. R., Church, E. H., and Whipple, G. H., J. Exp. Med., 87, 
661 (1948). 

7G4rard, P.. J. Anal, 70, 354 (1936). 
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* Oliver, J,, Harvey LeclureSt Series XL, 1944-1945, p. 102. /. Mount Sinai Hasp, 
IS, 175, (1948). 

» Dock. W., Nexv Eng, J, Med,, 227, 633 (1942). 

*0 Ranclerath, E., Ergeb* d, Allg, Path. u. Path. Anal, des Menschen u, der Tiere^ 32, 91 
(1937). 

vSmetana. H., Am. J. Path., 18, 1029 (1942) and 23, 255 (1947). 

Monke, J. V., and Yuile, C. L., J. Exp. Med., 72, 149 (1940). Yuile, C. L., and 
Qark, W. F., Ibid., 74, 187 (1941). Yuile, C. L., Steinman, J. F., Hahn, P. F., and 
Clark, W. F.. Ibid,, 74, 197 (1941). 

“ Rather. L. J,. Ibid., 87, laS (1948). 


CRYSl^ALLOGRAFHIC SYMMETRY IN RECIPROCAL SPACE* 

By M. j. Buerger 

Crvstallograpiiic Laboratory, Massachusetts Imstitutb of Technoloov, 

Department of Geoi.ooy 

Conimunicated by W. J. Mead, February 11, 1949 

Reciprocal space constitutes a useful tool for dealing with many diffrac¬ 
tion problems,* particularly problems concenied with the diffraction of 
x-rays by crystals. Wrinch- has shown that if a distribution has a point- 
group symmetry element through the origin, its Fourier transform in 
reciprocal space has the same symmetty element. For crystallographic 
purposes, it is desirable to go farther than this and inquire how the more 
general crystallographic symmetry elements appear in reciprocal space. 

Consider a symmetry element with a translation component, such as 
A, an n-fold screw through the origin, O, figure 1, Let the screw, for 
definiteness, lie along the crystallographic c axis. The figure shows two 
sets of planes related by an operation of the screw. One set of planes may 
be indexed hkl, the other A'^7', but both have the common interplanar 
spacing In reciprocal space, these sets of planes are represented by 
points P and P\ respectively. P lies on the normal to hkl, and P' lies on 
the nonnal to both nonnals extending from the origin. Both P 

and P' have the same origin distance, namely Since the direction 

of the nonnal is unaffected by the displacement of the planes due to the 
translational component of tlie axis, it is evident that the rotational com¬ 
ponent of the crystal symmetry element is preserved in the relative loca¬ 
tions of the points hkl and h*k*Y in reciprocal space. 

The relative phases of the two points, however, depend on the relative 
displacements of the two sets of planes from the origin.* In figure 1, the 
phase difference in reciprocal space corresponding with the displacement 
between two neighboring planes of the set hkl is 2 t. This difference can 
be measured by the displacement of the planes along the c axis. Since 
there are I planes per unit translation along the c axis, the total phase 
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difference per unit translation along the c axis is 2vL However, the 
translation component of the screw produces a displacement of planes 
only a fraction of a translation, namely (l/g)c, so that the phase difference 
due to this translation component is 2vl/q. 

Let the reciprocal at P be Fm^ In general, the phase of Fm is not 
zero, but some value, say <p. Thus the phase component of Fm in the 
complex plane is Then the phase component at P' according to the 

last paragraph is Since the absolute magnitudes at P and 

P' are identical, the reciprocals at these two points must be related as 
follows: 

where c/q is the translation component of the symmetry operation. Note 
that the phase difference vanishes for symmetry elements without a trans¬ 
lation component (i.e., q ^ 0), and also for indices such that l/q an 
integer. 



By permitting the rotational component of the symmetry element to 
include improper rotations, this result can be extended to include sym¬ 
metry operations of the second sort. Alternatively, corresponding results 
can be derived directly for reflections, glide-reflections and roto-inversions. 
Neither the sequence of planes from the origin nor their distances away 
from the origin are affected by the improper character of the rotation, so 
that the only effect that the nature of the rotation has on reciprocal space 
is with respect to the location of the point. 

As a consequence of these considerations, the following statement can 
be made: 

Theorem 1. If a crystal contains a symmetry element through a chosen 
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origin in direct space, its reciprocal has the isomorphous (translation-free) 
symmetry eletneni at the origin, but the points in the fields related by the opera- 
tions of the symmetry element have phases related by where p is the 

power of the operation relating the fields and a/q is the translation component 
of the operation. 

(For diagonal symmetry elements having the general translation com¬ 
ponent (a + b + c)/q, \i can be shown that (/t + ^ + /) should be sub¬ 
stituted for h.) 

In case the symmetry axis does hot contain the origin, but is displaced 
to a location having coordinates xa, yb, the planes hkl (along with their 
symmetrically equivalent planes) are displaced too, as shown in figure 2. 
Since there are h planes along a, and each separation corresponds with 
a phase difference in reciprocal space of 2tt, a displacement of the entire a 
translation corresponds to 2ir/r, I'herefore, the component of the dis¬ 
placement of the axis along a, of amount xa, corresponds with a phase 
difference of 2Txh. Similarly, the component of its displacement, of 



amount yb, along b corresponds with a phase difference of 27ryk. Conse¬ 
quently, the entire displacement of the axis from the origin to location 
xa, yb corresponds with a phase difference of 27 r{xh + yk) applied to 
Fmi in reciprocal space. Symbolically, 

Theorem 2. If a symmetry element is displaced by an amount ica + yb, 
the phase component difference produced on F^i accompanying this displace¬ 
ment is 

Space groups can be developed by adding to the lattice operations 
various generating operations isomorphous with the point-group operations. 
In the reciprocal of the space group, the translations of the lattice are 
responsible for limiting the non-vanishing values of the Fourier transform 
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of the crystal structure to the points of the reciprocal lattice in reciprocal 
space. The generating symmetry operations and their locations are 
responsible for fixing the relative phases at the points of the reciprocal 
lattice which are equivalent by the point-group symmetry. 

Theorem 3. For each generating operation of the cell of the space groups 
there is a symmetry relation between points in reciprocal space: The position 
and ahsolute-fnagnitude symmetry is the same as that of the point group iso- 
morphous with the space groupt non-vanishing values occurring only at points 
of the lattice reciprocal to the lattice of the crystal^ while the phases of the points 
related by this symmetry are governed by the translation components and posi¬ 
tions of the symmetry elements as well as the indices of the points {in accordance 
with Theorems 1 and 2). 

These theorems make it possible to write down by inspection, all the 
relations between Fs for a given space group for any chosen origin. The 
customary method of obtaining such information is the laborious structure- 
factor method.^ Theorem 2 also provides a tool for predicting the changes 
in phase relations which accompany any displacement of the origin of the 
space group. 

A space group is determined by the lattice type, the point group and the 
generating operations isomurphous with the point-group operations. 
Since each of these has a unique representation in reciprocal space fi)r a 
chosen origin, it is evident that all space groups can be distinguished by 
their representations in reciprocal space. 

This paper contains the essence of a lecture given at the Faculdade Nacional dc 
Filosofia, Rio dc Janeiro, December 24, 1948, on the subject, ‘‘Reciprocal Space.” 

* Garrido, Julio, “El Espacio Reciproco y su Aplicacion a Algunos Problernas dc la 
Difusi6n dc los Rayos X,” Real Academia de Cienciasde Madrid, Tomo II, Memoria No. 
1, 1947. 

* Wrinch, Dorothy, “Fourier Transforms and Structure Factors,” A,S.X,R,E,D 
Monograph, No, 2, February, 1946, pp. 10-12. 

* l^onsdale, Kathleen, Simplified Structure Factor and Electron Density Formulae for 
the 230 Space Groups of Mathematical Crystallography, O. Bell & Sons, Ltd., London, 
1936, pp. 7' 12. 


PHYSICAL CURVES IN SPACE OF n DIMENSIONS* 

By Edward Kasner and John De Cicco 

Departments of Mathematics, Columbia University, New York, and Illinois 
Institute op Tbchnoloov, Chicago 

Communicated February 25, 1940 

1. A system 5* of oo««“i curves in a given positional field of force' in 
Euclidean space of n dimensions consists of curves along which a con¬ 
strained motion is possible such that the osculating plane at each point 
contains the force vector F, and the pressure P (along the principal normal 
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to the curve) is proportional to the normal component N of F. Thus 
P ^ kN where is the constant of proportionality** 

The vector differential equation of a system Sjt of curves is 


i = (1 + k)F — i. 


( 1 ) 


2. Let Xi, Xg, . .., X», be the mutually orthogonal set of principal 
unit vectors, such that the scalar product (Xt, Xg, ...» X«) is unity, at a 
point X =* x^{a « 1, of a curve C. The Serret-Frenet formulas are 


ds 




( 2 ) 


for ^ = 1, . . Of course, #co = 0 and = 0. The quantities 

•.., are the {n — 1) curvatures of C at x. 

By means of (2), it is found that a system of 5* of ® curves, as defined 
by (1), is given by the equations 

1) - r, v^Kx « (1 + k)N, F - rXi + iVXg. (3) 


where T » {F\x) and N «= (FXa)- 

Eliminating the speed v from (3), we find that the intrinsic equations i 
of a system S,. of oo sn-i curves are 

" s - & - Hi 


The rate of variation dpt/ds of the first radius of curvature p\ ^ 1 /ki per unit 
length of arc is a linear integral function of pi with coefficients depending on 
jc, Xi, Xa only. That is, 




3 + fe 
1 + jfe ‘ 


(5) 


3. Consider any curve C along which a constrained motion is possible 
such that the osculating plane at each point of C contains the force vector 
F. We denote the totality of all such curves C by S. Thus S* is a subset 
of 2* 

At each point of a curve C of S, the osculating m flat where m <n contains 
the vector 

All the curves C of S which pass through a given point in a given direction 
have the same osculating plane and the same osculating three flat at this 
point provided that N ^ Q. The osculating m flat where w » 4» .. *, 
W I, varies* 

Let N 9 ^ 0. The second curvature is a fwuUon of x, Xi, X» only. If 
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K 2 9 ^ Of the third curvature k% is the square root of a quadratic polynomial in 
K\ with coefficients functions of x, \u Xj only, 

4, Consider the curvatures ku kz, •.of the curves of a system 
Sit* As Sit. is a special case of 2, it is seen that and kz have the properties 
described above. 

In general, the m4h curvature icmform ^ 3, 4, ^^n — 1, of any curve C 

of a system Sk, is the square root of a polynomial in ki divided by a polynomial 
in K\, 

The initial curvatures of the i curves of a system 5* which pass through 
a fixed point in a fixed direction obey the following laws. The first curva¬ 
ture Ki varies inversely as the square of the speed v. The second curvature 
k 2 is constant. The third curvature kz is the square root of a quadratic 
polynomial of kj. The fourth curvature k 4 is the square root of a fourth 
degree polynomial of ki divided by the quadratic polynomial appearing in 
Kz* The fifth curvature is the square root of a tenth degree polynomial 
of Ki divided by the fourth degree polynomial appearing in Ki, 

5. If a particle starts from rest, the resulting curve of the system 5* is 
called a rest trajectory. The vector d^'^^F/ds^~^ is in the osculating m 
flat for w = 1, ..., w — 1, at the initial point of a rest trajectory. 

The rest trajectory and the line of force are initially tangent and possess 
the same oscidating m flat for m = ^, .V, ..., n — i. 

The vector dP/ds for the rest trajectory coincides with the vector 
dP/ds for the line of force. However, for w =«= 3, 4, . .., the vector d”"’ F/ 
ds^"'^ constructed for the rest trajectory is distinct from the corresponding 
vector constructed for the line of force. These two vectors 

are situated in the same m flat. 

Ilie ratio of the first curvature of the rest trajectory to the first curvature of 
the line of force is 


±k 

+ k 


For dynamical trajectories ~ 0), this ratio is 1/3, a well-known result. 
For general catenaries (i — 1), this ratio is 1/2. For brachistochrones 
(k " *-2), this ratio is — L For velocity curves (k ^ w), this ratio is +1. 

There is no analogous such formula for the second curvatures or 
torsions, or for the remaining curvatures.* 

0, The center S of the osculating m sphere of a curve C is 

5 ==« X + piXa -f Ps^^Xa ^ +...*+* <^w+iXm4*n (7) 

where f>u ■ • * are the {n ^ 1) radii of curvature and the various 
coefficients may be obtained by the recursion formula 
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pp-^i — + 

LPp^2 


dcTp^i " 

ds 


( 8 ) 


for p - 2, 3, , .., m + 1, 

The locus of the centers of the oscukiting m spheres of the oo * curves of a 
system Sk which pass through a fixed point in a fixed direction is an algebraic 
curve whose position vector S is an algebraic function of the first curvature 

Ki — 


For m ’ ___ __ 

line is given by the system of {n 
h(S -x) - 0, \i(S - x) - 0, 


this locus %s a straight Hnetjust as t 
1) equations 




K(S - x) ^ 0, 


(1 + - x) = (3 + k){F\,). (9) 

(/,V 


To each direction Xj through the fixed point x, there corresponds a 
straight line (0). The line which corresponds to the direction of the force 
vector acting at the f)uint x is parallel to the binormal of the line of force. 
Its distance from the point is (3 4“ k)/{\ + k) times the radius of curva¬ 
ture of the line of force. 

This distance from the fixed point x is equal tt) the radius of curv^ature 
of the rest trajectory through the fixed point. Hence the above line passes 
through the center of circular curvature of the rest trajectory, a new gen¬ 
eral theorem for all physical families. 

* Presented to the American Mathematical Society. 194Q. 

^ Kasner, Differential Geometric Aspects of Dynamics^ Amer. Math. Soc. Publica¬ 
tions 1913,1934» 1948, See the series of papers in Trans, Amer. Math. Soc., 7 11 (1906- 
1910). 

^ Kasner» "Physical Curves/' PROc. Nat. Acad. Sci., 33, 246-251 (1947). 

* Kasner and Mittlemau, "A General Theorem on the initial Curvatures of Dynamical 
Trajectories/' Ibid., 28, 48-52 (1942). De Cicco. "Extensions of Certain Dynamical 
TheorctUH of Halphcn and Kasner/' Bull. Amer. Math. Soc., 49, 736-744 (1943); and 
"Constrained Motion upon a Surface Under a Generalized Field of Force/' Ibid., 53, 
993“l(X)l (1947), Additional theorems and’relations to the problem of three bodies 
will be given in a future paper. 


ON BENDING OF CURVED TIHN^WALLED TUBES^ 

By Eric Reissner 

Department of Mathematics Massachusetts of Technology 
Communicated by T, von Kton4n, February XI, 1949 

i. Introduction .—The present note is concerned with the problem of 
pure bending of curved tubes. The fact that a curved thin-walled tube 
is more flexible than a straight tube of the same cross-section has first 
been explained by von KdmiAn^ who showed that the flattening of the 
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tube cross-sections due to the action of the primary bending stresses is 
responsible for this effect. Von Kdrnidn’s approximate solution of the 
problem makes use of the minimum principle for the disj^lacemcnts in 
elasticity in Rayleigh-Rit/ fashion. Subsequently H. Lorenz” gave an 
alternate approximate solution by the use of the minimum principle for the 
stresses in elasticity. This same method was also used by L, Beskin*^ in a 
recent paper on the subject. 

In what follows we propose to consider the problem from the point of 
view of the theory of thin elastic shells. Inasmuch as the bending of a 
curved thin tube may be thought of as a problem of determining an axi- 
symmetrical stress distribution in a shell of revolution it must be ])i>ssible 
to relate the resultant formulation of the problem to the results of H. 
Reissner'^ and E. Meissner® on the bending and stretching of shells of 
revolution. H. Reissner, E. Meissner and their followers restricted 
attention to problems in which not only strcvsses but also displacements 
are rotationally symmetric and uni valued. Evidently the latter assump¬ 
tion excludes the problem of tube bending from their results. In what 
follows we make the necessary slight generalization of the theory such 
that a system of equations is obtained which conLiins new terms originat¬ 
ing from a suitably chosen multivalued expression for one of the com¬ 
ponents of displacement. We may remark that in so doing we prepare 
the way for treating the problem of pure tube beading in a manner which 
is analogous to M. Golovin’s treatment^ of pure bending of a circular ring 
sector of uniform thickness according to the theory of plane stress. 

2. Basic Relations for Axisymmetrical Defonmiions of Thin Shells of 
Revolutions .—Let r = r(^), z = s({) be the equations of the middle surface 
of the shell in parametric form and write 

= (r')2 -f {z^Y, r' — a cos <f>» s' = a sin 0, (1) 

where primes indicate differentiation with respect to J and where <t> is the 
tangent angle to a meridian curve. Let u and w be components of dis¬ 
placement in radial and axial direction, respectively, and let be the 
change of sloping angle due to deformation. It can then be shown that 
for small deformations and under the assumption that normals to the 
middle surface are preserved during deformation the state of strain in the 
deformed shell may be described as follows: 

^ -f fXfl, (2) 

where f is the distance from the middle surface and where 



r 
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Equations (3) imply a compatibility relation of the form 

— r't^M - z'/3. (4) 

Let Hy V\ No and Q be stress results, let and be stress 
couples and let pu and pv be components of load intensity. We then have 
the following equilibrium equations: 

(rV)' + rapv — 0 
(rlf)* — aNg + rap/j == 0 
- r'Mg + z'(rH) - r'(rV) = 0 (5) 

raN^ - r\rll) + z\rV) 
raQ — — s'(rJ/) + r\rV), 

Equations (5) together with appropriate .stress-straiii relations are a 
form of the basic equations from which the results of H. Reissner and E. 
Meissner may be deduced.’ Before indicating the way in which this is 
done we shall introduce into (3) to (5) the modification which is necessary 
to include the problem of pure tube bending. 

5- Introduction of Multivalued Circumferential Displacement Com¬ 
ponent ,—Equations (3) for the relevant components of strain were obtained 
under the assumption of vanishing circumferential displacement component 
v» We now assume instead that 


V *= krO, (6) 

where ^ is a constant and r and 0 are polar coordinates in the Xy y-plane. 
Note that when v is given by (0) and u ^ w ^ 0 then the components of 
strain in cylindrical coordinates have the values c,, c, *= yrg =» 7r* 

7e» 0 and fg ^ k. This means that the effect of replacing the condition 

=* 0 by (0) leaves e^Af, and Kg of equations (3) unchanged and makes 

^ + k. (3') 


In view of (3') the compatibility equation (4) is changed to 


{regMY - = 2'iS + Yk, (40 


4. The Differential Equations of the Bending Problem, — The procedure 
from here on is the same as that for the case - 0, that is, two simul¬ 
taneous second-order equations are derived for the quantities rH and 
In doing this we shall assume an orthotropic tube material with the follow¬ 
ing stress-strain relations: 





Q.* 





Mf - + DffKf, Mt » DyKt +• D^Kf. 


(7) 

( 8 ) 
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For the present problem we may in equations (5) set Ps Pa “ V 0. 

We combine (7) and (4') and use (5) to obtain the first of the two simul¬ 
taneous equations in the following form: 


irlD" + 


{r/ccC,y 

{r/aCe) 


{tHY - 



ir'/aC^y- 
\r/aC») _ 


irH) 


+ r'k 
(r/aQ). • 

(I) 


Next we combine (8) and (3) and introduce the result into the third of 
equations (5) to obtain the second of the two simultaneous equations in the 
following form; 


d'' + 


(rD,/a) 



(r^D,,/c)n 
(rDJa) J ^ 


z'irll) 

IrDJa)’ 


( 11 ) 


Equations (I) and (II) must be integrated, subject to suitable boundary 
conditions for open tubes or periodicity conditions for closed tubes. A 
relation between k and the applied bending moment m is obtained, after 
(I) and (II) are solved, by means of the equation defining m, 

m = frN,adi - (9) 


5. Some Special Cases .—Equations corresponding to von Kdrmdn’s 
assumptions ore obtained by setting 

C{ ™ 00, 1^$ “ 0. (19) 

With these assumptions equation (I) may be reduced to the form 

[ir/aC»)irHyy ^ z'fi + r% ( 11 ) 

while equation (II) may be reduced to 

l{rD(/a)ff'y » -z'irll). (12) 

An equation governing the bending of a circular ring sector is obtained 
from (I) by setting 

r ^ z - 0, a » 1, (13) 

and is of the form 


(rH)" + 


{r/CeY 

(r/C,) 


{rH) 


LQf* 




k. (14) 


When C$ ■■ Cf Eh const, and = Eh/v const, equation (14) 
leads to Golovin’s solution^ of the problem. When Ct ^ Eh const, 
and Cj* * C( >■ “ then equation (14) leads to the hyperbolic distribution 
of Nf first obtained by Winkler and Resal.* 
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* Prepared under the sponsorship of the Office of Naval Research of the Navy De¬ 
partment, under contract N5 ori-07834 with Massachusetts Institute of Technology. 

i von Khrxnan, T., Z. Ver. deut. Ing., 55, 1889-1805 (1911). 

‘Lorenz, H., Physik. 13, 768-774 (1912). 

* Beskin, L., J, Applied Mechanic^t 12, A1-A7 (1945). 

* Reissncr, H., Festschrift H. Mueller-Breslau^ pp. 181-193. G, Kroener, Leipzig, 1912. 
» Meissner, E., Physik. Z., 14, 343 (1913). 

* Timoshenko, S-, Theory of Ehisticity, p. 60. McGraw^-Hill, New York, 1934. 

^ Reissiier, K,, H. Reissner Anniversary Volumet pp. 231-247, J. W. Edwards, Ann 
Arbor. Michigan, 1949. 


NOTE ON THE THEORY OF LIFTING SURFACES* 


By Eric Reissner 

Department of Mathematics, Massachusetts Institute of Tkcjinouogy 
Communicated by T. von Kdrmdn, February 11, 1949 


1. Introduction. .In this note wc consider the problem of the steady 

motion of a rectangular lifting surface of finite span in incompressible flow. 
We are concerned with two separate objects. One is an attempt to derive 
somewhat more clearly than in the original paper Weissinger’s improve¬ 
ment of Prandtl’s lifting-line theory.^ The other is to generalize the one- 
dimensional integral equation of lifting-line theory for the span wise varia¬ 
tion of lift intensity to two simultaneous equations for lift intensity and 
moment intensity. In so doing, certain difFiculties of lifting-line theory 
and of its improvements by Weissinger with reference to behavior at and 
near the tips of the wing are substantially ameliorated. 

While we restrict attention here to a rectangular surface and to in¬ 
compressible flow, the extension to subsonic compressible flow is a simple 
matter, and also the extension to tapered wings with or without sweep is 
feasible. 

2. The integral equation of the rectangular lifting surface. —We consider 
a nearly plane wing with chord 2b and span 2sh. The integral equation 
of the linearized theory may be written in the following dimensionless 
form 


w(x, y) 


1 p Pii, y ) 

V J-ix - 


di 


In equation (1) w is proportional to the slope bh/iix of the lifting surface, 
and p is the pressure jump across the lifting surface. Of all singular in¬ 
tegrals the Cauchy principal value is to be taken. The function K 
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is of the form 

K = + G ' ^n? -\y~ v\ 

(x - {) iy - r}) 


( 2 ) 


The problem of lifting surface theory consists in the solution of (1) for 
p(xt region (--I ^ ^ 1; ^ y ^ subject to the trailing 

edge condition that />(!, y) remains finite. 

3, Lifting-Line Theory, —Lifting-line theory may be thought of as an 
approximate solution of (1), in the following sense. The term K in the 
integral equation is neglected, essentially on the basis of the fact that for 
sufficiently large values of the aspect ration K behaves like \/{y v)\ y ^ v\ 

and is therefore small compared with l/{y — rj) over most of the range of 
integration. 

To obtain the lifting-line equation one may multiply the abbreviated 
equation (1) by a factor [(1 + x)/{l — and integrate as follows: 


1 -f 3f dx ' 
1 - A- .V - \ 



(h 

^ - , 


VFH 1,0 

P(fi y)di 

/ I /l + X dx 

-1 y 


Let 

and use the formula 


(3) 

(4) 

(5) 


Equation (3) then assumes the following form: 


/-I + i 


dl dr} 
dr) y - v' 


(0) 


One disadvantage of this theory consists, for wings with finite tip chord, 
in the fact that, while the lift intensity assumes the correct values zero 
at the tips, the pressures p{x, =*= s) do not, in general, and the results of 
the theory will be of doubtful validity in regions adjacent to the tips, 
presumably up to distances inward from the tips of the order of magnitude 
of the tip chord. 

This behavior of the lifting-line theory may be seen by a consideration 
of the section moment m, defined as 


r»iy) - (7) 

It can be shown as follows that, in general, w(*fa5) does not assume the 
value tero which it would have in the solution of the complete equation 
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(1). We multiply the abbreviated equation (1) by a factor (1 “ 
and integrate again across the chord, 


/-, v^i - = I /-I {/-i f 




dl dri 
^ dt\ y — 1 ) 


(8) 


With (7) and witli the relation 



\/l ^ 
X - { 



we may write (8) in the form 

r y/\~irivdx = —m{y) + ^ f* -y — . (10) 

j -i A, dt\ y — ri 

Combination of (10) and (6) gives the following alternate expression 
for w, 

w - ~ ^ ^ f \ ip-t? wdx — r\ vT^ x'^wdx, (11) 

2 2*'"'Jll—X 


In general the second and third terms in (11) do not cancel each other 
and consequently we have in general m{^s) 9 ^ 0, A known exception 
forms the case of constant w{x, ^s) that is the case of a wing with un¬ 
cambered tip chord. 

4. Weissinger's Extension of the Lifting-Line Theory .—This extension 
takes into account in an approximate manner the term with K in equation 
(1). It may be derived in the following way. Corresponding to (0) and 
in the same manner, the following exact relation is first obtained 




dl dij 
dl) y - n 


t {r /-> Vr-- 1 - ^>y - 


The last term on the right of (12) is to be taken into account approximately 
only and this is done by stipulating that in it one may set 


P(C. n) 


MJiZi 

IT ^l + {’ 


(13) 


which is the exact solution when w is constant and the flow is two-dimen¬ 
sional. Taking as an abbreviation for the triple integral in (12) the symbol 
I we have then 
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1 n ji 

2 " ^ dij iTT^ r 11 


+ f 


4 


+ 


"" y “ rj)didxVdr) 






dl 


drj 


Equatipps (12) and (14) are not yet Weissinger's results but rather, in 
principJe, an improvement of his results for the rectangular plan-form 
wing. 

Weissinger’s first result, called the F-method, is obtained by introducing 
the following approximation 

\ f-l Vr^ - ^>y - v)dx ^ K y - ri^. (15) 


Note that equation (15) would be exact if K were a linear function of x. 
With (15) we have further 

K(y - »j) “ “ Fj ^ - i>y ~ = ^ 1 '- 06) 

The function Kp can be expressed in terms of elliptic integrals and has been 
tabulated by Weissinger, 

Evidently^ once the approximation (15) has been made it is only consistent 
to make a corresponding approximation in (i6'). This leads to the so-called 
L-method which in Weissinger’s paper is based lifting-line considera¬ 
tions. The result is 

K{y - v) ^ K{\, y ~ 1 ^) « Kj^iy - ??). (17) 

Calculations have shown* that results based on either Kp or Ki, are prac¬ 
tically indistinguishable. One advantage of besides its simplicity is 
the fact that an analogous result may be obtained without too much 
difficulty for wings with sweepback.* 

With the approximation (17) the integral equation (12) may be written 
in the following form 

. ,(y) +irji±vTT:^z^h.-ii A. (1.8) 

2 ^ a?7 y — n 

Equation (18) shows somewhat more clearly than the corresponding 
result in Weissinger's paper the relation between this theory and the 
original lifting-line theory. It also shows, since [1 + (y — > 
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\y -- v\t that the improved theory leads to more pronounced aspect ratio 
effects than the original theory, 
may note that with ^ 

l(y) =. (19) 

the integrals on the right are expressible in tenns of elliptic integrals. It 
is questionable, however, whether to do so will be of computational 
advantage. 

We remark finally that here also, as in the lifting-line equations ( 6 ) and 
( 11 ), it can be shown that in general the tip moments w(±.v) do not vanish. 

5. A System of Simultaneous Equations for Lift and Moment Distri¬ 
bution. —We begin with the exact equation (12) and add to this the follow¬ 
ing exact equation which takes the place of the approximate equation ( 10 ) 

/ I /- , , ^ I dl dt) 

, V 1 u}dx ^ ~m(y) + 7 I — .. . 

“I — t; 

We must now take into account approximately the triple integrals both 
in (12) and (20). As we wish to express these triple integrals both in 
terms of I and m we can now no longer use the simple approximation (13) 
for /?. Instead we set 

P(£. rt) = - «) + C5(l - {*)]/V1 - 

^ _ gyj?.) JlEj + vrrj^. ( 21 ) 

TT *1 + { TT ^ 

With (21) we obtain from (12) and (20) the following two fundamental 
equations 

- 'w + /-. sfe'Hi + 

+^I«(y — v)dv (22) 

f_\Vl - X^wdx - -m{y) + ^[i(7^) + 

+ ■K«»(y - n)dv. (23) 

The kernel functions ACh, etc., are seen to be of the form 

- eKdxdi 


(24) 
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*■-- - i./-. -a:,. 


(27) 

The two functions and Klr,^ may be tabulated, just as the function 
Kf of equation (16) has been tabulated and just as the function K in (14) 
may be tabulated. Once this has been done one may solve equations 
(22) and (23) by means of series of the form 

I — YL h sin k<i>, m niic sin k<i> (2S) 

where 

cos 4» = y/.v. (29) 

Equations (22) and (23) then become systems of simultaneous equations 
for the coefficients 4 and lUk. For specific applications it will be necessary 
to tabulate the functions 

Gu^{s, cos <t>) - jl cos ^M"if[A(cos 0 cos S)]dO (33) 


and corresponding expressions for Kim* for various values of k and v, 
whence the usual collocation procedure can be applied; or to tabulate 
the corresponding quantities which occur in an application of the Multhop 
procedure to equations (22) and (23). 

Considerable simplification is introduced into the foregoing results if 
again as in g<>ing from (15) to (16) and (17) use is made of the following 
formulae for approximate numerical integration 


-/(O’ -■'(-Ol 

lf'yr^7jix)dx «^(0). I 


Equations (24) and (25) then become 

.. ^ + (y - >»)* - |y - nl 


- ]«(i. j - ■.) 


y- V 


(35) 
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« K 




A' (l,y - r,) 

Vr ^- 4(y - Vr+ly - 1,)* - ly - 7/1 


y - V 


(36) 


More accurate approximations to Ku and Km may be obtained if in¬ 
stead of equations (34) the following approximate numerical integration 
formulae are used 







5 + \/ 5 / I + V5 \ 5 - Vs A - \ /5\ 

10 -^ \ 4 J l6' V 4 7 

5 4- \/5 / 1 + V 5\ 

io -^V 4 . / 

5 — yjh 1 — y/^'\ 

—r“j 


* r ^ V"l — x'^f{x)dx « 

TT*' "■* 




(37) 


While equations (34) are exact when f{x) is any linear function of x, 
equations (37) are exact when f(x) is any third-degree polynomial in :c. 

We will omit listing the approximations to Ku and Km which replace 
(35) and (36) when (37) is used. 

We may note that when m — ~//2, which would follow from the as¬ 
sumption that the (1 :v*) terra in (21) is negligible, equation (22) 

contains the kernel (l/2(y — tj)] + Kn — ^/^Km- As 


Ku — i^Km 




equation (22) is then reduced to a combination of equations'(12) and (14) 
of the Weissinger procedure, which is as it should be. 

It is to be expected that the solution of equations (22) and (23) is nearer 
to the exact solution of lifting surface theory than is the solution of the 
combined equations (12) and (14). 

An example where the system of two simultaneous equations will give 
a meaningful answer whereas the one-equation procedure will not is 
given by a wing formed such that w = const, ^h/^x ^ C(y)(l “ 2x), that 
is* a wing for which according to the two-dimensional theory every section 
has zero lift but non-zero moment. The one-equation procedure predicts 
that the effect of finite span does not modify the zero lift property at every 
span wise station. It says nothing about the effect of finite span on the 
moment distribution. The present two-equation procedure permits 
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determination of the spanwise variation of moment distribution and 
indicates that the effect of finite span modifies the zero lift properties 
which the two-dimensional theory predicts. 

It is thought that the idea underlying tlie proposed two-equation 
procedure, which may be extended to an w-equation procedure, will also be 
useful in other problems of lifting-surface theory. 

Summary, -The steady motion of a rectangular lifting surface in in¬ 
compressible flow is considered, with the following two objectives. (1) A 
modified derivation is given of Weissinger's improvement of Fraudtl’s 
lifting-line theory. (2) The integral equation of lifting-line theory (and 
Weissinger’s improvement) for the spanwise variation of lift intensity is 
generalized to two simultaneous integral equations for lift intensity and 
moment intensity. In so doing certain difficulties of lifting-line theory 
with reference to behavior at and near tip sections are substantially 
ameliorated. The two-equation procedure of this paper is shown to be 
applicable to a problem which is outside the scope of the lifting-line 
equation. 

* This paper is liased on an investigation which was curried out for Chance Vought 
Aircraft, Division of United Aircraft Corporation, under sponsorship of the Bureau 
of Aeronautics, U.S. Navy. 

* Weissinger, J., ‘The Lift Distribution of Swept Back Wings/' NACA T.M. No. 
1120, March, 1947 (Translation of Crennan ZWB F. B. 1553 (1942)). 

* See for instance reference 1. 


RESPONSES OF THE PROXIMAL RETINAL PIGMENT OF THE 
ISOLATED CRUSTACEAN I^YESTALK TO LIGHT AND TO 

DARKNESS 

By L. H. Kleinholz 

Department of Biology, Reed College, Portland, Oregon 
Corainunicatcd by G. H. Parker. February 15, 1949 

The possibility of an endocrine factor in regulating the photomechanical 
changes of the pigment cells of the crustacean retina was demonstrated by 
Kleinholz (1934,1936) who showed that extrac ts of the eyestalks of Palaemo- 
netes when injected into dark-adapted individuals brought about a move¬ 
ment of the retinal pigments to the position characteristic of the light- 
adapted retina. These hormonal effects have since been confirmed by Welsh 
(1939)for Cambarusaxid by Nagano (1947) for Paratya, Smith (1948) has 
recently reported similar effects on the retina of brachyuran crustaceans but 
has not detailed the types of pigment cells concerned since his observations 
were made indirectly on the basis of disappearance of “glow’* after such 
injections. It was further shown by Welsh (1941) and by Smith (1948) 
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that the sinus gland within the eyestalk is the major source of the activity 
affecting these retinal pigments. 

Some difTerences in the response of the retinal pigments to injected eye- 
stalk extract have been observed in the different species of crustaceans in¬ 
vestigated. The prawns studied by Kleinholz and by Nagano showed 
movement of the distal and of the reflecting pigments into the light- 
adapted position after injection of eye-stalk extract into dark-adapted in¬ 
dividuals; the proximal pigment, however, remained dark adapted. In 
Cambiirus Welsh (1939) found that the proximal pigment had a higher 
threshold than the distal pigment for the injected eye-stalk extract, because 
when more concentrated extracts were used, the proximal pigment also 
moved into the light-adapted position. 

As has already been pointed out (Kleinholz, 1942, 1947) conclusive proof 
of endocrine regulation of the photomechanical changes of the retinal pig¬ 
ment cells would be demonstrated, according to conventional endocrine 
procedure, by experiments complementing those described above. That is, 
if injection of sinus gland extract causes light adaptation of a retinal pig¬ 
ment, then surgical removal of the sinus gland should result in the dark- 
adapted phase of that pigment, or should result in that pigment’s being un¬ 
able to move into the light-adapted position under conditions which ordi¬ 
narily bring about light adaptation. 

In attempting to resolve this point regarding the proximal pigment of the 
crayfish, experimental results were obtained that indicated the activity of 
this retinal pigment was more complicated than was originally suspected, 
and that possibly more than a single mechanism of control may be con¬ 
cerned in regulating its activity. The effect of surgical removal of the 
sinus glands from the eyestalks of the Crayfishes, Cambarus and Astacm, 
on the ability of the proximal pigment to res])ond to light and to darkness 
has been described in preliminary reports (Kleinholz, 1947, 1948). In 
these animals it was demonstrated that apparently normal light and dark 
adaptation of the proximal retinal pigment occurred after sinus gland re¬ 
moval. The conclusion reached in the 1948 account was that, in addition 
to regulation of the proximal pigment by the sinus gland, other regulatory 
sources of endocrine secretion outside of the sinus gland might be present, 
as well as the possibility that the proximal pigment cells of the crayfish 
retina could respond directly to light and to darkness. 

The experiments reported here were performed with four groups of the 
crayfish, A. /roiefrridgei. Two of these groups were initially dark adapted 
in a photographic dark room, while the remaining two groups were initially 
light adapted by keeping the animals in a brightly illuminated environ¬ 
ment. In the first of these light-adapted groups, one eyestalk was care¬ 
fully ablated from each animal in the group, placed in a moist chamber and 
the isolated stalks placed in darkness; the second eyestalk of each animal 
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in the group was then excised and fixed, to verify the degree of light adapta¬ 
tion of the retinal pigments at the time of ablation of the experimental 
eyestalk. After the isolated eyestalks had been in darkness for 3 to 5 
hours they were fixed. Both the experimentally isolated eyestalks and the 
control eyestalks were subsequently sectioned and the position of the pig¬ 
ment cells examined histologically. The proximal pigment of the isolated 
retinas was in the position typical for dark adaptation, while that of the 
control eyestalks was typically light adapted. 

The second group of light-adapted crayfish was used as a control for the 
procedures employed with the first group. In this group the isolated eye¬ 
stalks were placed in moist chambers and kept on an illuminated white 
background; the second eyestalk of each animal was fixed as before. 'Fhc 
ablated eyestalks were fixed after illumination for 3 to 5 hours. Examina¬ 
tion of the sectioned retinas showed that the proximal pigments of both 
sets were completely light adapted. 

Similar experiments were ]X‘rformed with the two groups of dark-adapted 
Asfacus. In the first group oi^<* eyestalk from each animal was removed 
(in about 30 seconds) by red light from a photographic safelight, and, after 
being put in the moist chamber, was j)laced on an illuminated white back¬ 
ground. The second eyestalk of each animal was immediately fixed as a 
control while the isolated stalks were fixed after 5 hours of illumination. 
Histological examination revealed the proximal pigment of the isolated 
eyestalks to be light adapted, while the. control retinas were dark adapted. 
The second group of dark-adapted animals served as control for the methods 
used. In this set, both the isolated eyestalks (which had been put in moist 
chambers and maintained in darkness for about 5 hours) and the second 
eyestalk of each animal showed the proximal pigment in the position char¬ 
acteristic for the dark-adapted retina. 

The evideTice of the above experiments indicates that proximal retinal 
pigment cells can respond directly to light and to darkness while isolated 
from the central nervous system (except for the optic ganglia) and from 
the circulatory system, A more detailed account of these and of other ex¬ 
periments indicating the r61e of the nervous system in retinal pigment 
migration will be reported later, 

Kleinholz, L. H,, “Eye-SUilk Hormtine and the Movement of the Distal Retinal 
Pigment in Palaemonetes*^ Proc. Nat. Acad. Sci., 20, C59”d61 (1934;. 

Kleinholz, L. H., Crustacean Eye-Stalk Hormone and Retinal Pigment Migration/’ 
Biol Bull., 70, 159-184 (1936). 

Kleinholz, L. H., '’Hormones in Crustacea,'" Biol. Rev., 17, 91-119 (1942). 

Kleinholz, L. H,. “Migrations of the Retinal Pigments and Their Regulation by the 
Sinus Gland," Confer, scientifique internat, sur I’endocrinologie des arthropodes. Centre 
National de la Recherche Scientifique, Paris <X947). 

Kleinholz, L. H., “Factors Contioihng the Migration of the ^oxiinal Pigment of the 
Crustacean Retina/’ Anat. Record, 101 (4), 15 (1948). 
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Nagano, T., “Physiological Studies on the Pigmentary System of Crustacea. 11. 
The Pigment Migration in the Eyes of the Shrimps/' Sctsnce Repts, TShoku Univ.^ 
Fourth Ser, {Biol), 18» l-ie> (1947). 

Smith, R. I., “The Role of the Sinus Glands in Retinal Pigment Migration in Grap- 
sold Crabs/* Biol Bull, 95. 169-185 (1948). 

Welsh, J. H., “The Action of Eye-Stalk Extracts on Retinal Pigment Migration in 
the Crayfish, Cambarus bartoni,** Ibid,, 77, 119" 125 (1989). 

Welsh, J. H., “The Sinus Glands and 24-Hour Cycles of Retinal Pigment Migration 
in the Crayfish,” Exp. Zobl, 86, 35-49 (1941). 


THE SURFACE GEL LA YER OF FUNDULUS EGGS IN RELATION 

TO EPIBOLY 

By J. P. Trinkaus 

Osborn Zoouigical Laboratory, Yale University, and Marine Biological 

Laboratory 

Communicated by R. G. Harrison, February 3, 1949 

There have been several studies relating the properties of the surfacje 
gel layers of Amphibian^ and Teleost* eggs to the movements of gastrula- 
tion. Tcleost eggs, with their remarkable epiboly, offer excellent material 
for a further analysis of this question. The present report outlines certain 
preliminary studies on the properties of the surface gel layer of the eggs of 
Fuiululus heteroclitust with special reference to its possible r61e in epiboly. 

All studies were made on eggs from which the chorion (or “shelF’) had 
been removed. Unless otherwise stated, unbuffered double-strength 
Holtfreter’s solution was the medium employed. It was possible to 
demonstrate at the outset that Fundulus eggs possess a surface gel layer, 
by microdissection with glass needles. This gel layer constitutes the 
outer coat in oviducal eggs, unfertilized eggs and in eggs activated by 
sea water, as well as in developing eggs at all stages as far as closure of the 
blastopore. It is continuous, non-pigmented and constitutes the outer 
layer of both the unsegmented yolk sphere and the blastodisc. The outer 
surface of this gel layer is non-adhesive. If a blunt instrument is pressed 
against the egg, the gel layer shows resistance and is thrown into radiating 
folds. Microdissection of all stages through blastopore closure (Oppen- 
heimer, stage-15)** indicates that the surface gel layer is the outer layer of 
the epiblast to which all epiblast cells are attached. Thus the epiblast 
tends to come off in sheets when removed. Furthermore, the gel layer of 
the epiblast is continuous with that of the yolk. 

Properties of the Surface Gel Layer ,—When a wound is made in the gel 
layer of the yolk sphere, the aperture first becomes round and expands in 
size as the gel layer retracts, presumably because of the tendon resulting 
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from the turgor of the yolk. This rounding up and expansion of the wound 
also indicates that the gel layer possesses elastic properties. After this 
initial increase in size the aperture is closed rapidly, while the relatively 
fluid yolk continues to ooze during all but perhaps the final stages of the 
process. This whole process takes from 2~5 minutes depending upon the 
size of the wound. As the wound closes, folds or stress lines appear in the 
gel layer, radiating from the wound. The gel layers of oviducal eggs and 
unfertilized eggs activated by sea water have the same ability to close 
wounds rapidly. This process takes place in typical fashion when the 
eggs are in single, double or quadruple-strength Holtfreter’s solution, in 
sea water and in distilled water. 

In order to ascertain whether wound closure is actually due to contrac¬ 
tion of the surface gel layer, carbon inarks^ were placed on opposite edges 
of an open wound (prior to the tmset of wound closure). As the wound 
closed, the marks were drawn toward each other until they almost met at 
the point of wound closure. Such an experiment indicates that wound 
closure is chiefly the result of the contraction of the edges of an already 
existing surface layer, rather than the formation of a new membrane from 
the yolk cytoplasm. The very last stage appears to be a process of proto¬ 
plasmic “clotting,’' wherein a small amount of yolk cytoplasm coagulates 
and forms a plug. 

If carbon marks are made at various points on the surface of one hemi¬ 
sphere of the egg and a wound then made in the midst of these marks 
those marks nearest the closing wound move toward each other but the 
distance between these marks and marks further away increases. Thus 
the surface layer stretches or expands as the process of wound closure 
proceeds. It seems also from this experiment that a large part, if not the 
total, surface layer of the egg is involved. The integrity of the entire 
surface layer is not necessary for wound closure, however, inasmuch as 
two or more wounds in the surface layer will close at the same time, in 
typical fashion, even though one of the wounds is quite large, e.g., 1 mm. 
in diameter, which is one-half the diameter of the entire egg. 

Wound closure in the surface gel layer of the yolk sphere near the edge 
of the blastoderm, at all stages from the one-celled blastodisc to the closure 
of the blastopore, results in a stretching of the blastoderm in the direction 
of the closing wound, and also in a stretching of individual adjacent cells 
and i>eriblast nuclei as welL This phenomenon (see Figs. 1 and 2), takes 
place in a few minutes’ time. It demonstrates that the cells at the edge 
of the blastoderm (and nuclei of the marginal periblast) are attached to 
the surface gel layer of the yolk sphere in such a manner that tension in 
this layer exerts a corresponding tension on them, resulting in an appro¬ 
priate distortion of cell shape. 

Experimental demonstration that the surface gel layer is continuous 
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over the entire surface of the blastoderm is provided by further w )und 
healing experiments. If a group of cells is removed from the epiblast 
layer in a bias tula or gastrula stage, a process of wound closure is initiated, 
which appears similar to that in the yolk surface layer, although it is slower, 
taking 7 to 12 minutes or longer. It results in a radial stretching of the 
cells adjacent to the wound. This stretching bec;)mes apparent when the 
wound is approximately half closed, and is continually augmented until 
the completion of the process (see Fig. 8). Such a radial stretching 
effect is clear evidence that a supra-cellular force, presumably the surface 
gel layer, is concerned in wound closure in the epiblast cell layer. 

A wound in the surface of one of the blastomcres in ati early cleavage 
stage is rapidly closed in a similar manner, with resulting radial folds or 
lines of stress in the blastomere surface. Apropos of wound healing in 
early blastomeres, it miglit be mentioned that it is relatively difficult to 
wound the surface of a blastomere of the I* or 2-cell stage. The surface 
seems tougher than that of the yolk. Furthermore, since little or no 
cytoplasm pours out of the wound, the cytoplasm of these cells must have 
a higher viscosity than the yolk. 

As a result of these various wound healing experiments it is evident 
that the outer surface layer of Fundulus eggs is a gel layer possessed of 
marked elastic properties. In this respect the surface gel layer of Fundulus 
eggs is like that of Amphibian and trout eggs (cf. Holtfreter^ and De* 
villers^). However, if rapidity of wound closure be an adequate criterion, 


EXPLANATION OF PLATE 
(Drawinj^s ba^ed on camera tucida tracing!^) 

FK5UKE i 

Stretched edge of blastoderm resulting from wound closure in surface gel layer of 
yolk sphere in Oppenheimer stage 10. X 20. 

FIGURE 2 

Stretched cells at the edge of the blastoderm resulting from wound closure in the sur¬ 
face gel layer of the yolk sphere. Stage 8. X KK). 

FIGURE 8 

Stretched cells of the epiblast after partial wound closure. Stage 11. X 220. 

FIGURE 4 

Protrusibti of exposed floor of blastocoel, after removal of roof of blastocoel. Stage 
10+. X20. 

FIGURE s! 

Elongate cells at lips of blastopore in ncwmal embryo. Stage 16, X 100. 

BP, blastopore; EB^ edge of blastoderm; EC, elongate cells at lips of blastopore; 
EjP, exposed floor of blastocoel; F, radiating folds in surface gel layer; FEB, former 
edge of blastoderm; NP, norxnat position of floor of blastocoel; OW, open wound; 
SC, stretched cell; TC, typical epiblast cell; WC, point of wound closure: YS, yolk 
sphere. f 
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the eiasticity of the Fundulus egg gel layer is considerably greater than 
that of Amphibian and trout eggs. 

The floor of the segmentation cavity or blastocoel was studied in late 
cleavage and blastula stages to see if it likewise possesses such an elastic 
surface layer. When a large section of the roof of the blastocoel is removed, 
the floor of the blastocoel is exposed, consisting at this stage solely of the 
surface of the yolk sphere. It is not yet covered by periblast. Within a 
few minutes after saSMHih operation, the exposed surface bulges out as 
shown by figure 4. This demonstrates both the turgor of the yolk, and 
the lack of elastic strength in the surface of the yolk at the floor of the seg¬ 
mentation cavity. When a wound is made in the yolk surface at the floor 
of the segmentation cavity it gapes and remains oi)en. The relative ease 
with which such a wound is made itself indicates the weakness of this 
layer. It is thus apparent that the yolk surface at the floor of the seg¬ 
mentation cavity in early stages lacks a surface layer with the same elastic, 
contractile properties as are possessed by the peripheral surface of the egg. 
Similar wounding experiments on the floor of the blastocoel in late blastulae 
and all stages of gastrulae, when the floor is covered with periblast, suggests 
that the surface at these stages possesses an elastic gel layer, inasmuch 
as wound closure seems more typical, although often slower (ca. 10 min.). 

If an early blastula with an open wound in the floor of the blastocoel 
retnains in the bottom of a dish for an hour or so, all of the yolk oozes out, 
and all that remains is the surface gel layer lying in the bottom of the dish 
with marginal blastoderm cells clinging to the edges of the aperture. It 
has the appearance of an empty cellophane bag. This forms superb ma¬ 
terial for physicochemical studies. A few preliminary experiments have 
been done along these lines. 

Mechanical and Chemical Siudies.—Th^ gel layer, in this isolated condi¬ 
tion, will remain intact and apparently in a normal state for at least 12 
hours in double-strength Holtfreter's solution. It is non-adhesive on its 
outer surface (as in the intact egg) and sticky and viscous on its inner 
surface. If the inner surfaces of 2 pieces are pressed together they will 
adhere quite firmly. The elastic properties of the material can be denjon- 
strated by stretching pieces between two glass needles. In this manner 
a piece may be stretched to half again its length, returning to its original 
length upon release. Small pieces of the gel layer, with cells clinging to 
them, tend to round up into spherical globules. When the gel layer is 
emptied of yolk and, therefore, in a stack condition, a wound in it no longer 
expands into a round opening in the usual manner. Apparently, the 
normal process of wound closure in the surface gel layer is dependent upon 
a state of tension in the gel layer, resulting from the nonml tur^dity of 
the egg. After a certain small amount of mechanical manipulation, the 
isolated gel layhr completely solates. This is a property of thixotropic 
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gels. It does not return again to the gel state, however, upon standing, 
as is typical of these gels. 

In Ca‘^‘^-free sea water the surface gel layer of the intact egg dissolves, 
or better—solates, after the egg has been in the medium for 1-2 hours. 
In some cases the egg first flattens out on the bottom of the dish like a 
thick pancake, suggesting a general thinning and weakening of the gel 
layer, prior to solation. In other cases, the egg retains its spherical shape 
and its normal wound healing ability for approximately IV 2 hours. At 
about this time, however, a wound forms readily without extreme inter¬ 
vention and remains open. All of the surface gel layer then solates in the 
course of a few minutes. At no time in any of these cases was the outer 
surface observed to become sticky, as is normal for the inner surface. 
Both development and wound closure of Fundulus eggs take place normally 
in distilled water. The effect of Ca"‘''^-free sea water is, therefore, not due 
simply to a lack of Ca"'''*'-ions. The positive action of the monovalent 
ions in the ionically unbalanced solution must also be considered. 

The behavior of the surface gel layer of the Fundulus egg in Ca^^-free 
sea water is characteristic of the behavior of the surface gel layers of other 
eggs in Ca’^’^-free media, e.g., Amphibian. The hyaline plasma layer 
of Echinoderm eggs also solates in Ca'^+Tree sea water. This latter fact 
suggests that the similarities of the surface gel layer and the hyaline plasma 
layer may be more than superficial, a subject which invites further investi¬ 
gation. 

Passible Role of Surface Gel Layer in Epiboly .—The properties of the sur¬ 
face gel layer, as outlined in the previous pages, suggest that it may be of 
some importance in relation to the movements of gastrulation. It cer^ 
tainly seems probable that the surface gel layer, being the outer layer of 
the epiblast to which all epiblast cells are attached, acts as a coordinating 
and unifying force in the highly integrated cell movements characteristic 
of the epiblast in Teleost gastrulation. Furthermore, the stretching effect 
of the gel layer upon the edge of the blastoderm in wound healing is es¬ 
pecially suggestive of a possible causal r61e of the gel layer in epiboly. To 
test this idea, detailed observations were made of cell shape at the edge 
of the blastoderm in all stages of epiboly (in normal eggs). At the stage 
when epiboly seems to proceed at the greatest rate, namely the final closure 
of the blastopore (stage-14-f to stage-15), there is a radial elongation of 
the cells at the lips of the blastopore (see Fig. 5). These elongate cells 
appear to be stretched toward the point of blastopore closure. This sug¬ 
gests that the blastoderm is being pulled over the surface of the yolk by 
the contractile tension of the surface gel layer of the yolk sphere. If 
this be the case, one should be able to cause a uniform stretching of cells 
at the lips of the blastopore in an earlier stage, e.g., stage-13+ or stage-14, 
by making a wound in the surface gel layer at the noint of future blastopore 
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closure. When this was done, cells at the edges of the blastoderm became 
stretched in the direction of the point of closure of the blastopore. Fur¬ 
thermore, it was possible by such an experiment to cause precocious closure 
of the blastopore with the embryo only in an embryonic shield stage 
(stage-'13+), 

One further case supports this possible r61e of the surface gel layer in 
epiboly. In the series of experiments in which the roof of the blastocoel 
was removed during a late blastula stage (stage-11) one egg remained intact 
over an 18-hour period. In spite of the fact that the large wound in the 
roof of the blastocoel remained open, epiboly took place completely with 
resulting closure of the blastopore. Such a result constitutes supporting 
evidence for the thesis that epiboly is not an overgrowth, as has often 
been thought, but is rather the result of the blastoderm being pulled down 
over the yolk. 

If the hypothesis is true that epiboly is due to the contractile tension of 
the surface gel layer of the yolk sphere on the cells of the blastoderm, it 
is likely that in the course of epiboly thfcre would be a greater stretching of 
the blastoderm nearest its edge, with gradually decreasing amount of 
stretching as one proceeds toward the animal pole, assuming that the sur¬ 
face gel layer of the blastoderm has uniform elasticity. It is certainly true, 
for example, that, after the closing of a wound in the surface gel layer of 
the yolk sphere, only the marginal blastoderm cells, nearest the closing 
wound, show marked stretching. 

To check this point, the relative degree of stretching of different regions 
of the blastoderm was studied by the method of carbon marking. Marks 
were placed at various points on the surface of the epiblast in an early 
gastrula stage. Camera lucida records of the positions of these marks 
relative to one another were made every few hours during the course of 
epiboly. The distance between carbon marks over the entire blastoderm 
increased uniformly, as epiboly proceeded. This sort of result suggests 
that there is a uniform expansion, or spreading, of the epiblast, and, 
therefore, also of the surface gel layer of the blastoderm, in epiboly. Such 
a phenomenon indicates that epiboly may not be simply the result of 
tensions exerted on the edge of the blastoderm by the surface gel layer of 
the yolk sphere, The situation is more complex, it would seem, than some 
previous workers have been willing to admit (e.g., Lewis, who, however, 
quotes no experimental evidence). It is, of Course, possible that any 
tension exerted on the edge of the blastoderm during epiboly is too small 
to be detected by the carbon marking technique. Nevertheless, these 
data indicate that the expansion of the surface gel layer of the epiblast 
must also be considered as a possible causal factor in epiboly. 

In spite of these suggestive observations and experimental results, it 
is still an open question as to whether the sutface gel layer actually plays 
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a determining r61e in epiboly in the Fundulus egg. If it is causally im¬ 
portant in epiboly, the precise rdle it plays has not yet been determined. 
Further investigation of the relation of the surface gel layer to the cell 
movements of early tnorphogenesis is necessary, for it may pt)ssibly shed 
some light on one of the more obscure aspects of causal embryology, the 
mechanics of gastrulation. 

It should be emphasized that this report has been concerned exclusively 
with studies on eggs of F. heteroclitus. The results are not necessarily 
representative of Teleost eggs in general. In fact, the surface layers of 
the eggs of some forms, e.g., Plalypoecilus maculatus and Lebiste^s reticulatm, 
seem to have a much lower degree of elastic strength than that of Fundulus 
eggs. The surface layer of Toadfish eggs {Opsanus laii) and Medaka eggs 
{Oryzuis latipes), however,, appear to be more like that of the Fundulus egg. 
'Fhe properties of the surface gel layer suggest that one of its functions 
may be to protect the egg frr)m the eflfects of osmotic changes (as pointed 
out by Devillers) and mechanical buffeting. The weakness of the gel 
layers of Lebistes and Platypoecilus eggs thus tnay be related to the vivi¬ 
parity of these fortns, and, conversely, the strength of the gel layers of 
Fundulus, Opsanus and Oryzias eggs to oviparity. 

Summary.- Fundulus eggs possess a surface gel layer, which constitutes 
the continuous, outer layer of both the nnsegmented yolk sphere and the 
blastoderm. It has strikitig elastic properties and plays a decisive r61e 
in wound healing. The contraction of the surface gel layer in wound 
closure stretches adjacent cells and pulls a large sector of the blastoderm 
toward the wounded area. At closure of the blastopore in normal embryos, 
the cells at the blastopore lips elongate. At ab earlier stage, this phenom¬ 
enon is simulated and blastopore closure hastened if the surface gel 
layer is wounded at the point of future closure of the blastojKjre, suggesting 
that epiboly may be the result of contractile tension exerted by the surface 
gel layer of the yolk sphere. The behavior of the blastoderm, as observed 
in marking experiments, indicates that the spreading of the surface gel 
layer of the blastoderm must also be considered as a possible factor in 
causing epiboly. 

* Holtfreter, J., J. Bxp. ZooL, W, 251 >323 (1943); lhid„ 94, 261 318 (1943); 95, 
171-212 (1944); Ann. M. Y. Acad. Sci., XLIX, 709- 760 (1948). 

* Lewis, W. H., Anal. Rec., 85 , 326 (1943); Biol. Bull., 87 , 164 (1944). DevUIers, 
Ch., C. R. Acad. Sa., 226, 1310“1312 (1948); Ann. Station Cenirale Hydrobiologie 
applique, ia press (1948). Trinkaus, J. P., Biol. Bull., 95 , 271 (1948). 

* Oppetiheimer, Jane, Anat. Rtc., 68, 1-15 (1937). 

^ Spratt, N, T., Jr.. J. Exp. Zool, 103, 269-804 (1946). 
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THE PREPARATION OF SPE.CIF1C ADSORBENT^S 
Iw Frank H. Dickey* 

Department of Chemistry, California Institute of Technology f 
Cominunicatetl by L. Pauling, March 21, 1949 

A metliod has been developed for preparing adsorbents having specific 
affinities for predetermined substances. This method consists in forming 
the structure of the adsorbent in the presence of the particular compound 
for which it is desired to prepare a specific adsorbent. The presumable 
explanation of the formation of a specifically attracting structure under 
these conditions is that the adsorbent in the process of formation has acces¬ 
sible to it a very great number of structures which differ only slightly in 
stability, and that in the presence of a foreign molecule those structures 
that are stabilized through attraction for the foreign molecule are preferen¬ 
tially assumed. The adsorbent is thus pictured as automatically forming 
pockets that fit closely enough to the foreign molecule to hold it by van der 
Waals' forces, hydrogen bonds, interionic attractions, and other types of 
intermolecular interaction. This Tpcchanism is the same as that pro¬ 
posed by Pauling^ for the formation of antibodies with use of antigen mole¬ 
cules as a template, which formed the basis for the manufacture of arti¬ 
ficial antibodies rcporteil by Pauling and Campbell.® 

An experimental test of the idea has been made by the formation of 
silica gel in the presence of methyl orange and some of its homologs— 
ethyl, »-propyl and w-butyl orange. These compounds have tlic following 
structure: 

R 
R 

where R represents the radicals named. The adsorbents were prepared by 
mixing 0.5 g. of finely divided dye with 30 ml. of aqueous sodium silicate 
(ef1.401) 275 ml. of water and 30 ml. of glacial acetic acid, drying (at room 
temperature), grinding and sieving the resultant gels, and subjecting the 
fraction between 48 and 200 mesh to methanol extraction, which removed 
most of the dye. Control gels, without dye, were prepared in the same way. 





228 


CHEMISTRY: F. H, DtCKEY 


Proc. N. a* S. 


The gels were tested as adsorbents by bringing 1-g. samples into equilib¬ 
rium with 10-g. pfjrtions of standard solutions of the dyes in 5% acetic 
acid. The initial dye concentrations were 1.5 X 10“* formal. The final 
concentrations in the supernatant solutions were measured with a spectro¬ 
photometer and the quantity adsorbed was calculated by difference. In 
order to obUin accurate estimates of the dye concentrations from the spec¬ 
trophotometer readings it was necessary to correct these readings for the 
cloudiness which appeared in the solutions after contact with the silica gel 
samples. Such corrections were calculated on an empirical basis from 
readings taken in another portion of the spectrum where the dye absorp¬ 
tions are negligible. The ratio of the concentration in the gel to that in the 
supernatant solution was then calculated as a measure of the “adsorption 
power” of the gel for the particular dye. The following results were ob¬ 
tained. 


Control gel 
Specific adsorbent 


TABLE I 


—’— .— ■ 

--ADIIORPTIOV BOWBR FOR;- 

-- 

M RTll VL 

ttTHYli 

PROPTI. 

BUTYL 

DBANO® 

OBAJfOB 

ORANOK 

DJiANOJC 

84 

80 

240 

320 

300 

740 

5000 

5000 


In order to show that this process has effected a specific rather than a 
general enhancement of the adsorption properties of the gels, adsorption 
powers were determined with each of the gels for each of the dyes. The 
ratio of these adsorption jxiwers to the adsorption powers shown for the 
particular dyes by the control gels were then calculated. These “relative 
adsorption powers” are tabulated below. 

TABLE 2 

,--——RKbATrvs AD«oaPTiON powjcn -——' 


Gel prepared with: 

M BTH YL 

oranoic 

«THTL 

ORANOK 

PROPYL 

ORANOK 

BUTYL 

ORANOK 

Methyl orange 

3.5 

1.6 

1.1 

1.1 

Ethyl orange 

2.6 

9 

2,1 

2,2 

Propyl orange 

2.3 

6 

20 

6 

Butyl orange 

1.5 

2.8 

6 

15 


It is difficult to reproduce exactly the adsorption properties of silica gel 
samples and these data are to be regarded primarily as a qualitative demon¬ 
stration of the preparation ot specific adsorbents. However, the essential 
features of the above table, maximum adsorption power for the dye used in 
the preparation of the adsorbent, and sharply decreasing adsorption powers 
for the dyes of decreasing similarity of molecular structure, have been ob* 
served in several independent experiments, Gds prepared with this series 
of compounds are not better adsorbents than the control gels for a struc- 
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turally unrelated dye, fluorescein. The results obtained with this series of 
compounds are especially striking because the dyes differ only in the nature 
of the alkyl groups. Still more pronounced effects would be expected in 
studies of compounds having greater structural differences. 

Many obvious applications and extensions of these ideas are now being 
investigated and detailed results will be published later. Of particular 
interest are an investigation of the possibility that optical isomers can be 
separated with such adsorbents and an attempt to demonstrate “specific 
catalysis/' analogous to the action of enzymes, by specific adsorbents for 
the reactants or products of various reactions. 

* E. I. du Pont Predoctonil Fellow in Chemistry. 

f Contribution No, 1282 from the Gates and Crellin I/iboratorics of Chemistry, 
California Institute of Technology, Pasadena, California. 

1 Pauling, L., J. Am. Chew. Soc., 62, 2643-2067 (1940). 

2 Pauling, L., and Campbell, D. H.. J. Exptl. Med,, 76, 211-220 (1942). 


THE VALENCE-STATE ENERGY OF THE BIVALENT OXYGEN 

ATOM 

By Linus Pauling 

CAUPORNtA Institute of TKCHNotociy, Pasadkna* 

Communicated March 21, 1949 

A significant simplification in the discussion of the structure of mole¬ 
cules can be achieved by referring the energies of molecules not to the 
energies of their constituent atoms in any one of the stationary spectro¬ 
scopic states o{ the isolated atoms, but instead to a hypothetical valence 
state of each atom.^ The valence state of an atom is defined as that state 
in which it has the same electronic structure as it has in the molecule. 
Thus in the valence state the spins of the electrons that are used for form¬ 
ing bonds in a molecule are considered to resonate between positive and 
negative values, corresponding to the resonance of each bonding electron 
with another electron of opposite spin in the atom with which the bond is 
formed. For the bivalent oxygen atom, with six L electrons, two orbitals, 
one mainly 2s in character and one 2/?, are occupied by unshared pairs, 
and the other two orbitals, mainly 2p but with a small amount of s hybrid¬ 
ization, are occupied by one bonding electron apiece, the spins of which 
are parallel 50 per cent of the time and antiparallel 50 per cent of the time. 
In the following paragraphs values of the energy of this bivalent state of the 
oxygen atom relative to the normal state of the isolated atom, *jP> are de¬ 
rived by four different methods. It is found that the four values agree 
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reasonably well with one another, and their average value, 0,74 v.e., is 
indicated to be reliable to about 0,0o v.e. 

According to the Slater theory, tlie energy values of the three Russell- 
Saunders states based upon the normal configuration of the oxygen atom are 

A - F^y and 4* for and ^S, respectively. The 

25 25 25 

spcctnim of oxygen shows that the state lies 9239 above and 

*5 9739 cm.™^ above ’D. I'hese differences in energy are not in the ratio 
2:3 predicted by simple spectroscopic theory. For the valence state of 
the atom, neglecting hybridization, the energy is predicted to be equal to 
the Coulomb interaction of two p electrons occupying diiferetit orbitals 

2 

directed along two mutually orthogonal axes, : P, and one- 

2o ,3 

half of the resonance integral between these two orbitals, that is, — 

•j 50 

F\ a total of F^ ~~ - F'. is indicated to have the value 0.10 v.e. 

50 

by the hS — separation, and K.21 v.e. by the ’-D — separation. If 
the state is cotisidered to be depressed in energy through resonance with 
a ‘^P state based on a higher configuration, then the energy of the valetice 
state relative to ^P is predicted to be 0.80 v.e., which is the energy of 

9 

corrected by the quantity ~ ' F^ with P given by the hS — separation. 

oU 

Similarly if KS is considered to be depressed by resonance, the energy of 
the valence state is predicted to be 0.49 v.e. In the absence of knowledge 
about the nature of the cause of the deviation of the intervals from the 
theoretical ratio the best that we can do is to take the average, 0.08 v.e., as 
the spectroscopic value of the energy of the valence state.® The true value 
would be expected to be slightly higher because of hybridization of the 
bond orbitals; s-p hybridization in the alkali-metal diatomic molecules 
gives rise to a valence-state energy of 0.1 to 0.2 v.e, for tlie alkali atoms,^ 
and similar effects of hybridization may be expected for other atoms. 

A second, independent value of this energy quantity can be obtained by 
use of the postulate that the Morse function represents correctly the bond 
energy of two atoms in their valence states, and that the energy of a mole¬ 
cule obtained by extrapolation from the low-lying vibrational energy levels 
corresponds to the valence states of the atoms in the molecule. Linear 
extrapolation of the vibrational energy levels of the normal state of the 
oxygen molecule, with use of the values 1580 for and 11.35 

for (as given by the slope of the best straight line for AG(v + 
Vs) to « 17), leads tf> 6.69 v.e. for the energy of dissociation to two oxygen 
atoms in the valence state. The dissociation energy of the normal oxygen 
molecule into oxygen atoms in the normal state is 5.084 v.e., and in conse- 
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quence the energy of the valence state of the oxygen atom is indicated to be 
O.SO v.e., one-half the difference of these two quantities. 

A similar calculation can be made for the OH molecule. This molecule 
is to be considered as containing a bivalent oxygen atom with one valence 
free. The extrapolated energy of dissociation into a hydrogen atom and 
an oxygen atom in its valence state is 5.03 v.e., corresponding to the ob¬ 
served values — 3735 crn.“*^ and — <S2.(i cm.“\ The dissociation 
energy into a hydrogen atom and a normal oxygen atom is 4.34 v.e., as given 
by the work of Dwyer and Oldenberg.'* The difference between these 
values, 0,00 v.e., is the energy of the valence state of oxygen in this mole¬ 
cule. 

It is very interesting to note that the difference between the energy of 
removal of the first hydrogen atom from a water molecule, involving break¬ 
ing one oxygen-hydrogen bond, and the energy of removal of the second 
hydrogen atom vanishes when the valence state of oxygen is used as the 
point of reference. The energy of removal of the first hydrogen atom is 
found by combining thermochemical data witli Dwyer and Oldenberg’s 
value for the dissociation energy of OH to be 5,12 v.e., whereas that for the 
second hydrogen atom is 4.34, relative to the normal state of the oxygen 
atom. If the valence state of oxygen is used as a point of reference, the 
second of these values is to be increased by the energy of the valence state, 
which has been shown above to be approximately 0,7 v.e., and it is thus 
brought into approximate equality with the first bond energy. The 
equality of these two energy quantities to within 2 per cent is a striking 
illustration of the significance of the chemist s picture of the molecule as 
involving chemical bonds between pairs of atoms. 

If the assumption is made that in this molecule the energy of breaking the 
first bond is exactly equal to the energy of breaking the second bond, when 
the valence state of oxygen is taken as the point of reference, an independ¬ 
ent value can be derived for the energy of the valence state of oxygen. 
This value, 0,78 v.e., the difference of the two dissociation energies, agrees 
reasonably well with the others. 

.The agreement between the values of the valence-state energy of the 
oxygen atom in three different molecules, O 2 , OH, and H 2 O, suggests that 
the same value will hold for other molecules also, and this suggestion is 
supported by the agreement with the range of values given by the simple 
theory of atomic spectroscopic states. The average of the four independ¬ 
ent values of the energy of the bivalent state of the oxygen atom relative 
to the normal spectroscopic state, 0.74 v.e. or 17.1 kcal./mole, is pre¬ 
sumably reliable to about 0.05 v.e. 

* Contributjbfi No. 1283 from the Gates and CrelHn Laboratories of Chemistry, 

^ PauHng, L., Stmmerfeid Fesischr^tt Z. Naturforsch,, 3a, 438-447 (1948), 
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* In the discussion of the valence state of oxygen in reference 1 the energy of the 

valence state was given incorrectly as F® — ~ F*. 

HJU 

* Pauling, L., Proc. Roy. Soc., London, A196, 343-362 (1949). 

‘ Dwyer, R. J., and OMcnberg, O., J. Chem. Phys., 12, 361-361 (1944). 


ACQUISITION OF THE J SUBSTANCE BY THE BOVINE 

ERYTHROCYTE* 

By Clyoe Stormont^ 

Drpartment of Genetics, University of Wisconsin, Madison, Wisconsin 
Communicated by R, A. Brink, April 2, 1949 

The antigenic pattern of the bovine erythrocyte is genetically conditioned 
by numerous genes on at least nine of the thirty pairs of chromosomes, b * 
The combinations of these genes permit well over a million blood types. 
Any two animals taken at random, therefore, will almost invariably possess 
distinct blood types. A study of bovine twins, however, disclosed a much 
higher proportion of identical blood types than is expected in view of the rel- 
atively low frequency of monozygotous twinning in cattle.^ Owen pointed 
out that this high proportion ot identical blood types could be accounted 
for as a consequence of the known frequent union of chorionic blood vessels 
of twin fetuses, as demonstrated by Lillie.^ Apparently, embryonal blood 
cells are interchanged by those twins having a common circulatory system 
and thest* primordial cells settle in the hematopoietic tissues where they 
serve as a source of erythrocytes throughout the life of each twin. The 
identity of blood types in otherwise genetically dissimilar twins would thus 
result from a mixture of two kinds of erythrocytes, namely, those produced 
by (a) the twin's own cells and {b) cells transplanted from the co-twiu. 
Several lines of evidence, including the in viiro separation of the two kinds 
of erythrocytes comprising the mosaic of blood cells, afford proof of this 
explanation. It is now found that the cellular character called J consti¬ 
tutes an exception to the general rule in that twins possessing a blood ad¬ 
mixture nevertheless may differ in respect to the presence or absence of this 
blood factor. The present report is concerned with the reasons for this 
non-conformity in behavior of character J. 

Each of the numerous antigenic factors of cattle erythrocytes is recog¬ 
nized by the reaction (hemolysis) of these cells produced by a corresponding 
reagent (antibodies) and complement (fresh rabbit serum). For example^ 
erythrocytes of on individual that possesses a gene for antigen A are sensi¬ 
tized by the action of A reagent and subsequently destroyed (hemqlysed) 
by the action of the complement, while those of an animal that lacks gene A 
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are non-reactive in the presence of A reagent and complement. The blood 
cells of an individual are tested with each of 40-odd reagents for the pres¬ 
ence or absence of reactivity (hemolysis). The blood type (antigenic for¬ 
mula) of an animal, as determined by these tests, constitutes the reactions 
of the cells when tested with each of the reagents. A diagrammatic repre¬ 
sentation of the techniques involved and references to previous reports are 
given by Stormont and Cumky.*^ 


TABLE 1 

Blood Admixture in a Pair of Twins Differing in Factor J 

HLOOD rVPKB 


Twin no. 1: 

A 

C, F G H 

.T P Q V 

w 

X, z 

rr 


V 







ite 



Twin no. 2: 

A 

Ct F O H 

P Q V 

w 

Xi z 

D' 


V 



BLOOD TVPBB OF THE BEPAUATKD CELLS FROM TWIN NO. 1 




Type 1: 

A 

Cl F H 

J P Q V 

w 

Xa Z 


IV 

V 

Type 2: 

A 

F G H 

J P 

w 

X2 z 

D' 

H' 

V 



BLOOD TlfPKfl or TtfE BBPAHATKU OKLLB FttOM TWIN NO. 2 




Type la: 

A 

C, F H 

P Q V 

w 

Xa Z 


H' 

V 

Type 2a: 

A 

F 0 H 

P 

w 

Xt z 

D' 

ir 

V 


Generally, erythrocytes that are sensitized with sufiicient antibody are 
completely hemolysed when complement is added. The cells of the twins 
(table 1), however, exhibited only partial hemolysis when sensitized with 
antibodies for the factors C, G, Q, V and D', as indicated by the =*= sign 
above these factors. Cell counts were made following the hemolysis of 
aliquots of 2.5% suspensions of the erythrocytes of each twin. These 
counts showed that approximately 05% of the cells of each twin were 
hemolysed following sensitization with either the G or D' reagents, whereas 
about 35% were destroyed following sensitization with tlte reagents for 
C, Q, and V, respectively. These results demonstrated that only one kind of 
erythrocytes in the mixture posssessed the antigenic factors G and D' while 
the other kind possessed the factors C, Q and V not found in the first. The 
cells that were not hemolysed following sensitization with the G (or D') 
reagent contained the factors C, Q and V as well as the factors common to 
both types of blood (i.e., A, F, H, P, W, Xa, Z, H' and T)- Likewise, the 
other kind of cells, which were not lysed by the C reagent (or by those for 
Q or V), contained the factors G and D' in addition to those common to 
both kinds of cells. The J character obviously did not conform to the be¬ 
havior of the others, since it appeared in both kinds of the blood cells of 
twin no. 1 and was not demonstrable in either kind of the cells of the co- 
twin. 

The J character i$ inherited as a dominant in contrast with its absence/ 
as are the other known antigenic components of the erythrocytes of cattle. 
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It would appear, however, that erythrocytes derived from the primordial 
blood ceils of an individual possessing the gene for J (twin no. 1, table 1) 
fail to manifest this phenotype in a co-twin-host lacking the J gene. Con¬ 
versely, those erythrocytes derived from an individual lacking the gene are 
capable of developing this character in a host possessing the gene. 

The unique behavior of J in individuals of multiple births foaised atten¬ 
tion on other peculiarities of this blood factor that suggested a plausible 
explanation of this phenomenon. 

1. The J character has been detected only by means of normal anti¬ 
bodies present in certain cattle that lack J.® Attempts to produce immune 
antibodies specific for J in cattle and rabbits have not been successful to 
date. In contrast, all the other blood factors of cattle are recognized by 
means of immune antibodies. 

2. The J character of the erythrocytes seemingly is not present at birth, 
since the cells of several young calves which originally were J-negative 
were found in subsequent tests to be J-positive. 

3. A soluble J or J-like substance has been found in considerable concen¬ 
trations in the plasma of J-positive individuals. (I'his observation was 
made by Mrs. M. W. Yeas, fortncrly of this laboratory, who noted that the 
•plasma of J-positive bloods was capable of inhibiting the reaction of J 
antibodies.) Soluble substances corresponding to the other blood-group- 
factors of cattle erythrocytes have not been detected. 

4. Marked differences in the avidity or reactivity of the cells of dif¬ 
ferent J-positive adults for the same concentrations of J antibodies have 
been noted. However, the degree of reactivity oi the cells of a given indi¬ 
vidual appears to be relatively constant from month to month. Qualita¬ 
tive differences in the J substance have not been clearly demonstrable by 
antibody-abvsorption. On the other hand, the titer of J antibodies varies 
markedly among individuals and within the same individual from one 
time to another. As a consequence of such differences, weakly reactive 
anti-J sera do not contain suificient antibody to cause visible hemolysis of 
all J-positive bloods. A vsimilar effect may be obtained by diluting the 
antibodies of a more strongly reactive normal serum. Two potent normal 
sera (titer 1:256 and 1:512, respectively) obtained from the same cow 
(No. 17Z) were used for the tests described in this report. These sera were 
employed routinely in optimum dilution (1:4 or 1:8) for the detection of 
the cellular character J. 

These observations suggested the explanation that J is primarily a 
soluble, serologically reactive substance which may be acquired by the 
erythrocytes of any individual (with or without the gene) on contact with 
blood plasma containing the soluble substance* To test this assumption, 
the bloods of donors lacking J, whose cells could be separated and readily 
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distinguished from those of the recipients, were respectively transfused into 
selected recipients, as given in table 2. 

The cells of donor 41 that were recovered from a blood sample taken from 
the recipient (cow no. Z21, table 2) just after the transfusion were J-nega- 
tive. The cells from each of the donors (cows 41 and Z26) recovered at 
intervals of 2, 4, 7. 9, 14 and 21 days after transfusion of 2.5 liters of whole 
citrated blood had become J-positive. The cells recovered after the fourth 
day were indistinguishable from those of the recipients in their degree of 
reactivity with J antibodies. 

The results suggested that the same transformation might be accom¬ 
plished in vitrOy if given sufficient time. Washed erythrocytes from J-nega- 
tive cattle were suspended in freshly filtered (Seitz filter) plasma of J-posi- 
tive individuals (approximately 0.4 ml. of cells to 10 ml. of plasma) and 
inaibated at 37°C. The cells were changed to fresh plasma at intervals of 
2 hours ditring the day and were kept at refrigerator temperature (=*=4® C.) 


TABLE 2 

The in vivo Transformation op J-Necjativb Erythrocytes to JTositivb 

KXPEWIMKNT NO, 1 lILOOli TYPER 
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without a further change overnight. The treated cells became J-positive 
within 24 hours. These experiments are in agreement with the proposal 
that the J character of cattle is primarily a soluble, serologically reactive 
substance that is acquired by erythrocytes in contact with this substance 
in the blood plasma. 

Assuming that tissues which produce soluble J substance, or the cells 
ancestral to these tissues, are not interchanged by fetuses during embryonic 
life, the behavior of J in twins having mixed blood types is readily under¬ 
stood. Both kinds of erythrocytes in a twin possessing the gene acquire the 
soluble substance from the plasma, whereas both kinds of cells of the co¬ 
twin that lacks the gene are J-negative. 

Holtman^* * demonstrated that bacteria are capable of acquiring serologic¬ 
ally reactive substances from culture-media and from the animal host. The 
acquired substances were from media containing horse serum and from 
guinea pig hosts. Both these species possess Forssman antigen as well as 
serologically reactive substances related to A of man. As Holtman pointed 
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out, eertam of the heterophile reactions attributed to bacterial cells may be 
consequent on the acquisition of these substances from the media or the 
host. 

A definite serological relationship between the J substance of cattle and 
the A of humans was also established. Normal anti-J sera, that did not 
contain appreciable agglutinins for the cells of humans of groups 0 and B, 
nevertheless agglutinated, in higher titers, the cells of individuals of blood 
groups A and AB. Moreover, both the saliva and sera of humans of 
groups A and AB inhibited J antibodies in their reaction with J cells. 
Presumably, this was due to the presence of a soluble, serologically reactive 
substance in the saliva and scrum corresponding to the A substance of the 
cells. Likewise, commercial preparations of pepsin and trypsin contained a 
soluble, heat-stable substance (or substances) which was capable of inhibit¬ 
ing J antibodies, Ih'esumably the J substance is closely allied serologically 
and thereby chemically with other A or A-like polysaccharides generally 
distributed throughout the animal kingdom. 

With few exceptions, the antigens of blood cells have behaved genetically 
as simple dominants in contrast to their absence. Moreover, their relative 
ease of detection by means of antibodies, their apparent constancy under 
varied environmental conditions and throughout life as well as the fact that 
these specific properties are contained in the stroma of erythrocytes’* would 
suggest that they are produced by the action of genes in maturing erythro¬ 
cytes or their cellular precursors. Indeed, the idea has been expressed^®* “ 
that cellular antigens may be the more or less primary products of their 
causative genes. While the evidence concerning the J factor of cattle does 
not constitute an exceptiony as far as is known, to the above idea, it demon¬ 
strates that the synthesis may not always be in the cells in which a particu¬ 
lar factor is recognized. 

Summary .—Evidence is presented that the J factor of bovine erythrocyte 
is primarily a soluble, serologically reactive substance elaborated by tissues 
other than tliose which produce erythrocjrtes. Erythrocytes acquire the J 
substance on contact with soluble J in the plasma, 

* Appreciated contributions to various phases of this study have been made by 
Professor M. R. Irwin, Considerable technical assistance to the project was rendered 
by Miss M. Claire Busk. 

t From the Departments of Genetics (No. 396), Veterinary Science and Dairy 
Husbandry, University of Wisconsin, in cooperation with the Bureau of Animat Industry, 
U, S. Department of Agriculture, This study was supported in part by the Research 
Committee of the Graduate School from* funds supplied by the Wisconsin Alumni 
Research Foundation. Blood samples were obtained through the generous cooperation 
of woriters at state experiment stations and of numerous private breeders of cattle. 

^ Stormont, C., Owen, R. D., and Irwin, M. R., in preparation. 

* Stormont, C., in preparation. 

* Owen, R, D., Sdmee, 102, 40(M01 (1946). 
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FURTHER STUDIES ON THE EFFECT OF INFRA-RED RADIA^ 
TION ON X-RAY-INDUCED CHROMATID ABERRATIONS IN 

TRADESCANTIA^ 

By C. P. vSwanson 

Department op Biology, Johns Hopkins University, Baltimore, Maryi,and 
Communicated by K. Sax, March 21, 1949 

The time limit within which x-ray-induced breaks in the chromosomes 
of dividing cells restitute, or recombine non-homologously, has not been 
established with any degree of exactitude, if, indeed, such a determination 
is possible. The problem has been variously attacked, but no single 
generalization adequately encompasses the divergent data obtained from 
sudi organisms as Tradescantia, Drosophila and maize. Evai from the 
extensive x-ray studies which have been made on the microspore chromo¬ 
somes of Tradescantia, the resultant conclusions drawn by the several 
investigators are only in partial agreement. 

Time-intensity and fractional dosage studies on the microsporc chromo¬ 
somes of Tradescantia have led Sax to conclude that the broken ends re¬ 
main in a condition permitting recombination or restitution for a period no 
longer than one hour.^* ^ There is some indication that the time span may 
be as short as 20 minutes. The tact that temperature changes and centrit- 
ugation will modify the x-ray-induced frequency of aberrations in the same 
material only when used within certain time limits supports this con¬ 
clusion.*' * Data from experiments employing various radiations in com¬ 
bination provide additional supporting evidence. Ultra-violet, used as a 
pre-treatment, reduces the percentage of x-ray-induced aberrations in both 
Drosophila and Tradescantia.** ® When used as a post-treatment on the 
pollen tube chromosomes of Tradescantia, the effectiveness of the ultra¬ 
violet in reducing the percentage of detectable aberrations diminishes as 
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the time interval between x-ray and ultra-violet radiation increases. The 
double (isochromatid) deletions appeared to be unaffected by post-treat- 
ment, and hence were considered to be formed immediately upon x-radia¬ 
tion; the chromatid exchanges showed no reduction in number when 
treated with ultra-violet one hour after the breaks were induced; the single 
chromatid deletions continued to be reduced in number for at least an hour 
after their initial induction. 

In addition to the direct observational evidence discussed above, Lea 
and Catcheside^ and Marindli, cf a/.,* have contributed mathematical sup¬ 
port. The former have concluded that primary chromatid breaks remain 
in a rejoinable condition for an average period of 372 minutes; the latter 
state that “00 per cent of the single chromosome breaks would heal within 
115 minutes after their occurrence.” Although the time discrepancies are 
large, neither hypothesis seriously refutes Sax's conclusion that the maxi¬ 
mum duration of the rejcjiuable period for broken ends of chnanosomes is 
between 20 to GO minutes after the initial rupture has oecurn'd. 

On the other hand, the findings in Drosophila and maize give delinitivc 
proof that broken chrotuosomes need not undergo recombination or restitu¬ 
tion within any limited interval of time other than that imposed by the 
reproductive mechanism of the. organism. Both Aluller^* and Kaufniann'® 
have demonstrated that x-ray-induced breaks in the mature sperm cells of 
Drosophila do not recombine until after the sperm has entered the egg 
in the process of fertilization, and in Muller’s work, the time lapse for some 
breaks must have been of a month’s duration. McClintock^^ has most 
ingeniously provided evidence that a similar condition holds for the mechan¬ 
ically induced broken ends of chromosomes in the spenns and eggs of 
maize, since recombination between paternal and maternal chromosomes 
can be observed to have taken place in the zygotic nucleus. Evidence of a 
somewhat different, though nonetheless relevant, character can be extracted 
from vSparrow's^^ study of the relative sensitivity of the various chromo¬ 
some stages to x-rays. His data revealed that the chromosomes of Trillium, 
x-rayed at meiotic metaphase I, show few or no aberrations at metaphase I 
or anaphase I, the latter stage having a duration of at least one day. The 
aberrations are observed only at the first microspore metaphase. This can 
only mean that recombination has been very much delayed, taking place 
probably in interphase or during microspore prophase, no intervening 
meiosis II stages being present under the experimental conditions em¬ 
ployed. One is consequently forced to the conclusion that the time inter¬ 
val between breakage and recombination will vary with the type of nucleus 
irradiated, and that the data from maize, Drosophila, Tradescantia and 
Trillium cannot be equated on any single temporal basis. 

The use of infra-red radiation as a supplementary tool few* modifying tlie 
rate of aberrations provides a means for reinvestigating the problem in 
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Tradescantia, a time interval of 21 hours being imposed between x-radia¬ 
tion and chromosome fixation, (This time limit is arbitrarily imposed to 
insure the detection of chromatid aberrations only, and to reduce possible 
variance in the rate of aberrations arising out of variations in the state of 
the nucleus at the time of radiation.) If it is assumed that all of the broken 
ends restitute or recombine within a certain period after x-radiation, then a 


TABLE i 

Freqtjency or X-Rav-Induced Chromatid Aherrations When Inera-Red Is 
Avvlied as a Posi -Treatment. I.)ata in %. 107 r 
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stage should be reached after which the application of infra-red will no 
longer influence the rate of observable structural changes. Preliminary 
studies^* have indicated that an infra-red treatment four hours after x-radia¬ 
tion still effects an increase in the rate of single deletions and exchange 
aberrations. The present report extends these data for tlie full period up 
to the time of chromosome fixation. In addition, these data as well as 
other findings to be presented enable us to examine further the hypotheses 
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which have been advanced to account for the mechanism of infra-red action 
as it afiects the behavior of x-rayed chromosomes. 

Materials and Methods .—A clonal line of Tradescaniia paludosa Anders, 
and Woodson provided the experimental material. Fixation of the 
chromosomes was made at 21 hours after x-radiation, regardless of the 
time of application ol the infra-red. All x-ray treatments consisted of 
unfiltered radiation from an industrial type of instrument, delivered at 80 
kv. and 10 nia., and at a distance of 16 inches from the center of the tung¬ 
sten target. Treatment time was IV 2 minutes, and the total dose, as 
measured by a Victoreen dosimeter, was 107 r. The buds to be treated 
with infra-red were placed in a large test tube, which was then rotated 
slowly for three hours in a beam of infra-red emitted by a commercial dry¬ 
ing lamp operating at 110 volts and 250 watts. The radiation, before reach¬ 
ing the buds, was passed through a Corning glass filter No. 2540 opaque to 
visible wave-lengths of light but transmitting a high percentage of the infra- 


TABLE 2 

Frequency ok X-Ray-Induced Chromatid Aberrations When a Delay Exists 
BETWEEN THE TiMB OF XnFRA-RED AND X-RAY TREATMENTS. DATA IN %. 107 R 
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red from 0.75 to 4.0 microns. 'A stream of tap water constantly flowing 
over the rotating tube probably absorbed all infra-red wave-lengths longer 
tlian 1.5 microns, thus limiting the effective region to that portion of the 
spectrum between 0.75 and 1.6 microns. To insure adequate x-ray con¬ 
trols within each experiment, all the buds of any particular group were 
x-rayed simultaneously, whether they received infra-red or not. Only 
metaphase figures were scored for induced abwations, and each figure in 
the ‘Total chromosomes'" columns of tables 1 and 2 represents an analysis 
of 3 to 7 slides from acetocarmine smear preparations. 

Experimental Results .—The data on chromatid aberrations derived from 
the infra-red post-treatment series of previously x-rayed buds are sum¬ 
marized in table 1. Each time-interval treatment is given with its 
own x-ray control data, and, for comparative purposes, each treatment of 
x-rays plus infra-red should be considered in terms of its own x-ray control. 
The fluctuations existing between the various control treatments make such 
comparisons necessary. 
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Considering each type of aberration separately, it is evident that the 
greatest increases are to be found in the exchange aberrations. Except for 
the 18-hour series which shows a difference significant only at the 5 per cent 
level, the remainder of the treatments show increases which are highly 
significant. The increases in single and double deletions resulting from 
infra-red post-treatment are not as striking. The former show increases 
which are consistently higher throughout all treatments, while the double 
deletions show decreases with infra-red in the 4- and 18-hour series. The 
increases nevertheless are highly significant for both types of aberrations 
whether the P values are calculated by standard error methods or by 
summation of the individual chi squares. There can be little doubt, there¬ 
fore, that infra-red post-treatments can effectively modify the rate of 
detectable aberrations in Tradescantia throughout the entire prophase 
period. Considered in the light of Sax’s extensive data from time-inten¬ 
sity, fractional dosage and temperature experiments on identical material 
which definitely point to a rather brief period during which recombination 
can occur, these increases were somewhat unexpected. 

How permanent are the chromosomal effects of infra-red which lead to a 
greater observable rate of x-ray-induced aberrations? The quantum 
energies of infra-red within the spectral limits employed are not of sufficient 
magnitude to produce dissociation within most molecular systems, and the 
induced vibrational and rotational changes of electrons are of momentary 
duration. It has been suggested^^ that low-grade disturbances within the 
polymerized nucleoproteins may '‘sensitize” the chromosomes to sub¬ 
sequent treatments with x-rays, but our lack of knowledge of the chemical 
organizati<)n of the chromosome, and of the possible effect of the infra-red 
radiation upon such a chemical system makes any inquiry as to the mech¬ 
anism involved a purely speculative one. Earlier studies on Tradescantia^® 
indicated, however, that the induced changes, whatever their nature might 
be, are at least of a semipermanent character, for an interval of 21 hours 
between the infra-red and x-ray treatments led to no appreciable reduction 
in infra-red effectiveness. The data in table 2 indicate that the time inter¬ 
val between the two radiations may be extended to 96 hours without reduc¬ 
ing the infra-red effect. I'he changes, once induced in the chromosomes, 
are apparently not reversible with time. The time interval employed, 
however, is not of sufficient length to encompass an entire mitotic cycle. 
Since the induced effect can be brought about in resting nuclei and persist 
until prophase, the stage at which chromatid breaks are presumed to be pro¬ 
duced by x-rays, it is possible that the “sensitization ” mechanism has as its 
bo^s some alteration induced in the processes which transform the chromo¬ 
somes from a resting to a prophose state. Apart from subtle chemical 
changes which cannot be detected cytologicaUy, the more conspicuous 
phenomena are the progressive ddiydration, nudeination and coiling of the 
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chromosomes. That coiling is unaffected by the infra-red is reasonably 
certain; the length and diameter of the chromosomes appear the same 
whether infra-red has been applied or not. Little can be said, from a strictly 
cytological point of view, about dehydration of the chromosomes. On the 
other hand, if the infra-red interferes, in any way, with nucleic acid poly¬ 
merization, and its attachment or detachment to the chromosome frame¬ 
work, a process which according to some cytologists stabilizes the chromo¬ 
some during cell division, then one might theorize that any agent upsetting 
nucleination would tend to increase or decrease the fragility of the chromo¬ 
some to x-radiation. As has been emphasized, however, whatever changes 
may occur in the chromosomes are not reflected in any morphologically 
detectable alteration of structure. The only consistent difference noted 
between control and infra-red-treatcd microspores is an increased percent¬ 
age of cells observed dividing at an oblique angle. In the untreated micro¬ 
spores of Tradescantia, the spindle is oriented in the short axis of the cell. 
The presence of two large sap vacuoles, one at either end of the cell, makes 
this, however, the long axis of the cytoplasm. About 5 per cent of the cells 
normally lack one vacuole, thus producing a condition such that the long 
axis of the cytoplasm is oblique. The spindle orients itself accordingly. 
In all infra-red-treated buds, 25 per cent of the cells, on an average, possess 
an oblique division plane with an accompanying absence of one vacuole or 
both. The meaning of this observation in terms of an increased rate of 
chromatid aberrations is obscure, if indeed there is any correlation, unless 
one is dealing here with a viscocity change which affects both chromosomes 
and cytoplasm. 

Discussion .—The interpretation placed upon the data presented in this 
report will depend upon the light in which they are viewed, i.e., whether the 
data are viewed in the light of the Kaufmann and Gay*® hypothesis as to 
the mechanism of infra-red effect, or in the light of tlie hypothesis advanced 
by Swanson and Hollaender,*^ Consideration must also be given to the 
extensive data on x-rayed microspore chromosomes of Tradescantia, all of 
which point to the occurrence of recombination within a relatively short 
period of time after the initial induction of the primary breaks. 

Kaufmann and Gay*® consider that the production of primary breaks in 
the chromosomes of Drosophila sperm cells results only from the ionizing 
action of the x-rays. The additional infra-red radiation merely makes more 
of the breaks available for purposes of recombination, i.e., recombination is 
favored at the expense of restitution, but the infra-red does not of itsdf 
play any r61e in increasing the number of primary breaks. The principal 
basis upon which this hypothesis rests is the evidence that infra-red, while 
effectively modifying the rate of detectable recombinations, is without effect 
on the rates of induced dominant or recessive lethals, both presumably 
being single-hit phenomena, The second hypothesis,*® which advanced the 
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opinion that the infra-red radiation was instrumental in increasing the 
actual number of primary breaks, was proposed in order to relate the data 
for both the pre- and post-treatments to a single mechanism. It was sug¬ 
gested that “if both infra-red and x-rays are capable of weakening the chro¬ 
mosome structure (this in addition to the normally realized x-ray breaks) 
in a manner which would not be detectable as distinct breaks, and which 
would not be realized unless further disturbed by the addition of the other 
type of radiation, then an additional increase in break frequency would be 
expected with both pre- and post-treatments with infra-red radiation.’' 
Suffice it to say, no critical evidence has yet been obtained which invalidates 
one or the other, or both, of the hypotheses. Physical data alone would 
suggest that infra-red energies are incapable of disrupting ordinary molec¬ 
ular bonds, but our lack of knowledge as to the effects of infra-red on rnacro- 
molecular systems such as the chromosome nucleoproteins makes ssuch con¬ 
siderations mere speculations. 

Time-intensity,^ fractional dosage,® temperature^ and centrifugation'^ 
data fit into the interpretation that the time interval of recombination of 
x-rayed microspore chromosomes of Tradescantia is comparatively brief; 
it is to be measured in minutes and not in hours. The data in table 1, how¬ 
ever, definitely indicate that infra-red post-treatments effectively increase 
the rate of all aberrations for a time interval between the x-ray and infra¬ 
red treatments even as great as 18 hours. To account for these data on the 
hypothesis of Kaufmann and Gay it would have to be assumed that, after 
normal recombination has taken place, there still remains a reservoir of pri¬ 
mary breaks which do not restitute and which, under the influence of infra¬ 
red, arc activated to a state wherein they will enter into recombination with 
other similarly activated breaks or be expressed as single deletions. It 
must also be assumed that this reservoir of breaks cannot be tapped by 
other environmental agents such as temperature and centrifugation. Such 
an explanation is not in good agreement with the time-intensity and frac¬ 
tional dosage experiments.’* ® 

On the other hand, if it be assumed that the infra-red can raise the rate 
of primary breaks, the data presented here and earlier’® become explicable 
and at the same time remain conformable to the data of Sax. An increase 
in both single deletions and exchange aberrations is to be expected on this 
basis, whereas a decrease in single deletions would be expected to accom¬ 
pany an increase of exchange aberrations, if only recombination were 
influenced by the infra-red, since the exchanges arise from single deletion 
types of breaks. It is, of course, entirely possible that both hypotheses 
are correct. Infra-red may induce primary breaks and also affect recom¬ 
bination. At the moment, however, we arc inclined to feel that, in light of 
the Tradescantia data, the essential effect of the infra-red is to induce breaks. 
At the same time it is recognized that this explanation is less likely when 
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the Drosophila data are considered by themselves. Obviously more criti¬ 
cal experiments arc needed to test the two hypotheses. 

It was earlier stated^* that double deletions were unaffected by infra-red 
post-treatment, these being single-hit aberrations which were realized at the 
time of radiation with x-rays. In the light of the data presented, this view 
is no longer tenable. 

* Supported by a grant from the National Advisory Health Council, United States 
Public Health Service. 
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THE LAST ENTRY IN GAUSSS DIARY 
By S. CHOWUt 

The Institute for Advanced SniDv 
Comtnunicated by H, Weyl, March 24, 1949 

Herglotz, in his paper ''Zurletzten Eintragungim GaussschenTageguch" 
[Leipzig. Ber.f 73, 271-276 (1921)] proves by means of the complex multi¬ 
plication of elliptic functions, the following conjecture of Gauss (entered 
in his Tagebuch on July 9, 1814): 

For a complex primary prime modulus r ke 1 mod (1 — i)® the number 
of solutions of the congruence (including the solutions x, oa; oo, ±:i ); 

^ I (mod r) 

is equal to the norm of ir — 1. Dedekind verified this for N(ir) < 100/ 
We give a proof (Theorem 1 below) based on elementaty number theory* 
Notation: p denotes a prime « 1 (mod 4) ; g is a primitive root of p; 
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(n/ p) is the Legendre s 5 anbol of quadratic residuacity; 6 is defined uniquely 
by ^ ^ 1 or 3 (mod 4) according as ss 5 or 1 (mod 8); finally 

[m = 0,1.2,.3]. 

Theorem 1: 


5o = 20-2. 

Proof: We observe that our theorem follows immediately from the 
5 relations ; 


(A) 

(B) 

(C) 

(D) 

(E) 

(A) 


(B) 


(C) 


5i = -5, 

Ao + 52 = -4 

5„2 + 5,“ + 52= + 52= = 8p + 8 

5o s=? 0, 4 (mod 8) [p s? 5, 1 (mod 8)] 

/> = + 0=; 0 ii= 1, 3 (mod 4) [p 5, 1 (mod 8)] 


. ?e‘f'■)[*= rf] 

^ w+5..+.w+s-. ;t;- 


Consider the sum inside the braces. If y* ^ x\ the innermost sum - 
p — 2] for the remaining {p — 5) values of y the innermost sum is —2 
since writing/ = y*) sum easily transforms into 



“ -2la - « + 1; d - 1; / 0]. 

(D) This follows at once by noting that x* has the same non-zero value 
mod p for exactly 4 incongment values of x, and these x are equidistant 
from V»^. ftirther exactly 4 terms of 5« vanish, while the rest are -f-1 or — 1, 
^milarly we prove: 
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Theorem 2: 



where 6 is defined uniquely by 6 1 (mod 3) and (> is 

a prime I (mod 12). 

I should like to tliank Professor Siegel (who found slightly more general 
results) and Professor Weyl for their interest in this note. 

Note added in proof: Results similar to Theorems 1 and 2 have been 
found recently by E. Lchmer and A. L. Whiteman. Deiiring, in a paper 
dedicated to Herglotz, finds more general results by advanced methods 
[set: Hamburg Abhandlungen, 14, 194b 197-272]. 


ON THE THEOREM OF JENTZSCII 


By Arykh Dvoretzky 


Hebrew University or Jerusai.em and Institute for Advanced Study, Princeton, 

New Jersey 

Coiiununicatcd by J. von Neumann, March 9, 1949 


J. Let 

f{z) = E lim sup = 1, , (1) 

«=» 0 «•«« 

be a power series with unit radius of convergence. Denote by 

5„(s) = t a.^” (« = 0, 1,2, ...) (2) 

the partial sums of (1) and by the distance of 2 ; = 1 from the set of roots 
of 5n(z) == 0. The classical result of R. Jentzsch^ that every point of the 
circle of convergence is a limit point of zeros of partial sums may be written 
in the form: 


lim inf A„ =« 0. (3) 

rt*i CD 

2. It is impossible to improve on (3) by exhibiting a sequence (^n) of 
positive numbers tending (however slowly) to infinity and sueJh that 

lim inf =* 0 

«*» 00 

for all series (1). It is, however, possible to give explicit estimates of the 
rate with which (a suitable subsequence of) A, approaches zero in terms 
of the moduli of the coefficients of (1) and of its behavior near z «■ 1. This 
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is an immediate corollary of more precise results, some of which are given 
below. 

3. A function f{z) regular in | 2 | < 1 (or in its intersection with a 
neighborhood of s — 1) is said to satisfy Condition C if 

l<.g/(^) - <>(>'-8 | ,4,|) 

as s 1 through some angle with vertice at s ~ 1 and one of whose sides 
contains the negative axis.’^ 

Conditicm C is clearly satisfied if f{z) is bounded and bounded away 
from zero as s 1 through the above angle, thus in particular if f(z) is 
regular ai z — 1 and /(I) 7 ^ 0 or if is convergent (or Cesaro summablc 
of any order) to a sum difTerent froni zero. 

4. First we give a result jicrtaining to the special case when the largest 
coefficients a„ are comparable to some power of n, 

'Fueorem 1. Let f(z) satisfy Condition C and, furthermore, let the coeffi¬ 
cients of Us Taylor series {!) satisfy 

~w<p^ lim Slip < 00 . (4) 

logM 

Then there exist infinitely many n for which 

Sn ^ log === 0 (>'0 

has roots in the rectangle 

1 - 6 < I - Re\^} < -/> + 5, -6< n ^ /win < 5, (0) 


6 being an arbitrary positive number. 

Moreover, if (w.„)rLi a sequence of increasing integers for which 


log |a„J 
lim -- - 

logn„ 




(7) 


then, for all v sufficiently large, {5) for at least one of n = n^ and n ^ n,, — 1 
has roots in { 6 ). 

Thus we know of the existence of a subsequence of (A„) for which the 

order of magnitude of A„ does not exceed vSimple examples, e.g., 

f{z) «= ( 14 - 2 ) show this to be tlie correct order. Moreover, the location 

of some roots is known to within Q + <>(1)^ which, unliketheestimate 

of A„, is independent of the value of p. 

5. In the general case, when (6) is not assumed, there is the following 
analogous result. 
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Theorem 2. Let (7) satisfy Condition C then there exist infinitely many 
n {with a„ 9^ 0) for which at least one of the two eqnations 

^|a„| ^ log = 0. 5„_, ^ log = 0 (8) 

has roots in the rectangle 

-1 - 6< { = < 6. -S< n =/wlfl < 5, (9) 


6 being an arbitrary positive number. 

Disregarding possible roots at 2 — 0, |an| is approximately the 
geometric mean of the moduli of the roots of Sn{z) » 0. It is remarkable 
that through consideration of distances from tins geometric mean, instead 

of from z « 1 , we have recovered in the general case the order — en- 

n 

countered in 4. This, however, does not yet yield any information, of the 
form considered in 2t about the A«. Indeed, as far as the statement of 
theorem 2 goes, it is conceivable that the values of n the existence of which 
is asserted are such that lim sup < 1 , and thus not even ( 3 ) is 

implied. 

6. To overcome tliis failing it is necessary to specify furtlier the values 
of n for which the assertion of tlieorem 2 is made. It turns out that these 
are tJiose n for which the a^ are “large.” Some sufllcient conditions for 
this “largeness” are listed below: 

An infinite sequence of increasing integers is an (a„) sequence 

if it satisfies^ 


max 

j ^ 


l«g \<^)\ 


_ilOg 


0 (log n,), 


and 


sup \log Ijfa^t « ^ log |n.oJ + 

(n,) is an sequence if to every « > 0 there corresponds a y > 0 

such that 


sup (1 

i in, \ 


log | 0 )l - ~ log to,,| + 7 

Tip 




(« + 0 ( 1 )) log n.- 


(«„) is an £*(a«) sequence if there exist an integer N and a positive 7 
such that 

niax AlPg lo/l + log A - ~lc«lan,l -f **^^h ogn,. 

j /tt, n. 

Finally, an infinite sequence of increasing integers is an £(a«) sequence 
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If it is the union of three sequences each of which is either empty or an 
je*(a«) sequence (k ^ 1, 2, 3). 

It can be shown that whatever the series (1) there exist ii(afl) sequences. 
It is also easily seen that if (n^) is an £(an) sequence then 

Hm =1. (10) 


Furthermore it is immediately verified tliat when (4) holds and (tty) satisfies 

(7) then it is an £(aj sequence. 

7. With this concept we have corresponding to (and including) tlie 
second part of tlieorem 1 

Theorem 3. Let the conditions of theorem 2 be satisfied and (n,) be an 
ii(a„) sequencei then for all n = with large v at least one of the equations 

(8) has roots in (.9). 

By choosing *C(a„) sequences for which the approach of (10) to the limit 
is as fast as possible, explicit estimates of the type discussed in 2 of are 
obtained. 

8 , Condition C is the only restriction on (1) in theorems 2 and 3. If 
it is not satisfied but there exists a real q for which (s — l)®/(s) satisfies 

Condition C the effect is a shifting of the rectangle (9) by - log n, How- 

n 

ever, there are of course functions (1) which do not satisfy any restrictions 
of this type. Our methods yield, however, explicit estimates in the most 
general cases, we quote only the following result. 

Theorem 4. Let (1) satisfy 

— 00 < lim sup — < — 1, (11) 

lug« 


let >1 be arbitrary and (fin)i be such that ^ log |a,l and 

n 

(e. - ^ to*»)' is a downward convex sequence of positive numbers. Let 

0 < ^ < 1 be arbitrary and denote by A/» the maximum of f(z) in 
|je| < i “ |s — ii < fin, and kt 


lim inf ~ log < 0. 

ff M w npn 

Then 

lim inf ^ < 1. (12) 

t, w o» fin 


Whenever (11) holds, sequences (d.) satisfying all the above require¬ 
ments can be foimd. Since nfi ,®. (12) is an improvement of (3) of 
the type mentioned in 2. 
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9. The previous results can be extended in yet another direction 
illustrated by 

Theorem 5. Let (i) satisfy {4) with p < ’-1 and (r„)® be any sequence 
of positive numbers subject to the only restriction log rn = o{log n) a5 n —> » 


Then there exist infinitely many n for which w 


= 5„^i + ^ log maps {6) 


on a domain IV„ over the w-plane completely covering the ring 


1 

- < \w - J^an\ < r„, 

'n n-0 


(13) 


and, indeed, more than <t log n times, a being a suitable positive number. 

If instead of (6) larger domains are considered, (13) can also be replaced 
by larger domains. If, ultimately, (6) is replaced by | 2 ; ~ 1| < « then 
(13) may be replaced^ hy \w\ < Rn where the satisfy log Rn = o{n) as 
n CO and also a log nhy on. 

10. When the coefficients of (1) are such that (for J£(a„) sequences) 
the approach to the limit in (10) is slow, e.g., = e^^, the rate of 0 

is also slow, however the size of (6) can be diminished. As an example 
of yet another phenomenon we bring the following result on gap series. 

Theorem (j. Let (X«)r be a sequence of increasing integers satisfying 
log (X«/(Xfl - K-i)) - o{logn)asn-> «>. Letf{z) «= 

log» 

00 

and ^ a„ 0 . Then there are infinitely many n for which 

if-O 

(^l + -^ log - 0 

has roots in the circle 

I f - log n| < ^ log n, (14) 

An Art 


6 being an arbitrary positive number. 

The main improvement over tlieorem 1 is the appearance of log n, 
instead of log in (14). 

11 . Condition C can be considerably weakened without impairing the 
order on the other hand if stronger assumptions are made this order 

ft 

can be improved; ultimately, when regularity or certain convergence 


type conditions are imposed, even to E.g., 

n 

Thborem 7. Let (I) be regular and different from zero at z =* 1, and its 
coefficients satisfy 
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0< A - lim sup ja^l < w. (15) 

»— 09 

Then 


Hm inf w < B < co (10) 

Moreovert B may be chosen as a function of the single argument \f(I)\d/A 
where d denotes the distance from z ^ 1 lo the nearest singularity of f{z).^ 
Sitntlarly when a convergence type condition replaces regularity we have 
Theorem 8. Let (i) satisfy (15) and f{z) be bounded and bounded away 
from zero as z 1 through some angle with vertice at z — 1 and containing 
points in \z\ < 1, Then if the sequence S„(l) is bounded ^ (16) again holds. 
Now, of course, instead of dependence on /(I) and d which have no mean¬ 
ing in this case, B will depend on the bound of 5„(1). 

12, The shift mentioned at the beginning of S in the location of the 
roots of the partial sums when Condition C fails, is most clearly exhibited 
in the following theorem. 

Theorem 9. Let ( 1 ) satisfy the conditions of theorem 7 except that z ^ 1 
be a zero of order m of f(z). Then 

lira inf na. f l - m '!« !“') < ,, (17, 

where A«(2:„) denotes the distance from z„ to the set of roots of Sn(z) - 0, 

In particular we have in this case for the order of magnitude of (a suitable 

log* fi 

subsequence of) A„ the upper bound - * - . That all roots of the partial 

n 

sums may indeed be as far from z — 1 as allowed by (17), is seen from 

examples such as f{z) — —^ i. 

i -f- c z 

13. The main tools used in establishing tlie above results are some of 
the simpler propositions of tlic theory of normal families or related in¬ 
equalities of the theory of functions of a complex variable. Due to the 
general applicability of these tools, our results can be extended to much 
wider classes of developments tlian power series. In particular they can 
be carried over to general Dirichlet series (cf. reference 4) or even to 
Laplace-Stieltjes transforms. Also, instead of studying the partial sums 
of (1), it is possible to study in the same way the remainders or sums of 
blocks of terms from (1), etc., and similarly for more general developments. 

Further results and proofs will be published elsewhere. 

^Acta 41, 219-251 (1918), 

* The assumption that the angle contains points interior to the unit circle is sufficient; 
the strotiger assumption in the text is made for normalization xmrposes, it affects the 
constants involved but not the order of magnitude. 
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* Unless otherwise stated, 0 and o refer to v . 

* Dvoretzky, A., Studies on General Dirichlet Series (Hebrew and English abstract), 
Jerusalem, 1941. 

* This is, of course, quite different from (4). 

* Only singularities of a principal branch need be considered. 


ON DEVIATIONS BETWEEN THEORETICAL AND EMPIRICAL 

DISTRIBUTIONS* 

By M. Kac 

Dbpartment op Mathematics, CoRNEtt, University 
Communicated by H. Wcyl, March 18, 1949 

1. The determination of a theoretical divStribution function o{u) by 
drawing a random sample is a familiar technique. The reliability of this 
procedure is based on considerations of the least upper bound of the 
absolute value of the difference between cr(w) and the empirical distribution 
(Tniu), defined as l/n times the number of sample elements falling below u. 
The theory requires delicate and powerful mathematical tools. Con¬ 
siderable simplification can, however, be achieved by taking samples 
whose size is not fixed but drawn from a Poisson population. This note 
is devoted mainly to the exposition of this idea. We also consider different 
measures of deviations and compare the theories for samples of fixed and 
random sizes. 

2. Let Xu X^, ... be independent random variables having the same 
continuous distribution functions <x{u). Let furthermore ^«(x) be 0 or 1 
according as x > u or x < u. The empirical distribution function 

Xu . ■ ■, Xn) ^ is defined by the formula 

" 2 MXj). ( 1 ) 

ft} » 1 

Kolmogoroff^ has shown that 

lim Prob.| l.u.b — (r(w) | < JP(a), (2) 

where 

P( a) =. yll f; (3) 

0 £ * -* 0 

An elementary proof of this and some related results was subsequently 
given by Feller.* Quite recently Doob* derived Kolmogoroff's result 
using the theory of stochastic processes. He pointed out that 
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P(a) = Prob. I Max. |'v(«)| < a}, (4) 

0 £ M 5 1 ' 

where y{u) {0 < u < 1) is a Gaussian process satisfying the conditions, 

y(0) = y(l) = 0, ii{y(«)y(D)} = Min. («, i>) — uv, (5) 

Since the process y{u) is related in a simple way to the classical Wiener 
process the calculation of (4) cun be reduced to a more or less standard 
calculation in the diffusion theory. Doob s justification of (4) is heuristic 
and he states that a rigorous proof would be quite delicate. 

Independently of Doob, the present author also used the reduction to 
the process y{u) in connection with a related problem (see § 4 of this note). 

3. Let iV be a random variable having Poisson’s distribution with 
mean m and independent of the collection X\, ... We define the 

modified empirical distribution function <rj;(w) by the formula 

<(«) = i E 4'uiXi), (6) 

- 1 

with the understanding that if AT « 0 the sum is to be taken as 0. The 
result which corresponds to that of Kolmogoroff is 

lim Prob.j l.u.b. |<;;(«)- a(u)| < -^--4 = P*(a), (7) 

where 

P*(«) = Prob. [ Max. |.r(«)l < a) « ^ E 

( 8 ) 

and x{u) denotes the Wiener process (.r(0) - 0). An intuitive justification 
of (S) is quite simple. We first note, following KolmogorofF» that as long 
as <t{u) is continuous, the probability on the left side of (7) is independent 
of <r(w). Thus it is sufficient to restrict oneself to the case when cr{u) is 
the uniform distribution, i.e., — w, 0 < w < 1. 

Next, it is seen that the process 

x,(u) » E MXj) - «}, 0 < « < 1 (9) 

is a process with independent increments* and 

£{*%(«)) “«. ( 10 ) 

Moreover, as ju , the probability distribution of x^{u) becomes normal® 
with mean 0 and variance u. Thus it is natural to expect that the limiting 
properties of the process will be those of a Gaussian process 
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x{u) (jc(0) “ 0) with independent increments and such that £{x(w)} = 0, 
u. These properties are characteristic of a Wiener process. 

To justify (8) rig;orously one needs to prove that 

lini lim Prob.| Max. < al— Prob. { Max. \x{u) \ < a\ 

^ k ^ 2r \^ / ) 0<«:S1 

( 11 ) 

whereas the corresponding fact with the limiting processes interchanged 
(first M then r —► ») is trivial. Due to the fact that Xf,(n) is a process 
with independent increments (11) can be proved quite easily. In fact, 
one need only apply, with minor modifications, the reasoning given on 
page 21*5 of the note of Erdos and the present author, “On Certain Limit 
Theorems of the Theory of Probability.”^ The analogue of (11) for the 
process y{u) is difficult and it is this step which is left out from Doob's 
considerations. 

The deviation between the empirical and the theoretical distributions 
can be studied in various other ways. The following seems to be of some 
independent interest. 

Let = 1 — ^it{x) and consider the random variable 

A'„ - — (}{t4)).la{n) = 7^'r„(.v^(«■))</». 

( 12 ) 

This random variable has a simple interpretation. The graph of tr*(«) 
is a step function and it is convenient to consider the jumps as vertical 
parts of the graph. Ka represents then the sum of lengttis of those pieces 
of the vertical parts of the graph which lie above (7(w) + a/\/ju. 

It is easy to prove that 

lim Prob. {£« < a] ^ Prob. {Jl^ Va{x{u))du < a}, (13) 

/i"* « 

A general theory of calculating probability distributions of Wiener func¬ 
tionals of the type So^V{x{u^)du hivs been recently given by the present 
author.® For a = 0 one gets a particularly simple result (lac, 
Example 2) 

2 

lim Prob, {A'o< a} - ~ arc sin \/a. (14) 

ot 

4. Results analogous to (14) can be also obtained for empirical dis¬ 
tributions based on samples of fixed size. In this case 

Ka « fJ’.VaiVnMu) - <riu))daiu) 

has the same interpretation as above, but 
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lim Prob* aj Prob. {Jo^Va{y('u))(lu< a}, (15) 

tt—+0D 


where y{u) is the Gaussian process defined by (5). Unlike in the case of 
the least upi^er bound the justification of (15) is not difficult. The cal¬ 
culations of the probability distributions of JV can be reduced 

to considerations of the paper {loc. cit,^) but owing to the boundedness of 
1\ the theory can be simplified. 

Let 


I) 


{X -- 0V2(/ 


Q.Mx, t) - ndidr. (10) 


It is easy to verify that 

£{(./o^U«(y(«))dw)"j V27rn\Q„{0, l). (17) 

Let furthennore 


Q.{x,l) - E (-l)Va(.v,/) (18) 

M « 0 

and note that whenever | r(f) | < M (in our case M = J) one has 

0< Q„{x. /)< t). 

Thus Q{x, t) is well defined and 

0 < Q(x, t) < e"' Q„{x, t). 

Moreover, 

V2 t( 1(0. 1) = 

From (10) and (IS) it follows that 

- t)V20 - r) 

ec, » +-vs(r=“r' ■ via 

( 21 ) 

and from (19) that the Laplace transform 

¥>(x) - fo t)dt, s > M, 

exists. 

Thus taking Laplace transforms of both sides of (21) we obtain 

+ :^5 - *1 


(19) 


( 20 ) 


-»V2< 


(22) 
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The unique solution of (22) can be shown to satisfy the differential equation® 
^/ 2 ip''{x) ™ (.V + vVu{x))^p{x) « 0, a: 4= 0, a: 4= a, (23) 
and the conditions 

lim tp{x) =* 0 , |^^(a:)| < A, ^'( — 0) — ss'C+O) — 2. 

*•-* * *o 


Moreover, <p'(.r) should be continuous for all x ^ 0. 
In the simple a = 0 it follows that 

V 2 


<f{x) = 
ip(x) 


V^i‘ 4" f 

Vi 


V.? + t) + Vs 


g-V2U + t)x^ X>0 
* < 0 , 


and therefore 
v^(O) = /o e-Xm Ddi 


y/2 

v7+~^ + Vv 



thus 


^(0, /) 


V2 f f/A J*1 


and in particular, 


C(0, 1) 


V2 1 - e~'’ 

ircAV”!.' 


It finally follows from (20) that ^A(y(«))<f« is uniformly distributed 
in (0, 1). 


* Work done under an ONR contract. 

' ''Sulla determinarione eiripirica di una iegge di distribussione," InsI Ital. AUuari, 
Giorn., 4, l^U (1933). 

* "On the Kolmogorov-Smirnov Limit Theorems for Empirical Distributions," Ann* 
Math. Stat., 19, 177-189 (1948). 

* To appear in the Ann. Math. Stat. 

* Hufwitz, H., Jr., and Kac, M., "Statistical Analysis of Certain Types of Random 
Functions," Ann. Math. StaL, 15, 173-181 (1944). It is shown in this paper that N 
having Poisson's distribution is not only suilicient but also necessary for to have 
Independent increments. 

* Lac. cit.,* pp. 17b-177. More general results in this direction were recently pub¬ 
lished by H. Robbins, "The As 3 miptotic Distribution of the Sum of Random Number 
of Random Variables," BuU. Amer. Math. Soc., 84 , 1161-1161 (1948). 

*Lcc. 177. 

^ Bull. Ant. Math. Soc., 
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• “On the distributions certain Wiener functionals/' Trans. Am. Math. See., 65, 
1-13 (1940). 

• It is this eQuation which, in a different way and under more general conditions, is 
derived, loc, cit^ 


ON INTERPOSITION AS A CUE FOR THE PERCEPTION OF 

DISTANCE* 

By P. Ratoosh 

Psychological Laboratory, Columbia University 
Communicated by C. H. Graham, March 26, 1949 

Interposition is usually defined'the cue for the perception of the 
relative distances of two objects that results when one object partially ob¬ 
scures or overlaps the outline of another object. Such a definition is not 
satisfying, for it appeals to an unknown factor: the basis for discriminating 
between the object that obscures and the object that is obscured. 

Brown^ describes the cue in terms of completeness of outline: *‘We 
therefore perceive objects which are complete in outline as placed in front 
of similar objects which are incomplete,” If it is added that knowledge of 
completeness of outline is a function of past experience, then Brown's 
specification of interposition becomes valid, albeit not fruitful. However, 
it probably does not apply in cases where there is no familiarity with the 
objects outlined; yet cues for relative position may remain in these cases. 

Helmholtz,® in 186(5, ptiinted out that even with objects whose forms are 
unfamiliar, “the mere fact that the contour line of the covering object does 
not change its direction where it joins the contour of the one behind it, will 
generally enable us to decide which is which.” Helmholtz’s specification is 
given in terms of essential stimulus characteristics, and it is the writer’s 
belief that the statement specifies the cue in all cases, not merely when the 
objects are unfamiliar. The purpose of the present account is to state 
Helmholtz’s description precisely and to point out some of its consequences. 

Consider a projection of figures onto a plane perpendicular to the visual 
axis such that the nodal point of the eye is the point of projection. In 
such a perspective tranrformation all objects will be represented by simple 
dosed curves. (Without any loss in generality only two figures will be 
treated here; the saxne reasoning may be extended to apply to any number 
of objects.) 

A necessary condition for interposition to become effective as a cue is 
that the curves of the two objects in the plane of projection have a common 
boundary. A point at which the boundaries of the curves meet will be 
called a point of intersection. Clearly there will be two points of intersec- 
Uon for a common boundary. 
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Helmholtz’s specification implies that the behavior of the functions 
represented by the closed curves at the points of intersection alone deter¬ 
mines which object will be seen as nearer. More specifically Helmholtz’s 
assertion may be taken to indicate that continuity of the first derivative of 
the object’s contour at the points of intersection is the sole determiner of 
relative distance. (A first derivative/'(x) of a function/(:r) is continuous 
at a point p if and only if for any « > 0, there exists a 8 such that \fix) — 
r(p)\ < 6 in the interval \x — p\ < S.y 



B 


b 




c 


4 



FIGURE 1 

Examples of the openition of interposition as a cue for the perception of relative dis¬ 
tance. A and B give obvious cues. The cues in C result in an ambiguity. 

This formulation predicts that what happens at one point of intersection 
is independent of what happens at the other. That is to say, both points of 
intersection may give the same cue, both may offer no cue, only one may 
give a cue, or each may provide a cue which contradicts the other. If, at a 
point of intersection, the contours of both objects are the same with respect 
to continuity of their first derivatives, no cue will be provided at that point 
of intersection; if this occurs at both points of intersection, interposition 
will afford no cue for the relative distances of the two objects. 

The cases in which interposition provides a cue may be classified in the 
following manner: 

Case /. One boundary’s first derivative is continuous at both points of 
intersection; the other boundary has a discontinuous first derivative at both 
points of intersection. This case is illustrated in figure 1 in which the 
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figure whose boundary has a continuous first derivative at the points of 
intersection, i.e., the left-hand figure, is seen as nearer; the figure whose 
boundary has a discontinuous first derivative, i.e., the right-hand figure, is 
seen as farther away. In figure 1 (.4), the same cue is provided at both 
points of intersection. 

Case IL One function possesses a continuous first derivative at one 
point of intersection and a discontinuous one at the other, while the other 
function's first derivative is discontinuous at both points of intersection. 
This case is shown in figure 1 (B), Here the point of intersection at which 
both first derivatives are discontinuous, point a, gives no cue. However, 
at point by one function (that represented by the outline of the right-hand 
figure) has a discontinuous first derivative, and the other function (that 
represented by the outline of the left-hand figure) has a continuous first 
derivative. Thus, the left-hand figure is seen in front of the right-hand 
figure. 

Cases I and II give familiar illustrations of interposition. 

Case III, The first derivative of each function is continuous at one point 
of intersection and discontinuous at the other, and each derivative is con¬ 
tinuous at that point of intersection at which the other is discontinuous. 
This case is illustrated in figure 1 (C). Here a cue is provided at each 
point of intersection, but the two cues contradict each other. The point of 
intersection at c indicates that the right-hand figure is nearer, while that at 
d indicates that the left-hand figure is nearer. Thus, the resulting cues 
are in conflict. 

Summary. —Helmholtz’s specification of interposition is reformulated. 
It is asserted that: (1) interposition can provide a cue only at the points 
where the outlines of two objects meet; and (2) the object whose contour 
possesses a continuous first derivative at those points will be seen as nearer 
than an adjacent object whose first derivative is discontinuous at those 
points. ^Some consequences of this formulation are discussed, 

* This account was prepared under Project NR 142“4<34, Contract* Ntk>nr-271, Task 
Order IX, between Columbia University and the Office of Naval Research, U. S. Navy. 

^ Boring, E. G., Sensation and Perception in the History of Experimental Psychology, 
Appleton-Century, New York, 1942, p. 264. 

* Dimmick, F. L., ''Visual Space Perception,” in Boring, E. G., Langfeld, H. S., and 
Weld, H. P. (Eds.), Foundations of Psychology, John Wiley, New York, 1948. p. 298. 

* Munn, N. L., Psychology, Houghton Mifflin, New York, 1946, pp. 352-354. 

^ Brown, W., ”The Perception of Spatial Relations,” in Boring, E. G., Langfeld, H. 
S., and Weld, H. P. (Eds.), Psychology, John Wiley, New York, 1936, p. 216. 

* Helmholtz, H. von. Physiological Optics, Vol. Ill, Optical Society of America, 1925, 
pp. 283-284. 

* To be continuous at a point, the first derivative must be defined at that point. 
Accordingly, in the fdlowing examples given in figure 1, the codrdinatc axes must be 
taken in such a way that nedther is parallel to the sides of the figures containing a point 
of intersection. 
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VALUES .45 A SUBJECT OF NATURAL SCIENCE INQUIRY 
By A. L. Kroeber 

Orpartmbnt of Anthrofologv, Columbia XJnivbrsitv, Nbw Vojok 
Retired, Universitv op California 
Read before the Academy, April 25, 1949 

This essay maintains the proposition that the study of values is a proper 
and necessary part of the study of culture, viewed as an eidsting part of 
nature. 

This is said not merely as proposal or program, but as a descriptive fact 
holding for much of actually existing practice in anthropology and the study 
of culture. 

Whenever a cultural fact has significance, or historical reference, it also 
contains a value. Significance must be distinguished from cause—from 
that which made a cultural phenomenon happen or come to be. Signifi¬ 
cance must also be distinguished from the end or purpose served; and 
from organic needs, which in their turn can be resolved either into causes 
or into ends of culture phenomena. 

That needs—^also called drives, press, imperatives and such~exist, 
and that they underlie and precondition culture, is indubitable. It is also 
obvious that culture cannot be explained or derived from needs except 
very partially. Hunger has to be satisfied; but haw it is satisfied by human 
beings can never be derived from their being hungry, nor from their specific 
bodily construction. Overwhelmingly the how can be understood only 
with reference to the remainder of the culture adhered to, present and 
past; modified somewhat—or preconditioned—by interaction with the 
opportunities afforded by natural environment. Moreover, large segments 
of culture only begin to operate, to come into being, after the primed needs 
have beeiusatisfied, have had their tensions reduced or alleviated. Such 
are art, religion, science. Hence these segments cannot be explained at 
aB fmm phyriological need^^ 

The c^seatial dmracteristic thingsi about a culture are its forms and 
pattcum^ the interrelations of these into an organisation and the way these 
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parts, and the whole, work or function as a group of human beings lives 
under them, A culture is a way of habitual acting, feeling and thinking 
channeled by a society out of an infinite number and variety of potential 
ways of living. The particular channeling adopted is heavily precondi¬ 
tioned by antecedent ways and organizations or systems of culture; 
though it is not predetermined thereby except within certain limits. 
Every such system of channeling is accompanied by or contains a system of 
affects, which vary from place to place of their appearance, and from 
time to time, but some of which are usually powerful and persistent. 
Interconnected with these affects is a system of ideas and ideals, explicit 
and implicit. The combined affect-idea system of a culture at once reflects 
the habitual ways of action of members of the society, validates these ways 
to themselves and to an extent controls and modifies the ways. It is in 
this affect-laden idea system that, in a certain sense, the core of a culture 
is usually considered to reside: in it lodge its values, norms and standards— 
its ethos and its eidos. 

When we speak of the significance of a cultural trait or item or complex 
of traits, what is meant is the degree to which the trait is meshed, affectively 
as well as structurally and functionally, to the remainder of the total 
system or organization ttuit constitutes the culture. Low degree of 
integration normally indicates that the trait has relatively low significance 
for the culture as a functional unit “-though it may still have cotisiderable 
significance as an index of historical relationship with other cultures. 

It follows that if we refuse to deal with values we are refusing to deal 
witli what has most meaning in particular cultures as well as in human 
culture seen as a whole. 

What we have left on elimination of values is an arid roster of cultural 
traits or cultural events which we are constantly tempted to animate by 
reintroducing the values we have banned, or else by backhandedly intro¬ 
ducing values from our own culture. Or it is possible to attempt to explain 
the value-rid phenomena of the culture and their changes in terms of sotne 
causality; or possibly by a teleology. 

As a matter of fact, it is and long has been prevailing practice in the 
description of cultures by anthropologists, or of civilizational phases by 
historians, to formulate the value of these cultures. Thereby the de¬ 
scription becomes a physiognomic characterization of the culture. Such 
a characterization has internal import bcjth as regards its own coherence 
and consistency, and external import through implicit or explicit com¬ 
parison with other characterized cultures. This type of presentation, 
with dear-cut value desigtiations, comprises all the most succesifful charac¬ 
terizations, or resynthesized analyses, of cultures, both by anthropologists 
such as Malinowski, Firth, EvanS’*Pritchard, and by non-professionals like 
Codrington on the Melanesians, Doughty in Arabia Deserta, Pustel de 
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Coulanges’s Ancient City, Albimni on India a thousand years ago and as 
far back as the* Germania of Tacitus. 

Reference in this matter is to values as they exist in human societies at 
given times and places; to values as they make their appearance in the 
history of our species; in short, to values as natural phenomena occurring 
in nature—much like the characteristic forms, qualities and abilities of 
animals as defined in comparative zoology. There is no reference to any 
absolute standard or scale of values; nor to judgments of values as better 
or worse which would imply such a standard. 

An absolute standard involves two qualities. First, it must be extra- 
natural, or supernatural, to be an a priori absolute. And second, ethnocen- 
tricity is implied in the elevation of any one actual standard as absolute. 
Hy contrary, standards or value-systems conceived as parts of nature are 
necessarily temporal and spatial, phenomenal, relative and comparative. 
That the first condition to the scientific study of culture is the barring of 
ethiiocentrism has been a basic canon of anthropology for three-quarters 
of a centmy. 

The forms of any culture must be described—can be appraised one might 
say—only in terms of their relation to the total pattern-system of that 
culture. The pattern system in its tuni needs portrayal in terms of its 
total functioning and products. And so far as the pattern system is ap- 
praisable, it is in terms of comparison with the functions and results 
achieved by other total cultures with their respective master patterns. 
This is like the comparison of the total functioning and capacities of, say, 
an earthworm, with the functioning and capacities of other organisms. 

In a sense, recognition of the functioning and capacities of an organic 
species in a sort of formulation of the values genetically inherent in that 
species. At any rate, it can be that, even if biologists usually are not aware 
of the fact and might resent the imputation of any concern with values. 
Further, the comparison of such values, in order to ascertain their common 
elements, their particularities, their apparent t^tal range of variability, 
their effectivenesses and long-range permanences—such a comparison of 
biological values would still be within the scope of examination of natural 
phenomena by natural science methods. 

It is as something analogous to this kind of biology or potential biology 
that the study of cultural forms, structures and values must be conceived. 
Or rather, we should say that such study has actually been made, time and 
again* often without explicit awareness of values being involved, and 
per^ps os often without awareness that the study had natural scientific 
sighi^ance. 

It is true that values can also be viewed extra-sdentifically or super- 
naturally. Mostly they have been so construed, with ascription to deity, 
soul, spirituality or a s^-sufflcicnt system of eternal, unmodi£able values 
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lying outside the domain of science over nature. But the present paper 
has no concern with such a view. Contrarily, it claims values, along with 
all other manifestations of culture, as being port of nature and therefore in 
the field of science. 

A few specifications seem desirable. 

There is always a gap between values and behavior, between ideals and 
perfonnanoe. Even though values always influence behavior of cultural 
organisms, that is, of men, they never control it exclusively. Hence the 
student of culture needs to distinguish, but also to compare, ideal values 
and achieved behavior, as complementaiy to each other. The one alone 
falls short in substantiality, the other in significant motivation and 
organization of the data. 

Next, values being sociocultural, they inevitably also possess psycho¬ 
logical aspects. But as a specific quality of culture, as indeed a product of 
culture, their reduction to explanations in psychological terms, and of these 
to physiological and biochemical explanations, necessarily loses or destroys 
the essential specific properties of the values. These are retainable in full 
only as long as the phenomena of value continue to be inspected on the 
cultural level. 

Finally, since cultural phenomena are determined in several ways— 
inorganically by environment, organically, psychologically and socially, 
as well as by existent culture—^it is evident tliat the causality of cultural 
phenomena is likely to be unusually complex. Moreover they lend them¬ 
selves with very great difficulty to the isolation and simplification of experi¬ 
ment, Within culture itself, these considerations seem to apply with 
even more strength to values tlrnn to say artifact production or subsistence 
economy. Other things equal, a descriptive or historical approach would 
accordingly seem more readily fruitful, in scientific inquiry into values, 
than any searching for causes—even immediate causes. This statement 
is not to be construed as a methodological ban against tiic study of causality 
in values, but as an intimation that the causal approach is inherently 
difficult and that valid, non-speculative results bid fair to be thin and slow. 
While a formal approach is thus indicated as more fruitful, this need by no 
means be limited to enumerative description, nor to enumeration of se¬ 
quences. Beyond these, the comparison of organization, futictioning and 
interrelations of cultural values and value systems invite methodical 
scientific research. 
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INDIVIDUAL METABOLICFATTERNS, ALCOHOLISM, GENETO- 
TROPHIC DISEASES^ 

Bv Roger J. Williams, h. Joe Berry and Ernest Beerstecher, Jr. 

The Biochemical Institute ano the Department op Chemistry of The University 
OF Texas and The Clayton Foundation for Research, Austin 

Read before the Academy, April 27, 1949 

At the 1948 Annual Meeting of the National' Academy there was pre« 
sen ted preliminary evidence indicating that each individual possesses what 
may be called a ‘'metabolic personality*'—that is, a distinctive pattern of 
metabolic traits.^ TTie existence of these distinctive patterns is established 
by analysis of body fluids and of physiological responses to chemical 
stimuli and is exemplified in figure 1. At the left is graphed, using polar 
codrdinates, various metabolic traits of the “hypothetical average indi¬ 
vidual” whose eveiy trait is the average of his fellows. At the right is 
graphed on the same scales the metabolic pattern of a typical real individual 
in which many traits vary widely from the average. This pattern is a 
relatively consistent one and is maintained for this individual at least over 
a period of several months. 

The hypothesis was set forth that the metabolic patterns of individuals 
are of great import in the lives of the individuals who possess them, not 
only with respect to susceptibility to disease, but also with respect to 
nutrition, sex, mental abilities and many other facets of their lives. 

Today we wish to present further and more specific evidence with respect 
to how these metabolic patterns are of moment in connection with the 
specific problem of alcoholism. This evidence is based primarily upon 
animal experimentation, the background of which is described elsewhere.*'*^ 

It should be noted at the outset that individual animals in an ordinary 
laboratory colony have distinctive metabolic traits just as do the members 
of a human population. In order to conserve space we will not present 
data to substantiate this statement. When sudi animals are placed in 
individual cages and are continuously given a choice between water and 
10% alcohol (the positions of the two drinking bottles being switched 
daily), they exhibit individual patterns with respect to alcohol consumption. 
Some drink fairly heavily beginning perhaps the first day the alcohol is 
offered. At the other extreme, some continue to abstain for an indefinite 
period of time. Intermediate between these ore those that drink very 
moderately for an indefinite period of time And those that drink very little 
at first but after a few weeks drink relatively heavily* Some individual 
animals exhibit a relatively steady consumption day after day; in others 
the consumption fluctuates widely. (Figure 2) 

These individual patterns of alcohol consumption are genetically con* 
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trolled as is evidenced by the fact that each strain of animals appears 
distinctive with resj-Tect to its alcohol consumption records. We have 
tested in a preliminary way three strains of mice and two strains of rats. 
Possibly more important evidence is the fact that when a closely inbred 
strain of mice resulting from the continuous use of brother-sister matings 
was tested, all the animals exhibited substantially the same pattern of 
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response. Further convincing evidence on this point was obtained when 
the different strains of animals were tested while on different diets. 

There has been a far-reaching and, we believe, disastrous tendency not 
only on the part of social students and educators in general but also to a 
degree among the medical profession to avoid the possible importance of 
heredity as a factor in any major human problem. The attitude can be 
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expressed something like this: “If a certain disease is hereditary, or if 
mental traits and abilities are hereditary, nothing can be done about 
it. Therefore, let us assume that diseases are rarely hereditary and that 
every normal person is capable of unlimited development in almost any 
direction.*' 

How wrong this attitude is will be amply illustrated if the results of our 
animal experiments are substantiated by human experience. Whereas 
our experiments have fully convinced us that the tendency of individual 
rats to consume alcohol is genetically controlled, this does not mean at all 
that nothing can be done about it. On the contrary, on the basis of some¬ 
what unusual dietary considerations we have been able to abolish with 
surprising regularity the appetite of rats and mice for alcohol, even though 
it is clear that each animal has its genetically controlled metatK^lic pecu¬ 
liarities and that different factors in the treatment are effective f<3r the 
different animals. 

In Figures 3, 4 and 5 are depicted examples of the scores of rats whicli 
have been similarly affected. Rat No. 68 had his appetite for alcohol 
abolidied by the simple oral administration of 10 known B vitamins. We 
do not know how many or which ones of the B vitamins were responsible 
for the effect in this particular rat. We do know, however, that only a 
small percentage of rats will yield to this treatment. 

Rat No. 11, Figure 4, is one which responded, however, when in addition 
to the 10 B vitamins the antipemicious anemia vitamin was administered 
by injection. This treatment was found to be effective for 17 out of the 
24 rats of our original laboratoty strain, to which it was given. Wben 
the same treatment was given to 45 rats of a strain which we obtained from 
a neighboring laboratory, only 3, or 7%, responded. The consumption 
curve of rat No. 4, Figure 5, exemplifies the finding that for some rats 
vitamin A deficiency is a factor in the development of an appetite for 
alcohol. Thirty-one rats, whose consumption curves were relatively 
high, were administered vitamin A in addition to other supplements pre¬ 
viously given, with the result that every single one i^owed immediately a 
decreased consumption. 

The same curve shows that something in linseed oil —prmmsibly linoleic 
and linolenic acids—is also a factor. like a number of other rats, this one 
remained at a relatively high level of consumption even after the ad¬ 
ministration of 13 vitamins. When some linseed oil was included in the 
diet the oonsumption promptly fell to a low value. 

Our experimental studies lead us to conclude that we can by dietmy 
control keep all the rats in a colony from consuming alo^ol when it is 
tvmd&cd 0 d libitum under our conditi<ms, Even an imtiail expe^trmht 
in this direc^on, made before we were acqttsinted the ^ects of <Jte 
antipernscious anemia vitamin, vitamin A or unsatuial^ f4t canned 
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in a group of rats a decrease in consumption down to Vt of the original. 

We are also convinced that after an appetite for alcohol has been de¬ 
veloped, it can be abolished in all rats by a use and extension of the method 
we have employed. 

Out of these observations we have developed a theory of alcoholism 
which appears to be sound on the basis of all tests we have been able to 
apply. According to this theory, alcoholic craving which develops in 
compulsive drinkers constitutes a perverted apiKjtite which arises as a 
result of one or more dietary deficiencies. Little is known as to how 
special apjietites and cravings develop, but that they arise from the internal 
physiological environment has been amply demonstrated in a number of 
cases. 

The dietary deficiencies in alcoholics arise not primarily because of 
failure to eat what is regarded as satisfactory food, but because the genetic 
patterns of these individuals are conducive to the development of crucial 
deficiencies. Partial genetic blocks whiclj have recently been investigated 
at the California Institute of Technology® are thought to be responsible. 
When there is a partial genetic block, the capability of producing a specific 
enzyme is not entirely lost, but it is impaired to such an extent that there 
develops an augmented nutritional requirement which may be for a specific 
vitamin, amino acid, mineral element or other metabolic substance. 

It is hoped that for the treatment of alcoholism in human beings a '*shot- 
gtm’* therapy may be developed which will effectively curb or abolish the 
excessive appetites of many compulsive drinkers. 

Before treatment of alcoholics can be placed on a satisfactory basis, 
however, much more needs to be learned about individual metabolic 
patterns and what specific deficiencies arc most often associated with the 
disease. 

Out of this theory of alcoholism and the laboratory findings which 
support it we have developed the concept of genetotrophic disease 
(geneto » genetic; trophic » nutritional). A genetotrophic disease (of 
which we believe alcoholism is an example) is one arising fundamentally 
from nutritional deficiency which in turn has its basis in a genetically 
controlled augmented requirement for one or more specific nutritional 
elements. Other factors may enter to complicate or aggravate such a 
disease. 

It suggests itself to us with great force that probably many diseases 
which have an obscure etiology may be essentially genetotrophic in origin. 
Among the diseases in which genetotrophic factors are probably involved 
in an important way are allergies, mentd diseases, cardiovascular diseases, 
arthritis, multiple sclerosis and even cancetj This is hypotbem^ of course, 
but it is based upon a large body of data. 

Let us look for a few mintites at the tremendous problem of mental 
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disease which has received wide-spread and well-deserved popular attention 
in recent years. 

If we consider an example of a specific, important type of mental 
disease—'Schizophrenia—^we are confronted by irresistable evidence that it 
has ph 3 rsiological concomitants. If we take a one-sided view, we will 
assume a priori that the physiological disturbances are psychogenic in 
origin and are a result of mental derangement. If we look at the problem 
more broadly, however, we will consider the possibility that mental de¬ 
rangement may be tlxe result of physiological impairment. We believe 
there is abundant reason for investigating this latter possibility. 

We have made a preliminary study of the metabolic patterns of a con¬ 
siderable number of patients of the Austin State Hospital. This study 
has revealed the existence among these patients of a number of metabolic 
traits which are either absent or rare in the well population. We are of 
the opinion that some of these traits will be found to be important in 
connection with the causation of mental diseases, and that such investiga¬ 
tions need to be greatly extended. 

The possibility that mental diseases are genetotrr>phic in origin or that 
they have genetotrophic factors in their etiology cannot be brushed aside 
lightly in view of the known fact that certain mental difficixlties have been 
treated witli retnarkable success by physiological means. I refer to the 
severe mental difficulties that sometimes accompany menopause which 
can be completely dispelled by hormone therapy, and tlie mental derange¬ 
ment accompanying pellagra which can be cured by dietary means. 

The recent survey by Kallmann® gives what appears to be practically 
irrefutable evidence that schizophrenia has a genetic basis. This by no 
means indicates that nothing can be done about it. When and if we find 
that certain metabolic difficulties are at the basis of tlie trouble, there is, 
we believe, an excellent chance that a way out can be found. If geneto¬ 
trophic factors are found, as seems highly probable, certainly help can be 
given. 

In any event the physiological approach to the study of mental disease 
needs far more emphasis than it has so far received. We cannot afford 
to turn the problem over to cultists or to those who are wholly unprepared 
for physiological exploration. 

* This research was supported in part by grants from the Research Corporation and 
the Research Council on ]^oblems of Alcohol, New York. 
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* Wttiiains, R. J., Ckem, E»^. News, 25,1112-1128 (1947). 

* MitcbeU, H. K., and HXHA&imx, M. B.. Fed, Free,, 6, 606-609 (1947). 
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INHIBITION OF PLANT GROWTH BY PROTOANEMONIN AND 
COUMARIN, AND ITS PREVENTION BY SAL* 

By Kenneth V. Thimann and Walter D. Bonner, Jr* 
Biolooicat* Laboratoribs, Harvard University, Cambridob, Mass. 

Read before the Academy, April 27, 1945 


1. Introduction .—In two papers dealing with the growth by cell enlarge¬ 
ment of sections of oat coleoptilea and pea stems, growing in simple solu¬ 
tions in the dark, the effects of several inhibitors were studied.^* * It was 
deduced that the elongation of these isolated plant parts is mediated 
through a sulfhydryl enzyme, which is particularly open to attack by such 
substances as arsenite, iodoacetate and organic mercurials. These re¬ 
agents are powerful growth inhibitors. In the case of iodoacetate the 
addition of malate or other organic acids can protect against the inhibitor, 
and there is other evidence that the sensitive enzyme is connected with 
organic acid metaboUsm, It also appears that this enz3rme, or the reaction 
it catalyzes, is the main limiting factor in growth of these plants. Further¬ 
more, it was tentatively suggested that the unsaturated lactones, which 
are well known to inhibit growth of seedlings, also do so through the same 
sulfhydryl enzyme. Although reasons were given for this view, no evi¬ 
dence was offered at the time. The present paper gives experimental 
evidence which, we believe, confirms the suggestion. 

In the meantime a study of the literature has revealed evidence already 
in existence for an interaction between imsaturated lactones and thiol 
groups. Hauschka, Toennies and Swain* found that cysteine antagonized 
the action of 6-hexenoIactone on the flat-worm Dugesia tigrim, and chemi¬ 
cal evidence for a reversible reaction between the same lactone and cysteine 
has been given by CavaUito and Haskell.* Geiger and Conn* have daown 
that clavacin (patulin), an antibiotic of unsaturated lactone structure, 
is inactivated by cysteine and thioglycollate. This evidence strengthens 
the view proposed above, and points in the same direction as our own 
experiments on higher plants. 

2. The IfAibiling Action of Unsaturated Lactones on Growth .—The 
in^bitiBg effect of a number of tmsaturated lactones on seed germinaticm 
and root elongation has been reported by many wootkers (see Audus and 
Quastel* and literature there dted). Howevcri seed germination i$ an 
obscure process and appears to involve root dongation, whidi is auxin- 
sensitive, as well as the complex of enzyme actiyations participating in 
prmination proper. Fortonatdy the lactones also exert a clear-cut 
inhibition on a weB^studied growth p Tins wa^ ipade dear by 
Vetdstra and Havinga* using coumarin as^ unsatum^ 
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stud 3 dng the curvature of slit pea stems in auxin solutions. We have 
confirmed the effect on slit pea stems on several occasions (cf. reference 8); 
curvature is inhibited by concentrations of M and above; the 

inhibition is complete, the inward curvature is aboli.shed, at about 
3.10“* M. The procedure of these experiments was as previously de¬ 
scribed.® As with arsenite (cf. reference 2, Fig. 5) the threshold concen¬ 
tration depends somewhat on the concentration of auxin used; i.«., the 
higher the auxin concentration the larger the curvature of the uninhibited 
controls and the lower the concentration of coutnarin which shows a 
detectable effect. The inhibition is not removed by adding malatc or other 
organic acids. 

Protoanemonin, the lactone of 3-hydroxy-A-*-®-pentadienoic acid, 
which was kindly made available to us by Dr. Chester Stock, behaved 
much like coumarin but was effective at 10 to 30 times lower concentra- 

TABI.E I 

Inhibition of Slit Pba Stbm Curvatures «v Protoanemonin, The Curvatures 
Are Measured bv the “Stem-Referencb” Method;* Inward Curvature 1» 
Designated as Positive, Outward as Negative 


COMCRRTKAtlON 

OF INOOLF-ACKTfC, 

UG./C.. 

CONCRHTRATION of 
frotoaksmonin, 

X 10 ‘M 

CMkVATtJRBS, 

UKORRtCB 

1 

0 

+ 112 

1 

0.04 

+ 87 

1 

0.2 

+ 61 

1 

l.O 

-118 

1 

4.6 

Toxic 

0 

0 

-110 


tions; inhibition was detectable at 4.10“® M (0.4 p. p. lu.) and complete 
at 1.10^^ Jiff (see table 1). 

Both lactones also inhibit growth of coleoptile sections, and do this at 
concentrations lower tlian those effective in the pea test. The technique 
of these experiments, using 3-mm. sections cut from 72-hour-oId etiolated 
Avena coleoptiles, has been described in detail elsewhere.^ Figure 1 
summarizes the data of three experiments, one on coumarin and two on 
protoanemonin, using indole-acetic, 1 mg. per liter, and sucrose, 1%, 
as growth medium. To make the experiments comparable the growth of 
the control sections in the absence of lactone is set at The data 

show that low concentrations of both lactones accelerate growth, proto* 
anemomn being more effective tlian coumarin. They also reveal that 
when inhibition begins to occur the remaining growth is linearly propor¬ 
tional to the logarithm of the concentration of lactone. The lines ate 
so evidently straight that there can be no doubt of the relationship. The 
slope i$ different for the two lactones. 

The Shapes of these curves, with their marked growth promotion at 
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low concentrations, are similar to those previously recorded for iodo- 
acetate,^ However, the inhibition is not prevented by malate or succinate. 
The effects of the lactones on growth are thus intermediate between those 
of iodoacetate and of arsenite. 

It may be mentioned that Penicillin G, which has been thought also to 
react with SH groups, did not inhibit growth in concentrations up to 
M. 



FIQURB 1 

The effect of coumarm and protoancmouin on the growth of S-mm. Avena coleoptile 
5ectio2is. The total growth after 4S hours, as per cent of the control growth, is plotted 
as a function of the log of the lactone concentration. Sections cut from 72-hour cole- 
optUes, breaking surface. All solutions contained sucrose, 1%, and 1 mg./l. indole- 
acetic acid. 

3. Protection Against the Inhibition .—^When the sections are treated 
with either one of the lactones and at the same time with l,2*dimercapto- 
propane (BAL) the inhibition is very largely prevented. It has not been 
possible to achieve complete protection because the BAL itself has a toxic 
action above 3,10 ' ♦ M, but the effects are nevertheless quite dear-cut. 

Table 2 shows an experiment with pea curvatures using protoanemonin 
at a concentration sufficient to give an inhitntion of weU over 50%. The 
BAL at 3.10“* M, which by itself reduces the curvature 30^ is able to 
bring up the curvature in presence of protoanemonin from —39® to +121®. 
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Butattedithiol had a similar effect but the results were more erratic. 

Table 3 shows a similar experiment using coumarin. The increases in 
curvature due to BAL are again very large, and in the first case bring the 
value above that of the controls. In this table the extent of the protection 
by a given concentration of BAL is more or less independent of the cou¬ 
marin concentration. 

With the growth of coleoptile sections, protection against coumarin 
was also real, but quantitatively less impressive, Coumarin at 10*'^ M 


TABLE 2 

Inhibition of Curvatures of Slit Pea Stems by Protoanbmonin and Its 
Prevention by BAL 


CONCHNTRATI ON 
OF 1NDOI.K- 
ACETIC, MO./l 

CONCENTRATION OF 
TUOTOANttUUMlM. 

X M 

CONCENTRATION 

OF BA.L, 

X 10“« M 

CimVATURti. 

URaRKEft 

rNCEEASU: UOE 
TO BAL, 
OEOREUSt 

10 

0 

0 

+238 


10 

0.4 

0 

~ 39 


10 

0.4 

0.6 

+ 73 

+ 112 

10 

0.4 

3 

+ 121 

+ 160 

10 

0 

0.5 

+271 


10 

0 

3 

+207 


0 

0 

0 

-183 

.. . 


TABLE 3 


Inhibition of Curvature of Slit Pea Stems by 

BY BAL 

CONCENTRATION CONCENTRATION CONCENTRATION 

Coumarin, 

AND Its Prbventk 

INfStRAAE Dint 

OF INl>Ol-B» 

OF COOMARTN, 

OF BAL. 

cuhvaturu, 

TO BAT.. 

ACETIC, MO./l. 

X 

X t 0 -*M 

OKOXKES 

OBORBEH 

10 

0 

0 

+234 


10 

1 

0 

+ 106 


10 

X 

3 

+290 

+ 125 

10 

a 

0 

- 43 


10 

3 

3 

+ 84 

+ 127 

10 

10 

0 

- 65 


10 

10 

3 

- 34 

+ 31 

10 

30 

0 

-172 


10 

30 

3 

+ 2 

+ 174 

0 

0 

0 

-199 



reduced the growth to 49% (cf. 53% in Fig. 1) and addition of BAL 
1.10“^ M raised this to 61%. Table 4, however, Shows excellent protection 
of coleoptile sections against the inhibition due to protoanemonin. It 
will be seen that growth which has been reduced to one-third that of the 
controls is increased to S8% of the control by BAL at 1.10“^ molal. 

When the inhibition is more nearly complete the protection against it 
by BAL or butanedithiol is quantitatively smaller. With peas in 10“* M 
l»x)toanemonin the effect of BAL was practically zero, and a similar 
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reduction of effect is seen in the last two lines of table 4, in which, however; 
the protection is still definitely present. 

4. Summary and Conclusion. — A. study is reported of the action of 
coumarin and protoanemonin on the growth of two standard objects— 
sections of Avena coleoptiles elongating in auxin and sucrose, and slit 
intemodes of Fisum stems curving in auxin alone. Both lactones inhibit 
these growth processes, the protoanemonin being 10 to 30 times the more 

TABLE 4 

Inhibition of Growth of S-Mm. Coleoptilb Sections by Protoanemonin and Its 
Prevention by BAL. All Solutions Contain Indolb-acktic Acid 1 Mo./l, and 




Sucrose 1% 



CONCANtKATZON 09 
eKOTOANKUONtN, 

X 10-* M 

CO NCBNT RATION 

or BAL, 

X 10-* A# 

GROWTH AS 

PBR CBHT 
INCRBAOR OVER 

TKB INITIAL 
LBMOTU 

OMQWTH A8 
^ PBR CBNT 

OF GROWTH 

OF CONTROt.R 

INCRKABR 'DOB 
TO BAL, 

0 

0 

91.0 

(100) 


0.6 

0 

30.1 

33 


0.6 

1 

79.9 

88 

+55 

0.6 

3 

71.3 

78 

+46 

1.0 

0 

14.6 

16 


1.0 

3 

31.8 

35 

+ 19 


active. At subinhibiting concentrations the growth is promoted in each 
cose. The inhibition is clearly prevented by the addition of dimercapto- 
propanol, BAL, at concentrations below 3.10~^ molal. 

It is concluded that coumarin and protoanemonin inhibit growth 
through reacting with a sulfhydryl enzyme, and that this enzyme is 
normally a limiting factor in growth, and is very probably the same as that 
inhibited by iodoacetate and arsenite. 

• This work was ra;ide possible through a grant from the Committee on Growth of 
the National Research Council, acting for the American Cancer Society. 

f The instability of the lactone in aqueous solution, even at 1®C., limited the number 
of possible experiments. 
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DEVELOPMENTAL ANALYSIS OF GENETIC DIFFERENCES 
IN PIGMENIATION IN THE AXOLOTL 

By H. Clark Dalton 

Dbpartment of Genetics, Carnegie Institution of Washington, Cold Spring 

Harbor, N. Y. 

Communicated by M. Dcmerec, April 4, 1949 

The pattern differences in pigmentation exhibited by the white and 
black strains of the Mexican axolotl, Siredon mexicanum, were demon¬ 
strated by Haecker^ in 1907 to be due to a single pair of alleles showing 
Mendelian vSegregation of the white condition as the recessive homozygote. 
Investigations on the nature of gene action in this case have been limited* 
Woronzowa,-* ^ implanting pituitaries in postlarval stages, observed 
increases in pigmentation, and concluded from the differences in dosage 
required by the two strains that the recessive gene when homozygous 
raises the threshold of the skin to pituitary stimulation. Some informa¬ 
tion on the early developmental action of this gene has come from 
embryonic transplantations. The results of these- experiments, sum¬ 
marized by DuShane,** have been interpreted as indicating that the 
genetic pigmentation differences between the two strains are mediated 
through the epidermis, which in the white genotype fails to provide some 
diffusible substance (oxidase or chromogen) necessary for melanin synthesis. 
The experiments here reported investigate further the developmental basis 
for this genetic difference in pigment pattern, by methods of tissue culture 
and embryonic tran>splantation. 

Explantation of Neural Fold. —The pigment-forming potentialities of 
melanophores of the two genotypes, DD (black strain) and dd (white 
vStrain), were tested by growing explants of neural fold from the posterior 
trunk region in Holtfreter's solution in hanging-drop preparations (method 
of Twitty^). The cultures were maintained in a constant-temperature 
room at 18°C. The results have bearing on two questions: (1) Is the 
effect of gene d on the melanophores themselves or on their surroundings 
in the embryo? (2) Are the melanobiasts dependent on the epidermis 
for a substance necessary for melanin synthesis? Cultures of both geno¬ 
types showed the same characteristics of development. Melanobiasts 
began migrating out from the explants onto the cover glass in two or three 
days. In five days many cells had assumed the branched form characteris¬ 
tic of chromatophores, and some cells appeared full of gray granules. 
During the next four or five days more and more cells appeared full of 
granules, Which darkened to become the black melanin granules found in 
differentiated melanophores. The development of melanophores in 
Holtfreter's solution is limited by the amount of nutrient reserves within 
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the cells. With the disappearance in about two weeks of the yolk platelets, 
which are large and numerous in early melanoblasts, development seemed 
to stop, although some cultures remained apparently healthy for as long 
as thirty-eight days. The developing time was long enough, however, 
to allow pigment production to the extent that many of the cells became 
very dark gray, and some black, Xaiithophores were discernible, in 
cultures of both genotypes, one or two days after the melanophores 
appeared full of granules. No difference was found between cells of white 
and black strains with respect to extent of outgrowth or degree of pigmenta¬ 
tion attained by melanophores. This result gives direct support to the 
idea, previously drawn from transplantation experiments, that the gene 
d acts on the environment of the chromatophores rather than on the 
chromatophores themselves. Since melanophores of both genotypes 
produced pigment in their inorganic medium, there is in this experiment 
no evidence that the melanoblasts of this species are dependent on a 
substance from the epidermis for melanin synthesis. 

Emhyronic Transplantaiions .—^Information about the relationships 
between developing chromatophores and their surrounding tissues has 
been obtained by arranging these components of the two genotypes 
in different combinations. An experiment was planned to answer 
the question, do pigment cells of the same origin differ in development 
when in association with tissues of the black strain and of the white strain? 
Neural folds from the posterior trunk region of donors corresponding to 
Harrison stages 18-'20 were transplanted to the midventral belly region of 
hosts in stages 22-*23, Each donor provided one transplant in a black 
host and one in a white host, allowing subsequent comparison of graft 
chromatophores of identical genoty|>e and age developing in the two 
environments. This transplantation site has the advantage of obviating 
any confusion of graft chromatophores with those of the host, since the 
ventral belly region does not become pigmented in either strain during the 
period of observation of this experiment. Six pairs of such transplants 
were made, three from black donors and three from white donors, with one 
extra ease of a black-to-white graft. In all c^s melanoblasts migrated 
out from the graft and became associated with host tissues. Two paths of 
migration were available to them; since the operation resulted in all cases 
in adhesions between skin and gut at the graft site, migrating cells could 
move out from the graft on either the skin side or the gut side. Pigment 
appeared in graft melanophores after 4 days in twelve cases and after 
3 days in one case of black-to-white. Thus no delay was evideht in the 
time of pigmentation of cells growing in the white hosts. With regaid 
to degree of pigtnentation, alt mdatmphores t^came completely blai^^ 
in both types of host. Tim only appatent observed was that 

the melanophores of black origin in ah cases darker a fear 
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days in the white hosts than in the black hosts. This distinction was 
temporary, and does not necessarily reflect differences in the amount of 
pigment present, since variations in shape and orientation of the cells 
might easily give this appearance. From these direct comparisons it 
must be concluded that melanophores growing in association with tissues 
of the white strain reflect no disadvantage for melanin synthesis, in terms 
of differences in rate or degree of pigment formation, when compared with 
cells of the same origin growing in hosts of the black strain. 

Comparison of the extent of migration of melanophores in the two types 
of host, on the other hand, revealed a striking difference. It was apparent 
from examination of the living animals that from all six grafts in black 


TABLE 1 

Area ik Square Millimeters Occupied by Melanophores prom Paired Belly 

Grafts 


Black donor 


White donor 


BLACK UOAT 

4.23 
1.35 
1.61 

(3.70 

\b,7S 

(4.01 


WHITS HOST 

0.91 

0.59 

0.40 

0.37 

0.77 

0.62 


table 2 

Total Number of Melanophores from Paired Belly Grafts 


BLACK HOST 


WHtTB HOST 


Black donor 


452 

143 

67 


(258 

White donor ]341 
(248 


119 

124 

76 

52 

108 

89 


hosts melanophores had moved out extensively in both skin and gut tissues, 
whereas in four of the six grafts on white hosts the melanophores were 
restricted to the area of the graft itself and to the gut, none migrating into 
the skin. To obtain a more precise measure of the relative migration in 
the two types of host the fcdlowing procedure was carried out. The animals 
were ibced ip Zenker's fliiid, four at 13 days and eight at 26 days after the 
operation. The skin was dissected off from the ventral side, cleared, and 
mounted in balisatn; and the gut« from the stomach to the cloaca, was 
dissected out lor observation in alcohol in a Symeust dish. Camera lucida 
drawings were made of the areas occupied % donor mdanophores in the 
skin and on the jut Two drawmgS '***^«*« made of each gut, to include both 
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sides. Donor melanophores migrating on the gut of black hosts sur¬ 
rounded the gut, in all six cases, and covered extensive areas anterior and 
posterior to the graft, whereas donor melanophores migrating on the gut 
of white hosts were in all six cases restricted to the side of the gut contacting 
the graft, and covered less area. The areas occupied by melanophores 
in the drawings were measured with a planimeter, and the figures converted 
to square millimeters. No account was taken of the curvature of the gut 
surface, the whole procedure being at best an approximation. It is ap¬ 
parent from Table 1 tliat the total area occupied by graft melanophores, 
regardless of donor type, is much greater in black hosts than in white. 
The average area covered in black hosts was 3.92 mm.^, compared with 
0.59 mm.^ in white hosts. The smaller areas observed in white hosts 
might have been due to reduced numbers of melanophores as well as to 
impairment of their migratory activities. To check this possibility, 
melanophore counts were made in the skin and gut preparations. Results 
are presented in table 2, where it is evident that in all but one case more 
melanophores developed from grafts in black hosts than from correspond¬ 
ing grafts in white hosts. The difference in areas cannot be accounted 
for, however, by the relative numbers of cells from the grafts. When one 
calculates the number of pigment cells per mm.^ in each case, it is obvious 
that the melanophores in the white hosts are considerably more crowded 
than those in the black hosts. The average count for donor melanophores 
on black hosts was 70 cells per mm.®, compared with 164 cells per mm.® 
on the white hosts. The results are shown graphically in figure 1. These 
measurements lead to the conclusion that the melanoblasts in white hosts 
are subject to some inhibition of movement. 

The migratory inhibition observed in the foregoing experiment was 
manifest in a region of the body which in the white strain never becomes 
pigmented and in the black strain is pigtnented only after considerable 
delay in comparison with other areas. It may well be asked, therefore, 
whether there are special conditions in the ventral belly region which 
influence pigmentation there but have nothing to do with development of 
the normal pigment pattern dorsally. To test the development of melano¬ 
phores of each genotype growing in a tissue environment of the other at the 
normal position in the body, reciprocal neural crest grafts were made 
between pairs of the two types of embryos in stages 23“*27. Transplanta¬ 
tion of the neural crest necessarily involves transfer also of the dorsal 
epidermis overlying it. In order to obtain graft melanophores growing in 
complete absence of any donor epidermis—a factor of some importance 
if there is a question of diffusible substances—^the operation was made in 
two steps. First, for example, a piede of dorsal epidermis overlying the 
neural crest of a black embryo was replaced by a piece of flank epidermis 
from a white embryo. Flank, rather ^an dorsal, epidemris was chosen to 
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prevent the possibility of transplanting any adhering neural crest cells. 
On the following day the black neural crest, covered now by white eiw- 
dernus. was transplanted to a white embryo. Thus, donor melanophores 
ccmld differentiate in association with epidermis of host type only. By 
this method five transplants of black neural crest to white hosts and four 
transplants of white neural crest to black hosts were made. For com¬ 
parison, a few neural crest transplants bearing donor-type epidermis were 
also made (two black to white, three white to black). The experiment 
is not yet terminated, since eight of the animals are still growing, but the 
effect on larval pigmentiition was clear and consistent for each type of 
transplant. 

When black neural crest covered by white flank epidermis was grafted 
BLACK DONORS WHITE DONORS 

800 L n 


ISO 



FIOURB 1 


Number of melajiophoies per square millimeter from paired belly grafts in blade 
hosts (solid) and in while hosts (unshaded). Adjacent columns represent grafts from 
the same doniir. 

to a white host, a dense black line of tnelanophores appeared beneath the 
epidermis at the edge of the graft region, which was clearly indicated by a 
discrepancy in the dorsal fin in that area. When black epidermis was 
grafted along with the neural crest to a white host, the dorsal fin developed 
hitaot and graft melanophores migrated abundantly into the donor portion 
of the; fia but not into the adjacent host portion of the fin. The ventral 
limit of donor melanophores was not a sharp border, as in the cases de¬ 
scribe above, but the few large mdanophoies appearing below the graft 
remaihied on the dorsal part of the fiank. These results suggest that the 
^btlity of Xli?; melanob^ in an environment of DP tissue 

''thSMalft one"of.dd.tissue./ 
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When white neural crest covered by black flank epidermis was grafted 
to a black host» the graft region was later indicated, as in the reciprocal 
experiment, by a discrepancy in the dorsal fin* Donor melanophores 
appeared widely dispersed on the flank under the graft, and in two cases 
in extensive areas posterior to the graft region as well. These melanophores 
appeared somewhat smaller than the host melanophores, and did not 
form by overlapping the large irregular spots characteristic of the host 
pigment pattern at this stage. A further indication that the area of the 
flank beneath the grafts was inhabited by donor chromatophores came from 
the xanthophores, which in the white animals used in these exIK^^ilnents 
were much deeper yellow than those of the black animals. This distinction 
was very striking in black hosts bearing white neural crest grafts, the deep 
yellow areas occupied by donor xanthophores being visible to the naked 
eye. The donor melanophores and xanthophores migrating from grafts 
of white neural crest covered by donor epidermis on black animals showed 
the same wide dispersal on the flank of the host as was noted in the trans¬ 
plantations just described. These results suggest that the mobility of 
(id melanoblasts also is greater in DD tissues than it is in dd tissue. The 
evidence from all these homotopic neural crest transplantations indicates 
that the phenomenon observed in the belly grafts is not a special case, 
but that conditions affecting melanophore migration in the normal en¬ 
vironment of the developing pigment cells are different in the two geno¬ 
types and are significant in the formation of the genetic pigment patterns 
characteristic of the two strains. 

Discussion. - On the basis of the hypothesis that the gene d affects the 
epidennis of the recessive homozygote in such a way that it does not supply 
to the underlying melanoblasts a substance necessary for pigment produc¬ 
tion, which is, however, furnished by epidermis containing the allele D, 
one would have expected that in vUro in Holtfreter’s solution melanoblasts 
of both genotypes would fail to produce melanin. That they both did 
become pigmented argues against this hypothesis. Some epidermal cells 
were undoubtedly explanted with the neural folds, but if these were re¬ 
sponsible for allowing pigment formation in the melanophores, there 
should have been a difference in this respect between explants of the two 
strains, whereas no such difference was observed. To account for the 
presence of pigment cells in normal white animals, DuShane* suggested 
that there may be some melanophores that are independent of the epi¬ 
dermis effect. If the melanophores that developed from explants of 
white neural fold represented such independent pigment cells, one would 
have expected to find in addition many melanophores that remained 
colorless. A few non-ptigmented cells otherwise morphologically re¬ 
sembling chromatophores were observed, but they were few in num^ 
ber (less than 4%) and occurred with the some frequency in explants 
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irom both strains. The idea of diffusible substances from tlie epidermis 
as the mechanism of gene action in this case is also inapplicable to the results 
of the transplantation experiments, where melanin synthesis was carried 
out equally well by melanoblasts in both types of tissue environment. 
This hypothesis concerning the nature of the epidermis effect is based on 
the assumption that melanoblasts migrate in the white axolotl just as they 
do in the black strain and in other pigmented species that have been used 
for reciprocal transplantations. This assumption does not explain the 
larval pattern distribution of melanophores in the white strain; further¬ 
more, the impairment of mobility of melanoblasts in M tissues reported 
here suggests that it may not be valid. The results of the present trans¬ 
plantation experiments, as well ns the larval pigment pattern differences 
between the white atid black strains of axolotl, are easily explained by the 
hypothesis that the melanoblasts of both genotypes are capable of pro¬ 
ducing pigment but that a reaction between melanoblasts and surrounding 
tissues of the white strain inhibits melanoblast migration. Whether this 
reaction is physical or chemical in nature cannot be stated at this time. 
Further experiments to obtain critical evidence on the problem are in 
progress. 

Summary- differentiation of pigment cells from explanted neural 
folds of black and white axolotls in Holtfreter’s solution has shown that 
potential melanophores of both genotypes are capable of melanin synthesis 
in vitro, Melanophores from grafts of neural folds to the midventral 
belly region of both dark and white hosts exhibit no disadvantages for 
melanin synthesis in white embryos, Chromatophores from reciprocal 
grafts of neural crest between white and dark strains also produce pigment 
in both types of host. A striking difference in the distribution of melano- 
phores according to host genotype has appeared in both honiotopic and 
heterolopic grafts. Melanoblasts of both genotypes appear to migrate 
freely beneath epidermis of the black strain but not beneath epidennis 
of the white strain. The results of all experiments support the idea that 
the genetic differences in pigmentation are mediated through differences 
in the tissue environment and not in tlie chromatophores themselves, the 
white pattern resulting from an inhibitory effect concerned not with condi¬ 
tions for melanin synthesis but with the migration of melanoblasts. 

I wish to express my appreciation to Dr. E. W. Caspari for his continuous 
advice and encouragement during the course of this investigation. 
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INHERITANCE OF CAROTENOID DIFFERENCES IN 
LYCOPERSICON ESCULENTUM STRAINS 

By G. Mackinney and J. A. Jenkins 

Divisions of Food Technology and Genetics^ University of California* 
Berkeley, California 

Coniinuuicatcd by E. B. Bat^ock, April 1, 1949 

Two recessive mutant types of the common red-fruited tomato have long 
been known, the tangerine and the yellow. MacArthur* established the 
fact that these two color variants are due to recessive alleles at two loci 
situated on different chromosomes. They are therefore inherited independ¬ 
ently. Using MacArthur’s symbols, the genotypic formulae of the three 
different color types with respect to the two loci are: red KRTT^ yellow 
rrTT and tangerine RRtt. 

Ultimately, we hope to evaluate quantitatively the various combinations, 
Such as, for example, those producing red fruit, namely RRTT, RRTt, 
RrTT and i?r77. The precise r61e of R and T genes cannot be established 
until the double recessive rrti has been described. So far as we are aware, 
this has not yet been described, though wc hope to identify it shortly. 

In this paper we present evidence identifying the major carotenoid 
components for the three homozygous lines, and the relative proportions 
in which they are present. Data assembled over the past three seasons 
confirm and extend much that has been published®"*'^ though some dis¬ 
crepancies exist. Pigmentation in a given phenotype is the expression of 
two factors, genetic constitution and environment. Lycopene formation is 
particularly sensitive to temperature. Thus, the fact that some twenty 
pure lines of yellow tomatoes studied here (differing greatly in pigment con¬ 
tent and in other respects) invariably contained small quantities of lyco¬ 
pene, does not invalidate the argument* that the R gene is required {inter 
alia) for its normal production. In the absence of R the major and normal 
line of synthesis is blocked, but this need not preclude the feasibility of 
lycopene formation, under certain environmental conditions, in small 
amount, possibly with greater difficulty, by another path. 

The red tomato owes its characteristic color to lycopene, the orange- 
colored tangerine to prolycopene, as noted by 2^chmeister ei and the 
yellow tomato to iS-carotene and similar components. The three types ore 
so characteristic that an examination of the absorption spectrum of a crude 
extract suffices to determine the type. Characteristic absorption curves 
are shown in figure 1. They are remarkably constant in shape for a given 
strain. 

It is particularly interesting that while prolycopene determmes the color 
of the tangerine tomato, its absorption is dominated (curves IV and V, 
figure 1) by pigments with maxima between 430 and 40Q This is 
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Ahftorptioti etirves for typical extracts* Ordinate: optical density in arbitrary units; 
abscissa: wave-length. Curve 1 red, RRTT; curves II and III yellow, rrTT, curve 
III has more lycopene than curve II; curves IV and V tangerine RRU. 
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accounted for by two pigments, alMrans f*carotene, and the “unidentified 
carotene 1“ of Porter and Zscheile.'* For convenience in reference, it is 
tentatively designated as a poly-cis ^-carotene, it has an all-trans spec¬ 
trum apparently identical with Porter and Zscheile^s “unidentified caro¬ 
tene 11,“^ but there is some reason for doubting whether their carotene II 
is a member of the ^-set. Traces of other eis ^-carotenes are present in the 
tangerine, and possibly also in the yellow tojiiato. They are ft^adily 
separable, but are present in the yellow tomato in minute quantity, suf¬ 
ficient only for comparison of iodine-catalyzed spectra, indistinguishable 
from that for poly-cis ^-carotene'. The absorption curves for poly-cis 
carotene and its iodine equilibrium mixture are shown in figure 2. As 
surmized by Porter and Zscheile,^ it cannot be a poly-cis lycopene. In 
so far as pure lines homozygous with respect to the R and T loci are con¬ 
cerned, poly-cis ^-carotene appears to be unique to the tangerine. It is 
found in quantity (cf. ®) on the Tswett column as a bright yellow zone 
below prolycopene, above f-carotene. It is therefore spectroscopically 
and chromatographically comparable with “carotene F' of Porter and 
Zscheilc. But for different spectroscopic results reported by Zechmeister 
and Le Rosen,® we should also consider it to be identical with zone Hi of 
their table 2. Attempts to crystallize poly-ds ^-carotene have not yet been 
successful. Repeated chromatograms have failed to eliminate the shelf, 
m 455 txifjL in the poly-cis spectrum, or to change its height relative to the 
height at 430 m/*. 

Experimental. — Afatermls:* Twenty-two pure lines oi yellow tomato, 
six of tangerine and three red have been examined, several repeatedly, 
to asse>s8 variability. 

Preparation of Extracts: To minimize possible cliange, fruits were ex¬ 
tracted rapidly, and measurements made immediately. Normally about 
100 g. fresh weight of tomato from a single plant was blended in 300 ml. 
acetone, filtered on a Buchner and the residue re-suspended ami the blend¬ 
ing repeated. 

In the case of the yellow and tangerine tomatoes the fleshy residue was 
white after a second filtration, but the skins were yell<jw if non-carotenoid 
alkali soluble skin-pigment was present. Where the red tomato contained 
carotenoid skin pigment, grinding with sand and a small quantity of pe¬ 
troleum ether was also necessary. . Three such treatments gave a fairly 
colorless residue. 

Successive portions of the aqueous acetone extract were then transferred 
to 100 ml. petroleum ether, and water added to remove acetone, until ail 
pigment had been transferred to the petroleum ether. 

The petroleum ether solution was then freed from acetone by washing, 
and dried with anhydrous sodium sulfate. 

Absorption Spectra: The absorption spectra of suitably diluted aliquots 
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in petroleum ether were immediately determined on the Beckman DU 
spectrophotometer, tungsten lamp, in the range 520 to 330 niju at 5-mM 
intervals. 

The curves shown in figure 1 are typical of more than 100 analyses. 
Apart from the absolute quantity of pigment produced, a given yellow 
strain shows greatest variability with respect to its lycopene content. This 



Absorption curves for ^-carotene before (curve I) aud after (curve 11) iodme cataly¬ 
sis. The curves are directly comparable with respect to concentration, and therefore 
to optical densities. 


is reflected in the absorption at 500 mu, relative to other wave4engths, illus¬ 
trated in curves II and III of figure 1. They were obtained from extracts 
of tomatoes taken from the same vine, at the same time. Those repre¬ 
sented in curve III had pale pinkish streaks. L3rcopene was also detected 
in tte extract represented in curve II, but in lesser amount. 

Red tomatoes varied in carotene content but the spectrum was invariably 
dominated by lycopene (curve I). Tangerine extracts fell into two cate- 
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gories, consistently reproducible over the period daring which fruit could 
be harvesti*d. Curves IV and V represent extremes in the strains of this 
line. 

The Individual Components: Petroleum ether extracts, freshly prepared 
as above, were chromatographed on magnesium oxide-hyflo-super cel 
(1:2). Columns packed to a height of 25 cm. and 2 cm. diameter were used. 
The more weakly adsorbed members were separated with this solvent, and 
identified. For strongly adsorbed components, fresh columns of adsorbent 
were used, the solvent being petroleum ether containing from 5 up to as 
much as 15% acetone. Before subsequent spectroscopic examination, the 
acetone was removed, in the usual way. As recommended by ZechiHeister, 
an iodine catalysis was routinely included in the run, the two sets of spec- 
trophotometric data being made simultaneously on aliquots from the parent 
solution. 

In view of available detailed rc}>orts*^“^ brief comment will suffice 
except where discrepancies exist. 

Yellow Tomatoes: Phytofluene, barely detectable in trace amounts, small 
bands at 370 and 348 being just discerned; the jS-carotene set showed 
maxima unchanged by iodine catalysis; f-carotene could not be detected; 
minor components with well-separated bands follow next, giving a common 
iodine-catalyzed spectrum indistinguishable from that for poly-cis 
carotene; all-trans lycopene was noted, max. 505, 470, 445; shifting to 
500* 408, 445 mM on addition of iodine. 

Tangerine Tomatoes: The detail reported by Zechmeister and Le Rosen® 
(table 2) is confirmed except for zones 15 and 16, neither of which give the 
lycopene spectrum with iodine. Our results are shown in figure 2. We 
doubt also whether zone 7 of their report is a true lycopene isomer, though 
we have not been able to free this clearly defined yellow zone from a 
component which, with iodine, gives a small maximum at 498 mu. 

Red Tomatoes: These typically contain phytofluene and all-trans 0- 
carotene, f-carotene has not been unequivocally detected in RRTT 
strains. Traces of 7-carotene, and predominantly all-trans lycopene 
complete the pigment complex. 

In all cases, above the lycopene fractions, a yellow-orange zone is dis¬ 
cerned. Sometimes this shows xanthophyll characteristics and spectrum. 
More often the spectrum is ill-defined, and recovery by elution is poor. 
In no case does this comprise a significant fraction, 

RelaHve Abundance of Componmts: Extracts were prepared, as described 
above, from composite saitif^es involving several fdants of a given line, 
and by using larger quantities of fruit, up to S lb., extracts could be ttuns- 
ferred to petroleum ether and made r^tively concentrated in pigmait 
without heating in any tnanher^ so that for i^ctroscopic work, di^ 
of I to 100 or I to 200 ivere necessary. Such <x>noetttrated exteocta gave 
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best results for this phase. Aliquots (usually 5 ml.) of the concentrated 
solution were adsorbed on a column. The absorption spectrum of the 
properly diluted original solution was immediately determined and an 
optical density calculated for the concentrated solution (column 2. table 1, 
etc.). The absorption for the individual components was then determined, 
in successive columns, and the similarity between the sum of the individual 
fractions (column 3) and the original (column 2) indicates the extent to 
which the absorption has been accounted for. This is of particular interest 
in the tangerine tomato where the absorption indicates the prevalence of 
pigments of low tinctorial power with high absorption below the main 
absorption for prolycopene. 

Because speed in separation was essential, as many as three adsorbent 
columns were used, the chromatograms being developed from the start 

TABLE 1 


Yellow Tomato: Optical Dknsitibs of Extract and of Fractions 


WAV*- 


KUM t>K 

I'uvro- 

jS-CAROTJtCNtt 

M1!»CKL- 

LYCOPBNJI* 

LKNGTII 

UHJOINAL 

FKACTIONH 

I^LUKNK 

sitr 

LANBcars* 

(rMPlTRB) 

500 

1.60 

1.21 


0.6 

0.15 

0.46 

490 

3,12 

2.46 


1.56 

0.45 

0.45 

480 

a.U) 

4.42 


2.53 

1.22 

0,67 

405 

8.38 

5.08 


2.50 

1.70 

0.88 

446 

9.41 

6.75 


3.07 

1.95 

1.16 

426 

7.87 

4.93 


2.30 

1.50 

1.13 

400 

5.00 

3,05 


1.31 

0.92 

0.82 

370 

1.80 

1.11 

0,20 

0.25 

0.34 

0.32 

350 

1.19 

0.80 

0.21 

0,24 

0.17 

0.24 


* The miscellaneous group includes minor components and a larger yellow fraction 
immediately below the lycopene. Both yellow and lycopene fractions require several 
chromatograms for spectroscopic purity. A wcH-defined maximum for the lycopene 
exists ca 505 


with solvent containing different percentages of acetone (usually 0-2, 
5 and 10, though solvent with as much as 15% acetone has been used). 

There is a two-fold advantage in reporting the data in terms of optical 
densities at this stage. It avoids arbitrary compromises in the value 
selected for the ab^rption constants. Thus components in table 2 
designated iu and L$ are undoubtedly lycopene-WAe isomers. They 
have been oystallixedy but the curves differ, even after iodine catalysis, 
and also from the curves obtained prior to crystallization (the change being 
due to partial isomerization during concentration). 

Secondly it enables a comparison to be made between the original optical 
density^ c^uxnn 2, and the sum of the components, column 3. Losses for 
inore strongly adsorbed components account in part for the differences, 
This procedure is useful in showing whether there may be a significant 
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contribution by an undetected pigment, and whether unsuspected isomeri¬ 
zation has occurred to any extent during evaluation. 

The wave-lengths for which optical densities are reported in the tables 
were chosen on the basis of the characteristics of the absorption curves for 
the originals, cf. figure L Routine measurements were made throughout 
the whole range, however, without detection of abnormalities* 


TABtE 2 

Tanorrink Tomato: Oi*tical Densitiks of Extract and of Fractions 


WAVH- 

LitNnm 

OfclGI- 

KAI. 

OK 

FRAC¬ 

TIONS 

FHYTO- 

FI.ITRNF 

SKT 

CARO- 

TKNK 

CIS 

CARO- 

TRNR 

P RO¬ 
LY CO- 
PKNK 

VKI.LOW 

ZONK 

U* 

Li 

7.1 

X 

490 

30.1 

25.4 


3.0 


0.7 

11.2 

1.0 

1.9 

2.8 

4.5 

0,8 

480 

46.6 

41.2 


6.9 

. . 

1.2 

18.3 

1.7 

3.5 

3.5 

5.1 

2 

465 

84.8 

64.1 


5.9 

<1.0 

4.8 

27.5 

3.9 

6.2 

5.0 

7.0 

2.8 

435 

127.6 

121,3 


5.8 

20.6 

14.2 

56.5 

4,2 

7,0 

4.8 

6.0 

2.2 

425 

156.3 

144.4 


4.3 

53.1 

15.6 

50.0 

3.3 

6.5 

4,1 

6.2 

2.3 

410 

117.5 

101.2 


2.9 

27.1 

14.1 

40,4 

3.1 

5.0 

3.3 

4.3 

2 

400 

125 

119.6 

0.2 

2.2 

53.3 

13.8 

35.0 

2.4 

4.8 

2.7 

4.8 

1.8 

370 

68.1 

61,4 

12.1 

1.3 

21.3 

5.4 

15 


2.0 

1.8 

2.6 


360 

51.3 

47.2 

8.8 

0.6 

16.0 

4.0 

11.6 


2.0 

1.8 

2,5 


360 

43.8 

43.5 

15,6 

0.4 

11.9 

2.3 

8.6 


1.6 

1.4 

1.7 



* The designations Lu Lt and Li represent lycopene isomers separated by a small 
yellow zone from prolycopeiie. X is a xatithophyll fractioti. L» contains several minor 
zones. 

TABLE 3 

Rkp Tomato: Oftical Densities of Extract and of Fractions* 


WAVE- 

LBNOTU 

ORIOINAI, 

SUM OF 
FRACTIONS 

PHYTO- 

FLUBNW 

/^-CARCTTKNB 

LYCOPKNK 

500 

117 

103.1 


2.3 

100.8 

496 

97.9 

84.2 


3.2 

81.0 

480 

101.2 

90.0 


5.2 

84.8 

470 

140.6 

119.6 


6.0 

114.6 

445 

102.8 

85.3 

. . . 

5.4 

79.9 

425 

63.7 

60.9 


4.3 

46.6 

400 

33,7 

25,7 

0.2 

2.3 

23.2 

370 

18.9 

16.7 

5.2 

0.4 

10.1 

360 

17.1 

14.8 

3.2 

0.8 

11.3 

350 

16.9 

16.3 

6.1 

0.4 

8.8 


* Y-Carotene and xanthophyll are minor contributors, ca O.fi at their maxima. The 
lycopene value is low owing to incomplete elution. 

With the reservation that because of the necessity of rapid separation, 
the zones are not highly purified from a spectroscopic standpoint, the values 
reported in tables 1, 2 and 3 are a sound measure of the relative abundance 
of the various components* 

The data for tables 1, 2 and 3 are based ott equivalent weights of fresh 
fruit, so that a rough comparison of absolute values is possible. The 
various yellow lines differ greatly in the amount of pigment produced, 







VoL* 36, 1949 


GENETICS: MACKINNEY AND JENKINS 


291 


and there may be some significant variations with respect to individual 
components. This phase must be deferred at present. Based on a com¬ 
parison of table 1 with tables 2 and 3, it appears with respect to all lines of 
composition rrTT that they are markedly deficient in their ability to 
produce carotenoid pigment; that no component has yet been identified 
as unique to the yellow tomato; and finally that no component has been 
found in greater absolute amount in the yellow than in tangerine or in red 
lines. 

When table 2 and table 3 are compared, the total pigment production 
for tangerine and red lines is approximately equivalent. 

As shown in table 1, /3-*carotene is clearly a major component in the 
yellow lines and lycopene is present in small amounts. In the red (table 3), 
the absolute amount of i3-carotene is somewhat greater but the proportion, 
relative to other components, is greatly reduced. The overwhelming 
contribution is made by aU-trans lycopene. The tangerine (table 2) 
is comparable with the red, so far as )d-carotene is concerned, higher 
in phytofluene, and particularly high in all-trans f-carotene, poly-ens 
^-carotene and prolycopene. It will clearly be of interest to isolate the 
heterozygous genotype RrU for comparison, with respect to these com¬ 
ponents. 

The evidence indicates certain tentative conclusions as follows: 

In the absence of JR, the T gene is responsible for pigment production on 
a limited scale, particularly with respect to lycopene, cf. reference 2, p. 
242. In the absence of T, the JR gene is responsible for large quantities 
of f-, poly-cis \f'-carotenes and prolycopene. In the presence of R and T, 
these pigments or their immediate pretnirsors are converted to lycopene. 
The suggestion of Porter and Zscheile (reference 4, p. 544) that f-carotene 
may be concerned in lycopene formation seems therefore entirely plausible. 
The open-chain structure recently postulated for f-carotene^^ also supports 
this view. 

Lines studied in detail include the red **Bonny Best,** ti tangerine from Di. J. W. 
Lesley and the yellows ** Snowball*’ from Good Luck Gardens and Mac Arthur's tester 
stock 902. 

‘ MacArthur, J. W., J. of Genetics, 29, 123 (1934). 

* Le Kosen, A. L., Went, F. W., and Zechmeister, L., Proc. Nat. Acad, Set., 27, 236 
(1941). 

» Zechmeister. L., Le Rosen. A. L.. Went, F. W.. and Pauling. L.. Ihid.. 27, 468 (1941). 

* Porter, J. W.. and Zscheile. F. P., Arch. Biochem., 10, 637 (1947). 

* Zechmeister, L., and Le Rosen. A. L., J.A.C.S., 64, 1076 (1942). 

« Nash. H. A.. Quackenbush. F, W,. and Porter, J. W.. Ibid,, 70, 3613 (1948). 
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INFRARED ABSORPTION IN FIELD STUDIES OF OLFACTION 

IN HONEYBEES* 

By Walter R. Miles and Lloyd H. Beck 

Yale Umversitv Sch(x>i. op Medicine and Department op Psychology, 
Yale University 

Read before the Academy* November 19, 1947 

Introduction ,—Some two decades ago it was pointed out by Sherrington 
that the biological function of a specialized sense organ, such as the eye 
or ear, is to lower the threshold of the nerve fiber to some one form of 
energy* The senses may be classified in terms of the energy form which 
serves as the adequate stimulus for each modality. Each sense mechanism 
that plays a rdle in the integrated behavior of an organism appears subject 
to stimulation by mechanical energy, chemical energy or radiant energy* 
According to this widely accepted scheme of classification hearing, touch, 
pressure, equilibrium sense and the lateral-line organ sense of fishes are 
all mechano-receptors; vision, the sense of heat or wannth, and the sense 
of cold are radio-receptors; while the chemo-receptors are smell, taste, 
common chemical sense and the vomero-nasal organ sense. The theory 
()f olfactory stimulation proposed by the authors^ would, if substantiated, 
suggest that the sense of smell be reclassified and placed among the radio¬ 
receptors. 

In order to test the validity of the hypothesis that stimulation of the 
olfactory receptors results when the radiation of heat from smell receptors is 
suddenly increased, a wide range of new investigation is required. Some of 
the more simply arranged of these desired experimental observations have 
been undertaken by us, and the present report presents a part of this work, 
specifically some accomplished with the honeybee, Apis meliiftra Linn. 

Insects are peculiarly well adapted for behavioral studies on the sense of 
smell due to the peripheral placement of their olfactory receptors along 
their antennae rather than within a nasal cavity,®* * The worker honey¬ 
bee offers the additional advantages of high activity level, marked sociali¬ 
zation and well-integrated exploratory and work habits. There is a rich 
scientific literature concerning the olfactory sense in bees. It has been 
shown that their sense of smell exhibits a marked parallelism with that of 
man. Von Frisch, as is viell known, demonstrated that pairs of different 
chemical substances judged alike in odor by were remanded to very 
similarly by the bee. While it is interesting to attempt reinterpretation 
of older work from the standpoint of a radiation hypoliiesis, it is obvious 
that newly designed equipment and methods must be developed and new 
experimentation conducted in order to obtain critical results for appraisal. 

Apparutm and Methods ,—^For our studies on insects we appeared to need 
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what may be called osmic radiation receivers. These may be thought of as 
artificial noses since they provide chambers which may be filled with odorif¬ 
erous gases. The apparatus described by us in another paper* was designed 
for some work on cockroaches and is one type of osmic radiation receiver. 
It is a laboratory type adapted to a variety of insects. A second type of 
receiver based on the same general principles but considerably simplified has 
been developed for field studies with bees and other insects. Its general 
form is illustrated in the accompanying figures 1 and 2. The receiver 
is made of ordinary black iron pipe fittings as indicated in figure 3. The 
central part, 5, is a black iron cross-tee with horizontal openings of one 
inch, top and bottom openings, three-quarter inch. The inside of this tee 
serves as a gas chamber and is sealed leak-tight. A black iron diaphragm 
at C closes off one end; .<4 is a closed cavity for liquids at the bottom of the 
gas chamber (we may refer to this as the “perfume bottle”); is a cavity, 
an extension of the air-tight system of the gas chamber, which is filled with 
calcium chloride, anhydrous (CaClx) to abscjrb water vapor. The absor¬ 
bent is separated from the gas chamber by a number eight ttiesh wire 
screen. JD, represents the infra-red passing window (described more fully 
below) which sealed off the front of chamber J3. Finally E in figure 3 
represents an accessory chamber for temperature control. The bottom 
side of this chamber is bounded by the black iron membrane brazed to the 
iron cross-tee at position C in the figure. Ordinarily a small amount of 
dry ice is placed in receptacle E to lower the temperature of the gas chamber 
below that of the environment. The entire iron unit stands eight inches 
high, six inches deep, from D, as its front, and three inches wide; its weight 
is about seven pounds. By means of a railing flange it is fastened to a 
wooden base with two screws. The box was made from old well-weathered 
chestnut, as exhibited in figure 2. A pair of such receivers was used in our 
field experiments. One unit was “active” in the sense that infra-red could 
pass into it. The other unit was used as control. Directly behind the 
thallium bromide iodide window in the control unit was a glass disc. Thus 
infra-red rays could not penetrate into the gas chamber of the control unit 
but were reflected back by the glass. 

The window in the front of each osmic radiation receiver was made of a 
crystal of thallium bromide iodide designated KRS-5. ^ Sections were sawed 
from the crystal and then polished to a thickness of 2.0 mm. • These 
discs were 50 mm. in diameter.® By means of “Quartz Cement”® they 
were sealed into recessed grooves that had been cut in the iron collars at the 
front of each unit. The groove for the control unit was cut deep enough 
to receive first a glass disc and thi^ the KRS-5 disc next the glass and in 
front of it. The thallium bromide iodide was therefore the biological 
contact surface from tim outside for both units.^ 

A flame should not be ttsed against KRS-5 as the fumes from it are very 
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toxic. When polishing this material rubber gloves and a mask should be 
used.** Sections of this crystal take and retain a good polish. This is one 
of the great advantages it possesses over calcium chloride or potassium 
bromide cTystals both of which require frequent repolishing. The polished 
KRS-5 surface is not observably toxic to bare fingers or to insects in contact 
with it. 

The second and mure imp<?rtant advantage possessed by the KRvS-5 
crystal is its transmission characteristics for infra-red radiation as revealed 
in figure 4. Beginning at 0.6 m (micron) 600 (millimicrons) or 6000 
A (Angstrom units), which is in the region of the yellow band of the visible 
spectrum, the transmission rises precepitately to 40 per cent. It increases 
to about 55 per cent for the extreme visible red, 0.7 m> and then somewhat 
more slowly rises in the near infra-red reaching 65 per cent for 1 m (10,000 
A) and at 1.5 m levels off at 70 per cent which is maintained evenly to an 
extreme of 31 * 32 fi. The heat radiation in the case of human beings would 
probably cover the range 7.5 to io ii with a maximum at about 9 to 10 
The radiation from bees, judging from the similarity of their odor discrimi¬ 
nations to those of human beings, probably covers at least a part of this 
7.5-15 range. It is obvious that the KRS-6 provides an amply wide and 
high transmission range for all such experimental purposes. 

A pair of ostnic radiation receivers such as described above lends itself 
to various methods of use in the field. Both windows should have the 
same temperature which is lower than the environs. (1) The two windows 
may be exposed side by side for attracting bees directly. (2) The windows 
may be equipped with short tubes or platforms extending in front of them, 
bait may be placed here and bees artificially transferred to the two baited 
areas. This latter procedure has proved the more useful experimental 
plan and lends itself to the following four variations. 

(a) Bttit removul method: Bees transferred to baited tubes. Before the bait has 
l>een completely used up they are gently shaken from the tubes below the units and the 
bait tubes are removed. Predictions: Bees should return to the window areas. The 
window that now presents the bait <xlor (or more of it) .should for a time collect the more 
l>ee,s on or near it. 

{h) Bait exhaustion method: Bees transferred to baited tubes, the tubes are left 
undisturbed by the experimenter for 20 minutes or more. Predictions: After the bait 
in the tubes has been exhausted the window that continues to provide more bait odor 
should Imld the attention of more bees, more bees should stay for a time in this tube 
or Iwes should more frequently return to this tube. 

(c) Bait interchange method: Same as (b) above except that within one or two 
minutes after the liait has beeu exhausted the tubes should be exchanged in position 
between the units with the least possible disturbance of the few bees in them. Pre¬ 
dictions: Bees in the tube placed in front of the experiment Window should tend to 
remain and the bees that have been placed In front of control window shotild tend to 
return to the experiment window. If some bees have made trips from and to the bait 
a teinpotary position habit may interfere with the predicted restilt. 
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{d) Bait repetition method: Same os (5) above except that when the original bait is 
nearly exhausted a little more is added equally in each tube and this process is repeated 
from time to time to keep the bees working for one or more hours, making trips from the 
bait to the hive and back- Predictions: If the amoutit of available bait is kept minimal 
the window that supplies more bait odor should attract the larger population of bees. 
In work with (d) the right deft positions of the utiils should be exchanged at intervals of 
20 or 30 minutes. The units may also be placed one on top of the other and this position 
changed in a chance order with the right-left positions. Other changes of orientation 
should be used such as rotation of the units by 180'’ or 90 

If we set up our receiver units on a platform near an active hive of bees 
on some seasonable day when there is not too much natural nectar avail¬ 
able. and if we wait long enough some diligent worker bee will find them. 
She may alight on the window which passes infrared and move slowly, 
waving her antennae as if near nectar, but she can’t get it. vShe can't 
carry anything away but an experience. There is no tangible reward for 
the effort expended. She is unlikely to return to the hive and engage in a 
dance to attract other bees out to visit this honey smell. Some method of 
transient baiting to capture the bees' attention was required if experi¬ 
mentation was to proceed without unduly long delays. The method 
adopted involved two principal feature^, see figure 5. First, a short plastic 
tube was provided as an extension from the opening which surrounded each 
window. Usually three drops of honey were placed in each tube on filter 
paper or a bit of cloth attached inside and at the bottom of each tube. 
Second, to a wand, four feet long, filter paper was bound at cue end and 
smeared with honey. This end of the wand was placed near the opening 
of a hive; after a few minutes the filter paper was well covered with bees. 
The wand was then lifted, brought back to the units and 10 or 12 bees, an 
equal number for each unit, were transferred to the bait tubes by gently 
rolling the wand in such a way as to walk the bees off into the tubes. 
Each experiment began thus by causing bees to work in the immediate 
vicinity of the two windows. 

Results.—Experiment I: The unit containing the “active" or experi¬ 
mental window was on the left side, see figure 6; the control unit with the 
window that would not pass infra-red was on the right. The thermometer 
showed 70^F. for outside temperature. The date was September 28, 1947. 
The amount of natural nectar available was not great. The method 
employed was a combination of (a) and {d) above. After the bees had been 
transferred to the tubes, they cleaned up the available honey rapidly. 
Drops of honey were added, equally to each tube, until it was found that 
the bees were working continuously and well. Photo A was taken at 
10:30 A. M. At 10:45 (Photo B) the honeybait seemed exhausted in both 
tubes, only one bee remained in CW, those in EW were rushing about. 
At 10:47 both tubes were removed, and placed in an air-tight container. 
When the tubes were removed, the bees were gently shaken out of them 
down near the ground below the units. One minute later (Photo C) ten 
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bees were found on EW^ none on CW but three were flying about CW^ 
This difference could occur by chance once in about 1000 times. At 
10:49Vs (Photo D) nine bees were on the “active” window and three flying 
about it None were at the control window. At 10:54 (Photo E) three 
bees were on EW, and none on or near CW* At 11:09 (Photo F) three were 
around EW, no bees were near CW. During the next 15 minutes both win-, 
dows were continuously observed, but no photographs were taken. Within 
this period 12 bees alighted on “active” window and eight paused in flight 
in front of it. No bees alighted on the control window, and only two paused 
in flight in front of it. This difference represents a chance of one in about 
4000. 

Experiment II: This illustrative experiment follows method (c). The 
tubes were left in place after the bait had diminished practically to the 
vanishing point judged by the behavior of the bees. Later when most of 
the bees were found in tube EW^ the tubes were gently exchanged with the 
bees in them. This experiment was made in mid-October, 1947. At 9:35 
A.M. measured honey bait was placed in the two tubes; no bees came on 
their own initiative. During the next few minutes bees were transferred 
equally. After 9:50 a.m. no more bees were transferred. The “active” 
window {EW) was now on the right side; the control unit {CW) on the left. 
At first the bees were working in equal numbers in the two tubes. By 9:57 
most of them were in tube EW; only one was in front of CW, At 9:59 all 
were in front of £ W, results to be expected by chance about once in 250 times. 
At 10:03 most all bees were in tube EW. At 10:07 all present were in EW. 
At 10:08 the tubes were gently exchanged and it was not observed that any 
of the bees left during the exchange. This maneuver brought the great ma¬ 
jority of the bees in front of the control window. At 10:20 all were observed 
to have collected at the “active” (EW) window. At 10:21 the tubes were 
again gently exchanged. At 10:26 some had returned to the “active” 
window. At 10:34 most of them had returned. By 10:37 all bees present 
were in the tube in front of the “active” window. A total of 47 minutes 
had now elapsed since any bees had been transferred to the tubes; 30 
minutes since the bait, as a tangible reward, had worn out. These results 
are typical for other experiments we have conducted. 

Field experiments such as the two described above do not, as a rule, 
yield such definite results when there is abundant nectar to be gathered 
from wild or cultivated plants available to the bees. This general finding 
would appear predictable, since the reward the bees secure from their 
efforts in collaboration with our experiments is meager in comparison with 
what an equal amount of time devoted to abundant field bloom would give. 

Results for experiments attempted in summer when the supply of 
nectar was veiy plentiful lend themselves to presen^tion in tabular form. 
These tests were made on a farm in Qtsego County, N. Y. in mid-August, 
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11)48.“ The bees were very busy on buckwheat and red clover, fi<4ds of 
both were lying within a (quarter mile of the colonies vStudied. Method 
(b) was employed, i.e., after bees had been transferred to the baited tubes 
the situation remained undisturbed for 20 minutes or more. Tests made 
on the same day succeeded one another at short intervals. Our grouped 
data for eight tests are presented (see table 1} in terms of the numbers of 
bees counted at CW and at EWy o, 10, 15, and 20 minutes, respectively, 



FIOORE I 

A pair of osniic radiation receivers in their housings, placed side by side as used in 
sonic olfactory experiments with honeybees, is shown in the lower right-bond corner of 
the illustratioti. The. two round wdndows in the fronts of these boxes arc the critical 
areas in reference to which behavior of the bees is observed, 


after completion of the transfer of the bees to the bait: each test provided 
iour pairs of counts. The 52 pairs for the eight tests show 20 counts in 
which the number of bees at iiW^excccded the number at CW, atid 12 counts 
in which the count at CW equalled or was larger than for EW. 

At the bottom of table 1 the totals for the populations found at CW and 
at EWf respectively, and for the four time intervals specified have been set 
down. In the eight tests a total of 135 bees were set at work in front of 
CW and 152 at Each of these values was taken as 100 per cent and 


2f 





on this basis the population percentages remaining at each of the windows 
after 5, 10, 15 and 20 minutes were computed. In all four pairs of values 
the percentage retained at EW exceeds that for CW. The per cent differ- 
enccs arc +13.(), +21.6, +7.7, and +6.9, for 5, 10, 15 and 20 minute inter¬ 
vals, respectively, in favor of the experimental window. In summary this 


















iUGURIi 3 

Lateral view of osiuic rtuHattoti receiver whicli has bectj /oniiefl from black iron pipe 
fittings. A, receptacle for liquid; Ji, gas cluunl>er abov(‘ surface of liquid; C\ close<l 
back of chamber formed of black iron diaphragm; D, window sealing the front opening 
of the chamber; E, accessory chamber, open at top, for dry ice or other means of tern- 
pcralute control; f \ an extension of air-tight chamber, B, filled with calcium chloride for 
absorbing water vapor. The unit as illustrated weighs 7 pouncls. vScalc in cm. 


KKUIRK 2 

The upper view represents a pair of osmic radiation receivers mounted on a tripod- 
supported platform. The witulow in the right-hand unit will pass infra red radiation 
into the air-tight gaschaml)er behind it, and is designated the 'Vxperitnentar' window. 
The control or blank unit is on the left in this view. The window in this unit will not 
pass infrared radiation into its gas chamber for the reason that a rear segment, made of 
ordinary glass, reflects such radiation. 

The lower view represents the pair of units with the fronts of the housings removed. 
Plastic tubes 9 cm. in length and 5.5 cm. in diameter are shown fitted to the window 
collars and projecting horizontally. On the inside and at the bottom of each tube an 
attached bit of cloth provided a surface on which a small tneasurc?d aujount of honey 
bait was placed. In this view a nunil)cr of bees may be seen working in each tulni. 
Ordinarily the fronts of the housing boxes are tu place. 
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TAHLK 1 

CiKoupKi) Data for Kight Summuriime J^iked Ticsts of Olfactory Response in 

JIONEYHEES 
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Trajismission curve tor thallium bromide iodide crystal window^ 2 mm. in thickness. 
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group of eight tests, made under eotniitions when the bees were very 
actively working at near by fields of bloom and therefore not easily dis¬ 
tracted by artificial stimuli, yields results which tend to support the olfac¬ 
tory radiation hypothesis. 

In the foregoing exj)eriinents the honey bait was placed inside plastic 
tubes which extended from the windows. 'I'hc tubes were an easy fit on 



FIOURK 5 

Transfer of honeybees to baited areas extending from the windows of the osmic 
radiation receivers, "i'he upper view shows the transfer waiui held in front of the units 
just before walking the bees off into the lubes. The lower view represents the eondi- 
tion inn Mediately after the bees have been Iransferretl to the baited ttibes. 

the iron collars surrounding the windows and also in the openings in the 
wooden housings. The tubes were completely ojK'n at their front ends. 
Tubes rather than flat projections were selected as supports for the bait 
because they would tend to hold the bait odor, locate the insects present in 
a favorable position for radiating into the windows, and restrain them from 
crawling about on the wood surrounding the windows. Furthermore, the 
tubes were easy to manipulate in placement, withdrawal and exchange. 
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FIGURE 6 

A succession of photographic views which from top to bottotn constitute the record 
of one experimental test. A shows the bees immediately after transfer to the bait areas; 
B represents the condition when the bait is about exhausted. Between B and C the 
bait tubes have been gently removed and the bees shaken out of them near the ground 
directly below the two units. C and the other views, to the bottom of the figure, illus¬ 
trate at succeeding intervals of time the predominating tendency of the bees to gather 
on or near the experimental window, which is on the left in this illustration 



















Two sets of photographic records representing two succeeding tests in which the ex¬ 
perimental window is at the right in the first, and at the left in the second test. In 
place of tubes for holding the bait, small platforms have been arranged. For purposes 
of this illustration the photographs of the timepiece which during the experimentation 
were above the thermometers and near the tops of the unit housings, have been mounted 
in line with the windows to facilitate compactness of illustration. For discussion of the 
results of these two tests see the text. 
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inOURK 8 

The 12 indivitlutil photo^aphs composing this illustration constitute the record for one 
osmic radiation test. The beginning of the test is represented by the extreme upper 
left-hand view, Cl, the end of the test by the bottom right-hand view, Cl2. When the 
test began platform C was below the experimental wdndow. Immediately after the 
third view in the sequence, taken at 12:(K>, the two platforms were exchanged, as far as 
possible without disturbing the bees. 
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However, they have one disadvantage for the experimenter, since he finds 
them something of a visual obstruction, when attempting to count the bees 
present, and also inconvenient when attempting to record the populations 
photographically. 

Early in November, 1948, a few experiments were tried using flat, plastic 
platforms attached at the bottom of each window collar and extending to 
the front and horizontally from that position. These platforms were two 
inches wide and one inch deep. By means of adhesive tape, a small 
amount of white cotton gauze was attached and covered the mid-portion of 
each portion. A series of three tests of this type are here reported. These 
were made at the same Connecticut farm at which our work had been done 
the previous faU.^® In these tests a special effort was made to secure good 
photographic recording of the populations present at varying time inter¬ 
vals.^^ The season of the year was favorable; wild nectar was scarce. 
But we predicted that with the flat open platfonns the bees woidd remain 
around the windows for a shorter time than when bait was placed in the 
tubular supports. 

Test A was made shortly after 12:30 PM,; the results are photographi¬ 
cally illustrated in the left-hand jKution of figure 7. In preparing this figure 
the original photographs have been cut down so as to include principally 
the two windows. The photos of the face of the timepiece have been 
brought down from their original position near the tops of the housings, 
and pasted between the windows for the sake of compactness in the illus¬ 
tration. The two platforms in these tests were lettered W for the control 
window and C (crystal) for the experimental window. The control window 
(WO was on the left, the experimental window on the right. Three drops 
of honey were carefully placed near the center of each platform, an4 eight 
worker bees were transferred to each platform. Photo A1 was taken 
immediately after the bees had been transferred and had started working. 
Fifteen seconds later, A2, eight bees still working in front of each window. 
Photo A3 made 26 seconds after Al, still shows most of the bees present 
on each side. In photo A4, made one minute and 16 seconds following Al, 
a single bee is on in front of the control unit, while three bees are on 
C, in front of the experimental window and two more are near about. The 
final photo, A5, taken two minutes after Al, reveals a characteristic result, 
there arc no bees on platform W while five are shown on platform C, 

Test B followed shortly after Test A and the five photographic records 
of it are reproduced in the right-hand portion of figure 7. It will be noted 
that the right-left positions of the two units have been exchanged, and in 
Test B the experimental window is now on the left-hand side. Again 
three drops of honey were placed centrally on each platform and eight 
Work^ were transferred to each platform. Photo B1 was made just 



m 


PS YCHOLOG Y: MILES A ND BECK 


PsLOC. N. A. S. 


following this transfer. Ph(jto B2 was made 43 seconds later. The bees 
had practically exhausted the available bait, and were now scattered and 
moving about. B3, taken 57 seconds after Bl, indicates that some of the 
insects had left each platform. In Photo B4, recorded two minutes and 
26 seconds after Bl, four insects may be seen on platform C, near the 
experimental window, none on platform W. The final photo, B5, made 
three minutes after the beginning, records three bees on platform C and 
none on W, The reader will note that both of these tests, A and B, fol¬ 
lowed method (ft) described as “the bait exhaustion method/* 

Test C, after a short interval, followed the previous two tests, and was 
made according to method (<:) in which the bait platforms were exchanged 
in the early portion of the test- This experiment extended for 21 minutes, 
12 photographic records were taken and all have been reproduced in figure 
8 . The two units had again been exchanged in their right-left position. 
Three drops of honey were placed on each platform and ten worker bees 
were transferred to each. Photo Cl records the conditions present immedi¬ 
ately after the two equal populations had been set to work. It should be 
stated that two or three bees were transferred at a time to each platform, 
by moving the wand first to one and then to the other, in turn, so that 
neither platform would suffer the handicap that the bees got to work on it 
earlier than on the other one. In Photo C2, 34 seconds after Cl, the bees 
on platform W had begun to move about and one or two had left. In 
Photo C3, 39 seconds ^ter Cl, nme or ten bees may be seen on platform 
C, only three on platform W, Shortly after this view was made no bees 
remained on platform W. Then the experimenter exchanged the positions 
of the two platforms without greatly disturbing the bees resting on pla;^- 
form C. As he a>mpleted the exchange, he unfortunately jostled the trij^ 
of the camera so that the picture taken, Photo C4, was somewhat bhtfi^. 
Nevertheless, it indicates that the bees were successfully transferred on 
platform C to the position in front of the control window. The bees soon 
began leaving platform C; this is not recorded in the picture sequence. 
For about 13 minutes no more than one bee at a time would appear on 
platform W. If another came, he would be fought off. vSome would 
fly about the experimental window briefly. Photo Co, made nearly 13 
minutes after Photo C4, and 20 minutes after Cl, records two insects at 
platform W, and none on platform C. In fact, from 1:20 p.m., C6 , until the 
end of the test, 1:26 p.m., C12, no bee alighted on platform C whereas on W 
by the experimental window the population ranged from two to five. The 
b^s on W tended to fight each other and to fight off other bees that at¬ 
tempted to join them in their frustrated search for the honey which they 
seemed to sense was present. 

The experiments on honeybees reported in Uiis paper 
have constituted an attempt on our part b) put the olfactoiy radiation 
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hypothesis to test. These field trials followed some laboratory tests on 
cockroaches carried out with an apparatus built according to the same 
principles embodied in the osmic radiation receivers here described. Our 
initial trial with bees was on September 1, 1947, at an apiary on a farm in 
Madison, Connecticut. In this test the beekeeper kindly cooperated with 
us. He introduced a small frame smeared with honey into the top of one 
of the hives. The smell of honey within the hive caused the bees to become 
active, in a search for honey, and within 15 minutes there were large num¬ 
bers of them outside the hive on some frames front which the honeycombs 
had been removed, but small bits naturally still remained. We now con¬ 
sidered that the bees had been sufficiently stimulated to find honey in their 
near vicinity. At first we placed our two units on a suitable tripod support, 
facing the sun, and with their backs about 20 feet away from the hive. 
Watching the units for 30 minutes, no bees were observed to pay any atten¬ 
tion to either of tlie windows. We then changed the p<3sition of the units 
so as to face the hive and moved them about seven feet away from it. 
Again observing for 30 minutes, we noted that no bees came to either win¬ 
dow. We then placed the units on the ground directly in front of the 
hive entrance and three feet away from it. The dry ice in the cooling 
chambers of each box had caused the iron window frames to frost up and 
moisture to gather on the windows. The moisture was removed and we 
observed the units for 15 minutes; no bees seemed to pay any attention 
to either box or window. The units were moved still nearer to the hive, 
and again no positive response. It was now 5:30 p.m. ; we moved the boxes 
to within nine or ten inches from the mouth of the hive. Boards imme¬ 
diately below and in frotU of the hive formed a suitable platform for the 
units. There was activity at the mouth of the hive, workers were coming 
and going, also some workers were stinging drones and pushing them to one 
side. The two units were about one inch apart, and blocked low-angle 
approach of the bees to the hive opening. Under these conditions and after 
15 minutes of watching, we observed no approach by the bees to the boxes 
themselves, that is, no bee lighted on either box, but one or two bees did 
pause a moment in flight in front of the experimental window. At this 
point we placed a thin string around both boxes in such a way that its 
position horizontally bisected each window. By means of a penknife 
blade, a small drop of honey was placed on the string directly in front of 
each window. After about five minutes there appeared a fly, then a yellow- 
jacket. The yellowjacket perched on the string in front of the experimen¬ 
tal window and consumed the drop of honey, then explored up and down 
the string immediatdy in front erf the window. Presently he found the 
honey in front of the control window, where the fly had been engaged. The 
fly was frightened off and the yellowjacket consumed that drop of honey 
also. The yellowjacket flow returned to the experimental window, re- 
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examined the string whete the honey had been, then flew up in front of 
the window. He returned to the string in front of the control window, 
examined the string, but did not pay any obvious attention to the window. 
During the next 15 minutes a yellowjacket (apparently the same one) 
returned frequently, paused in front of the experimental window or 
lighted on the string or window or op the frame close to it. So far as we 
could judge, he paid about the same amount of attention to the string in 
front of the window as he did to the window itself. His behavior in refer¬ 
ence to the experimental window was much more positive than in reference 
to the control window, in front of which he had gotten an equal amount of 
honey, and was last rewarded. These initial trials on our first day of ex¬ 
perimenting led us to devise the technique of supplementary baiting in 
short plastic tubes projecting from the Window areas. 

It seems probable that the bait-tube technique can be improved. The 
flat platforms were considerably narrower than the length of the tubes. 
The front edges of the platforms extended only 1 “/w inches or 43 mm. from 
the vertical planes of the front surfaces of the thallium windows. Tubes 
of this effective length or even shorter might be used and the bait surface 
disposed around an arc of the inside circumference rather than lengthwise in 
the tube. Transferred bees would then tend to have an initial orientation 
facing inward toward the bait and also toward the windows. Such refine¬ 
ments together with a technique for marking the bees set to work at the 
window areas might 3 Hield more quantitative and more analytical results 
than we have thus far secured. 

In the tests reported above we have varied the position and distance of 
the receiver tmits from the hive. The two units alternated in their respec¬ 
tive right-left positions. The temperatures of the two imits were kept 
nearly equal, and below the environmental temperature but not always at 
the same differential between environment and the units. Different times 
of day in mid-summer and in late fall have been tried. The bait tubes were 
used interchangeably, that is, one of them was not made to be used at the 
experimental window, and the other at the control window. The tubes 
were sometimes (method c) exchanged after the beginning of a test^ some¬ 
times in other tests (method a) they were removed after the experiment 
was well started. The windows were often wiped dry if they tended to 
gather moisture, and they were kept clean, Honey from the same colony 
worked with was always used as the bait. Throughout all these canttoltr 
and variations of testing the bait-seeking behavibr of be^ introduced into 
the situation seems much more positive in ndference to the inli^^ 
window;. It seems fair to assume that in front and ne^ this window the 
insects have an olfactory experience and that it is this Which causes them 
toodlect and to remain fm* some minutes. After the bait has hcoome ex* 
hausted Ihe situation, for those that remain, would seem to offer no primary 
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reward. These bees sensing honey, perhaps strongly, but not finding it 
seem irritable. At least it is characteristic of their behavior that in the 
latter half of a test they fight off other comers that approach the experi¬ 
mental window. Except for this behavioral factor the population differ¬ 
ential between the windows might have been more striking. A technique 
of working with a group of bees, one at a time, as reported by Frings,** 
should avoid any such masking effect introduced by this clement of social 
interaction. Our field experiments unfortunately lacked this type of 
control. 

If it is fair to assume that the bees collect at EW because of an olfactory 
experience gotten there which is not found at CW, then on the physical 
side it may be assumed that the behavioral difference is based on a differ¬ 
ence in infrared radiation. The experiments indicate that the difference 
is due to radiation lost by the insects, in all probability from their an¬ 
tennae.** The experiments reported here do not settle the question 
whether the radiation is direct to the cooled gas molecules of honey vapor 
in the air-tight chamber beyond the thallium window, or whether ambient 
honey-vapor molecules adsorbed on the antennae provide a filter-like film 
through which radiation takes place, and is accentuated by the cooled 
chamber behind the transmitting window near the insects. In the latter 
case it would probably make little difference whether the chamber was 
filled with honey gas or some other gas. On the basis of some other experi¬ 
mentation not here reported, we are inclined to believe that the second al¬ 
ternative is the one that is operating. In either case a radiation hypothe¬ 
sis, as the stimulus for olfaction in honeybees, seems to be supported. 

Conclusions. —1, It is suggested that the initial ph 3 rsical event in the 
stimulation of the olfactory receptors is due to an increase in their heat 
radiation caused by the heat absorption of certain vapors or gases. 

2. Osmic radiation receivers, designed to provide infrared passing 
windows for air-tight gas chambers, are described. 

3. A technique and methodology of using osmic radiation receivers in 
field studies on honeybees is outlined. 

4. Experimental tests on the behavior of honeybees in reference to the 
osmic radiation receivers are described and critically evaluated. Con¬ 
trols were introduced for a number of variables. 

6 . In general, the results support the hypothesis. More bees definitely 
paid attention and attended for longer intervals to the infrared passing 
window than to the window of the control unit. The experiments support 
the interpretation that the behavioral difference is due to increased heat 
losses from the insects'antennae. 


* Hds inveatifatton was mipported in part by grants from Fluid Research Funds, 
Foie University, and horn the Eesesrch Corporation of New York City. 
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^ B<!ck, L. H., and Milea> W. R., '\Some Theoretical and Experimental Relationshipii 
between Infrared Absorption and Olfaction.” Sciencr, 106, (A) 611 (1947). 

* Wigglesworth. V. B.. The Principles of Insect Physiolo^^ E. P. Dutton & Co., 
New York (1939), pp. 147'-152, Snodgrass, R. E., ”The Morphology of Insect Organs 
and the Sensory Nervous Systems,” Smithsonian Inst. Pub. Misc. CoUeciians, 77 (8), 
1 (1926). 

* McCord, C. P., and Witheridge, W. N., Odors: Physiology and Control t McGraw- 
Hill Book Co., New York (1949), See extensive bibliography. 

* Thrive brief abstracts concerning KRS-5 (composed of mixed crystals of thallium 
1>romide aud thallium iodide) appear in J. Opt. Soc. Am., 38, 603-4164 (1948). 

* The KRS'6 discs were produced at Engineer Research and Development Labora¬ 
tories, The Engineer Center, Fort Belvoir, Va. C. R. Hoover, Project Engineer, 
Radiation Engineering Branch, supplied the transmission chart for KRS-5 (thickness 
of 2.0 mm,) aud stated in a letter dated July 3, 1947, that the “transmission charac¬ 
teristics of KRS-5 are no longer classified...Paul J. Ovrebo of Wright Field, through 
his kindness, was instrumental in helping us secure the use of two discs of this recently 
perfected and expensive material. 

* Product of Lakeside Chemical Co., So. Chicago Ave., Chicago, Mr. Betudsley 
of Wright Field kindly gave us the benefit of his experience in the use of this material. 

^ The KRS-5 disc in the control unit developed an observable crack while being seated 
in its collar against the glass. We had no alternate disc to substitute and therefore 
sealed the crack. Tlds seal across the face of the disc may be noted in some of the 
reproduced photographs. 

* Cooke, F., “Optical Finishing of KRS Materials,” J. Opt. Soc. Am., 37, (A) 948 
(1947). High polish can be obtained through the use of pitch and bee.swax laps. 

® We wish to acknowledge the kind codperatioii of Frederick A. Godley, owner anti 
operator of this farm in New York. 

‘®We wish to acknowledge the kind cofiperation of William C. Peck, owner and 
operator of this Connecticut farm where we have conducted most of our tests on honey¬ 
bees. 

Life Magarine photographer Eric Schaol wa.s happily with us on this occasion. 
We have permission to use some of the photographs which he took of our experiments. 
See figures 7 and 8. 

Prings, H., “The Loci of Olfactory End-Organs in the Hmiey-Bee, Apis mdlifern 
Linn,” /. Bxpet. Zool, 97, 123-134 (1944). 

Crorier, W. J., “Chemoreception,” Ch. 19, pp. 987-1(136, Handbook of General Ex- 
perimmtal Psycholo^t Murchison, C., E<litor, Clark Univ. Press, Worcester, Mass. 
(1934). 

** Beck, L. H., “Osmics: I'heory and Problems Related to the Initial Events in Ol¬ 
faction,” Mfdiml Physics, Glasser, Otto, Editor. Second edition in press. 
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THE BEADED MINUTE COMBINATION AND SEX DETER- 
MINA TION IN DROSOPHILA 

By a, H. Sturtevant 

Kercxiiopf Biolocical Laboratobues, California Institute of Technoloov, 

Pasadena, California 

Communicated March 19, 1949 


lu a recent paper^ Goldschmidt reports that Beaded Minute males of 
Drosophila melanogaster are usually intersexual, the effect being produced 
by any one of 10 out of 12 different Minutes tested. From experiments 
with these t3rpes he draws certain conclusions concerning the mechanism of 
sex-determination in Drosophila. 

I have examined Beaded Minute flies in which eight different Minutes 
were concerned (including three of those from which Goldschmidt reports 
more extreme effects), and have found numerous aberrant males in seven of 
these combinations; but detailed study has convinced me tliat these are 
not intersexes. They represent cases in which the external genitalia are 
imperfectly developed or completely absent, but there is no clear indication 
of femaleness, either in the external genitalia or in any of the internal parts. 
The male genital ducts are often rudimentary, but neither they nor the 
gonads show any trace of femaleness. In normal males and females there 
is a sexual difference in the anal plates (two lateral ones in the male, a dorsal 
and a ventral in the female), and it has been shown* that one of the most 
sensitive indices of intersexuality is the presence, of three plates (two laterals 
and a ventral). I have carefully examined over 350 Beaded Minute males, 
from many cultures, with different Minutes and different genetic back¬ 
grounds, that were grown at widely different temperatures; in no case 
have I found any ventral anal plate. It is, however, frequently the case 
that the whole anal and genital area is smooth, with no sign of anal or geni¬ 
tal opening or sclerite. Such individuals, when dissected, ^ow very rudi¬ 
mentary genital ducts (usually not found at all, but perhaps overlooked), 
and a gut that is closed behind the rectal glands, its blind end lying free in 
the body cavity. These males, without exception, have had two normal 
sex-combs, and normal male-type abdominal tergites. The published 
accounts of triploid intersexes do not indicate any tendency to atortion of 
the anal plates^ and I have recently examined over 300 triploid intersexes 
of varying grades without finding any case in which less than two anal plates 
were present. 

The above account was submitted to Dr. Goldschmidt, who has kindly 
given me his comments on it. (See the paper immediately following this 
one*) He agrees with many of the observations, but has made additional 
ones whicJi convince him that these specimens are really intersexes. Some 
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of these observations concern the shapes of the parts in the more extreme 
specimens, and leave tne unconvinced. Dr. Goldschmidt has, however, 
called my attention to a few hairs that are often present on the seventh 
stemite (sixth in the terminology of Newby*) of Beaded Minute males, in 
positions very similar to those regularly found on the seventh stemite of 
normal females. 1 had overlooked these hairs, but can now confirm the 
observation that they are often present. However, I find that they are 
occasionally pre^nt in normal (and fertile) males of a wide variety of 
constitutions. They were even present in an X T male that was homozy¬ 
gous for the gene and that therefore can scarcely be considered as in 
any degree intersexual. These hairs are, then, not good indications of 
intersexuality. Their frequent presence in Beaded Minute males is inter¬ 
esting from a developmental point of view, but is not to be taken as a sign 
of femaleness. 

We are then dealing not with intersexuality but with incomplete develop¬ 
ment of the anal and genital imaginal discs—a condition that is well known 
in a wide variety of Drosophila typers as an occasional anomaly, and is a 
regular characteristic of certain genotypes--e.g., In (2) ho (Lewis^). In 
agreement with this conclusion is the fact that Beaded Minute females also 
often lack anal plates and external anal opening, though this happens less 
frequently than in Beaded Minute males. In five Beaded Minute females 
the genital opening was also absent. The tendency to imperfect develop¬ 
ment of imaginal discs, in Beaded Mir^ite of both sexes, is most marked at 
the posterior end, but is still much greater than is usually the case in other 
ports of the body. Among the defects rather frequently seen may be men¬ 
tioned roughened eyes with reduced area, mis-shapen legs, incompletely 
imfolded wings, and incompletely chitinized abdominal tergites. 

Goldschmidt argues that the primary effect here is that of Beaded, the 
Minutes serving to accentuate it. My observations do not support this 
view, since I have seen such aberrant specimens in rather casual examina¬ 
tions of seven out of fifteen Minute strains with no Beaded ancestry. This 
result suggested that the effect is part of the ‘‘Minute reaction*' studied by 
Schultz,^ In accord with this conclusion is the fact that Hairless largely 
suppress the effect, as it does the ‘‘Minute reaction.** Delta accentuates 
the “Minute reaction/* and accordingly Delta-3 was used, Delta-3 with 
Minute-3w or with Minute-S13 docs in fact give a series of males and 
females showing th^ same anal and genital defects as does Beaded 
Minute; but so also does Delta-3 Beaded, and 1 have found an exactly 
similar series in a wholly tmrelated culture in which only a few second 
chromosome mutant genes (not Minutes) were involved. In all tl^ese cases 
the sert^ of types found is vexy closely stnular to those in Beaded MinutCi 
and the frequencies are well within range of variatioti aniqng strongly 
afifeeted Beaded Minute cultures. It is dear^ iJicrafote, dtat this type <k 
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defect is rather easily produced, by a wide variety of genetic cMmbinations. 

Goldschmidt suggests that the Beaded section of the third chromosome 
may turn out to be one of the two male determiners of Drosophila. This 
suggestion rests on the two conclusions that 1 have here suggested are 
incorrect—namely, that the Beaded Minute aberrant males are intersexual, 
and that their peculiarities are due primarily to the Beaded locus. 

Noks on Dr, GoldschmidV s Paper Thai Immediaiely Follows This One ,— 
On many points Goldschmidt and I are in agreement. It seems cleat that 
the reduction of the anal plates in both sexes is not in itself relevant to the 
question of sex determination. I should also conclude that reduction (rf the 
male genital apparatuSi and the appearance of hairs on the seventh stemite, 
are indicative of intersexuality only if they can be shown to be associated 
with other, more unambiguous, female characteristics. In my material 
they were not so associated; Goldschmidt finds them to be so, but only 
occasionally—as be suggests, perhaps owing to genetic differences between 
the strains used. Not having found Beaded Minute males with ^ch 
properties, I can only conclude that they arise as a consequence of some 
other, unanalyzed, genetic composition—and that discussion of their rela¬ 
tion to general theories of the genetic determination of sex is premature. 

Summary, —Beaded Minute males are not intersexual, but are often 
aberrant because of incomplete development of the anal and genital iraa- 
ginal discs—as are also Beaded Minute females. 

Even if they are considered to be intersexual, the abnonnality may be 
induced by any one of at least seven different Minutes, or by other inde¬ 
pendent combinations of genes, and therefore cannot be used to suj)port 
the view that there are very few loci involved in the determination of sex. 

i Goldschmidt, R. B., Paoc, Nat. Acad. Sci., 34, 245-262 (1948). 

* Dobriiausky, T., and Bridges, C. B., NtU., 62, 42.V434 (1928). 

* Newby, W. W., t/ww. T&cas Pub, 4228,113-146 (1942). 

* Lewi«, E. B., Genetics, 30, 137-166 (1946). 

* Schultz, J.. Ibid,, 14, 366-419 (1929). 

* Sturtevunt, A. H.. Ibid,. $0, 297-299 (1945), 



314 


GENETICS: R. B. GOLDSCHMIDT 


Pkoc. N. a. S. 


THE INTERSEX UAL MALES OF THE BEADED MINUTE 
COMBINATION IN DROSOPHILA MELANOGASTFJi 

By Richard B. Goldschmidt 
Universitv of California 
Communicated March 26, 1949 

Dr. A. H. Sturtevant kindly sent me a copy of the manuscript of his 
paper on the Beaded Minute males of Drosophila melanogaster. He holds 
that these males described by me as intersexual males are not real inter* 
sexes, but products of rudimentation of the genital and anal discs. There 
is no doubt that many individuals might be described this way if they stood 
alone. But this is also tnie for many triploid intersexes of Dobzhansky's 
classes I-III (Dobzhansky, 1930). Actually, these types are only one in a 
series of morphological changes which indicate clearly that we are dealing 
with male intersexes. It seems that, by chance, Sturtevant met only 
with the one type which usually, though not always, is the most frequent 
one. Detailed statistics on the frequency and genetics of the different 
types will be published in time together with the necessary illustratiims of 
all the types, grades and transitions. 

It should be stated first that the lower grade Bd-M intersexes are differ¬ 
ent from the triploid intersexes (Dobzhansky's classes I, II). Both the 
anal plates and the ty])e of reduction of the armature are very different. 
Sturtevant is much impressed by this fact. But it should be pointed out 
that, thus far, the only male intersexes available for comparison are the 
triploid ones. For female intersexes a number of different strains are 
known, all of which have their specific features, which show that the details 
of intersexual transformation vary with the different genetic backgrounds. 
Thus, I cannot regard the triploid intersexes as an absolute standard of 
intersexual structure. But it is a fact that the internal structure of the Bd- 
M intersexes is exactly the same as that described by Dobzhansky for the 
triploids of his classes I-III. Unfortunately, the higher classes of inter¬ 
sexuality are rather rare in the Rd-M case. 

As Sturtevant mentions only the one type of intersexuality which 1 call 
the "reduction ty^ie" it should be proved first that this type is also actually 
an expression of intersexuality in which the reduction and final disappearance 
of the male genital armature is more prominent than the secondary appear¬ 
ance of female characters. This t 5 pc is a combination of two phenomena, 
namely, the reduction and disappearance of the anal plates and that of the 
genital armature proper. It is the conspicuous reduction of the anal plates 
found in this type only, but absent in the other t3pes, which led Sturtevant 
astray. I think that his statements and interpretations are correct as far 
as the anal plates ore concerned. In a rather good corrdatioh with the 
intensity of the Bd-M effect upon the males^ the anal plates and even the 
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abdominal tip are reduced in a part of the females, and some not Beaded- 
Minutes may show this also. But it will be shown below that the involu¬ 
tion of the anal plates is independent of the reduction of the genital arma¬ 
ture. In the reduction type, now under discussion, the genital armature is 
retracted and found (if not completely lost) below the surface, in conditions 
which indicate that it had developed to a certain degree—all degrees from 
completeness to total absence—and then stopped growing. (This includes 
also stoppage at different times of the well-known 360° rotation in the 
pupa.) These conditions parallel closely those described by Dobzhansky 
for the triploid intersexes, although not in every detail. The highest grade 
of this reduction type is characterized by a rather large abdomen without 
any genital structure at the tip. As obviously the entire disc region de¬ 
generated early, no further female differentiation is possible. But in less 
extreme grades (called in my work class III) the disc is still present below 
the integument, and in this stage I twice found (in not too many dissec¬ 
tions of this specific type, as yet) individuals with rudimentary testes, with¬ 
out any male ducts, but with a complete vagina with its characteristic 
histological differentiation, and with a ventral receptacle complete in one, 
not perfect in the other case. In the higher grades of this type, hairs are 
found rather frequently on the 7th sternite. This is a female character. 
Examination of innumerable normal brothers of the same genetic constitu¬ 
tion never showed this phenomenon. 

A second type of intersex appears rather irregularly in the Fi and F* 
broods. In our earlier work it was just as frequent as the reduction type in 
certain Bd-M combinations. Recently it was found rather rarely, indicat¬ 
ing that specific modifiers may control these types. (All types may appear 
in the same brood. Statistics will be published in time.) In this second 
type there is no degeneration of the anal plates. Instead, they even 
hypertrophy. They grow out beyond the tip of the abdomen into two 
large plates which frequently unite dorsally (a female trait). The dorsal 
part of the genital arch to which the plates are attached is also pushed 
out as a socket, which, if sufficiently large, develops hairs of the type of the 
female 8th tergite, which it clearly represents. The genital armature 
proper undergoes the same stages of reduction as described for the first 
type until the ventral side of the abdomen below^the large beak-like pro¬ 
truding anal plates is free of differentiations. In still higher grades this 
ventral surface becomes depressed and forms a deep cup. In more ex- 
trexne individuals, the anterior lip of the cup-like depression grows backward 
until only a curved slit remains. In the only three dissections of this type 
made thus far the bottom of the covered cup was found to have the his¬ 
tological structure of the vagina (uterus) and is therefore considered as the 
secondary invagination of a vagina. (I agree with those authors who think 
the vaginal disc is not identical with the male disc.) 
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A third type, which we call the direct type is rather frequent in its lower 
grades, but thus far rather rare in the higher grades. It represents a simple 
and direct transformation of the male abdominal tip into an almost female 
one. There are, of course, also transitions and combinations between the 
three main types, e.g., degeneration of the anal plates with progressive dif¬ 
ferentiation of the female segment. The only male parts to become rudi¬ 
mentary in this type are the claspers and the penis, which assume very 
characteristic rfiapes during this process. The first step is the fusion of the 
two ventral tips of the genital arch with their characteristic tufts of hair 
into a single median one, which protrudes as a knob. The genital arch then 
broadens and becomes oriented as an 8th segment. The possibility that a 
9th segment is involved will l>e discussed another time. The knob be¬ 
comes larger and is transformed into a protruding structure—still with the 
tufts of hair—resembling the female abdominal tip and assumes the spatial 
relation to the anal plates typical of the female. Finally the genital arch 
forms a typical female eighth (or 8th and 9th?) segment with its normal 
pigmentation and arrangement of hairs. Also, the tuft of hairs on the 
"'knob" scatters over the stemite. In one such extreme t 3 rpe the anterior 
stuface of the knob carried a disc which might have been a vaginal disc or 
the anlage of the vaginal plates. Only rarely are the anal plates arranged 
in a dorsal and ventral position, as in females. 

An accurate record of these facts requires many illustrations which will 
be publi^ed when all dissections are completed. It should be added that 
in Uiese experiments thousands of brothers of the intersexes of other genetic 
constitutions, i.e., Bd or M or neither, were constantly watched as controls 
without a single case of intersexuality or reduction of the genital armature 
occurring. There is no doubt in my mind that the types described are 
male intersexes, which leaves the theoretical considerations which I made in 
my earlier paper (Goldschmidt, 1948) and in another one now in press 
(Goldschmidt, 1949) as they were originally formulated. 

Dobsshattsky, Th., Bull Bur, Genetics (Leningrad). 8, 91-168 (1930). 

Goldachtmdt. K. B., Paoc. Nat. Acau. Sci., Wash., 34,245-252 (1948). 

Goldschmidt, R. B., Arch» JuHus KhMS’Stiftung, 23, 1948: 539-549. 
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A THEORY OF TRACE^ADMISSIBLE ALGEBRAS 
By a. a. Albert 

Department of Mathematics, The Uniybrsity op Chicago 
Communicated, April 30, 1949 

L Introduction. -There have been a number* of studies of uon-associa- 
tive algebras in which the lack of the associative law has been compensated 
for by the assumption of one or more other identities. The principal tool 
in most of these studies has been a trace argument,® and the simple algebras, 
which are the end results, have invariably been of relatively special types. 

In the present note we shall make a major advance in the theory of non* 
associative algebras by obtaining a general theory which includes all 
previous theorie,s in which the radical was defined to be the maximal 
nilideal. We shall restrict our attention to jwwer ass(jciative algebras 
over a field g whose characteristic is prime to thirty, and shall call such 
and algebra 81 trace-admissible if there is a bilinear function r{x, y) with 
arguments x and y in 81 and values in g such that 

t{x, y) = r(y, x), t(x, yz) ^ T{xy, x), (1) 

r(e, e) 5 *^ 0 if e is an idempotent of SI, r{x, y) « 0 if xy is a nilpotent dement 
of ?l or is zero. We define the radical of ?l to be its maximal nilideal* 91. 
and say that 81 is semisimple if 91 =« 0. We also say that 21 is simple if 81 
is semisimple and 21 and 0 are the only ideals of 21. 

If ?f is any algebra there is an attached commutative algebra 
This is the same vector space as 81 but is an algebra defined by a product 
x^y expressible in terms of the product xy of 21 by the formula 2x^y — 
xy + VA*. We shall show that when 21 is trace*admissible then 21 and 
have the same radical. Moa*over, when 81 is semisimple, the trace 
function rix, y) of 81 is an admissible trace function for But then we 

can show that 81^'+'^ is a Jordan algebra, 8 is flexible, 21 is simple if and only 
if is simple. It follows that the only simple irace^tdmissible algebras 
are the (commutative) Jordan algebras, the flexible (noncommutative) 
algebras of degree two, and the (noncommutative flexible) guasiassociative 
algebras. These results show that unless some technique other than a 
trace argument is utilized in studying power associative algebras no new 
simple algebras will arise. 

2. Elementary Properties.—e is an idempotent of a power associative 
algebra 81 over g of diaracteristic prime to io it is known^ that 81 can be 
decomposed as tbe supplementary sum 

a - a.(i) + «.(>/*) + a,(o) (2) 

of 8ubapBc«s a«(X) »ucb that 
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tax + ^ 2Xax (3) 

for every ax of S[,(X). Then it is actually true that ea\ = axe =» aj, eao ^ 
ooc «= 0. The subspaces 8<(1) and ?li(0) are subalgebras of 81^+^ and this 
implies that Ux^x + ^x^^x “ is in Sle(X) for every ax and of 3U(X) with 
X 0, 1. It is also true that 

<^X^Va + ^Vf^X =*= ^i/t + (4) 

where ri/, is in ?[,(V 2 ) and Cj_x is in Hit(l *- X) for every of 8(<,(X) and 
6i/, of with X 0, L Finally 

(oj 

where the notations should be evident at this |)oint. 

The subspaces Sle(l) and ?l«(0) are not, in general, subalgebras of ?1, 
However, since they are subalgebras of and powers in SI and in 
coincide, it is true that the polynomial algebra Sl^x] is contained in Sl«(X) 
for every ax of 3[,(X), X » 0.1. 

The results about the decomposition above are consequences, in the 
case where % is commutative, of the identity =» (x^jc)x. If we replace 
xhyx + <i>yin this identity the coefficient of <(> must be zero and this yields 
the basic identity* 

yx^ «* 4(yx)x^ — {yx'^)x — 2l(yx)x]x. (0) 

We shall use this identity in the proof of an essential lemma. 

Lbmma 1. Let 3^ be an ideal of a power associative algebra SI and e bean 
idempotent of SI such that S(«(0) is contained in Si. Then g* is in for every 
gofW,). 

For 18 is also an ideal of Sl^‘*\ and g* is the same in both SI and 
We may then assume, without loss of generality, that SI is commutative. 
We use (5) to write g® « Cq 4- cx and put = g, y « e in ((i) to obtain 
^[{co + ci)gj « 2g® ~ cxg -g* =*= (co + rj)g - Cjg « Cog. Since Co is in the 
ideal 50 so are e(cog) and Cog. Then eicxg) is in 50. But Cig « di/, + do by 
(4), e{cxg) ^ \/«di/,isin 50, do is in 50, Cxg is in 50, {ci + co) g “ g* is in 50 as 
desired, 

3, Trace Admissible .4/ge^a5.—Let 8( be power associative, e be an 
idempotent of 81, t(jc, y) be an admissible trace function for 81. Use (2) 
and note that 

^(* 1 , yo) • t(xj, y,/,) - r(*o, y>/,) “ 0 (7) 

for every *>, of a,(X) and y., of Indeed Xtyo * 0, t(xx, yi/,) » 

ri»\, eyi/, + yi//) - r(«lc^ + *x«. y«/.) * 2Xt(xv yi/,) and so, if 2X 1, 
we have r(^cx* 3^*/*) 0. Observe that we have used the consequence 
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(8) 


of (1). 

Any admissible trace function for 81 is trivially an admissible trace 
function for any subalgebra 85 of 81. It is known® that the radical (maximal 
ideal of nilpotent elements) of 81 is the set 91 of all elements x of ^ such that 
r{x, y) == Ofor every y of 81. Thus 91 is independent of t. 

An idempotent e of 81 is said to be principal if there exists no idempotent 
u orthogonal to e. Since every element of 81,(0) is orthogonal to e the space 
81,(0) contains no idempotent. But if a were a non-nilpotent element 
of 81,(0) the algebra { 5 [^] is associative and would contain an idempotent 
w which would be in 81,(0). Hence all elements of 2(,(0) are nili)otent when 
e is principal. We may then prove’' 

Lemma 2. Let e be a principal idempotent of a trace admissible algebra 
81 with radical 9t. 7'hen 8 l,(V 2 ) + 81,(0) is a subspace of 91. 

For the sum xq + yo of any Xo and yo of 81,(0) is nilpotent, so is {xq + yo)^ 
0 == t(xo + yo, Xii + yo) ^ T(;ro, a;o) + r(y(,, yo) + 2r(»:o, yo). But Xo^ and 
yo^ are nilpotent, t{xq, Xq) - T(yo, yo) =« 0, r{xo, yo) « 0. By (7) 
r(xo, y) « 0 for every y of 81, 81,(0) is a subspace of 91. By Lemma 1 we 
see that is in 9f for every g of 8X,(V2), g is nilpotent. Then t(:jci/, + y,/„ 
+ 3^Vi) === 'Mxi/t* yi/,) + t(x,/,. Xt/J +• T(yi/„ yi/,) « 0, t(x*i/„ y,/,) « 0 
for every Xi/, and y,/, of 8 l,(V 2 ), r(.Vi/„ y) = 0 for every y of 81 by (7), 
8 I,(V 2 ) is contained in 91. 

4. Reduction to the Semisimple Ca.ve.- if 81 has a unity quantity 1 we 
may define r( 5 c) == r(l, x) so that t(x) is a linear function of x. Then 
t(x, y) «= r(l, xy) - r(xy) by ( 1 ) and the bilinear function r(x, y) is the 
usual linear trace function r of a product. Note that r(c, e) - r(e) 9 ^ 0 
for any idempotent e, r{y) - r(l, y) « 0 for y any zero or nilpotent quan¬ 
tity, r(xy) « r(yx), T[x(yz)] = T[(xy) 2 ]. We now prove 

Lemma 2. // t(x, y) is an admissible trace function for an algebra 81 with 
a unity quantity then r(x, y) is an admissible trace function for so that 
the radicals of 8 f and of 81 coincide. 

For T(Xi y) » r(y. x) is a property only of the vector space 8 f, r(x, y^z) ^ 
ye + zy) - ^/ir{xy + yx, z) « r{x^y, z) by ( 8 ) and (1). If e is an 
idempotent of 81^“^^ then e is also an idempotent of 81 and so r(e, e) 9 ^ 0 . 
Assume now that x-y «= Vi(^ 3 ^ + y^) is nilpotent. Then T(x*y) « 0 as 
was shown above, V*r(xy + yx) « r(xy) « r(x, y) =» 0 as desired. Note 
that actually t(x ^y) =* T(xy) for every x and y of 

We shall next prove 

Theorem 1. Let 81 « trace-^admissible power associative algebra over a 

field U of characteristic prime to 30, and VI be the radical of Then the 
smismple olichra SK — 9i is trace-admissible and has a unity quantity so 
that (H — 91)'^^ « — 91^*^^ is semisimple, 91^*^^ is the radical of 
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For the elements of SI “ 91 are the images Xo of the elements of 9 under 
a homomorphism x xo of 21 onto 8 — 9i. Define t(xo, t{x, y). 

Then if also xi Xo and yi 3^0 we know that Xi ^ x + x% yi ^ y + y^ 
where x' and y' are in 9 l» r(xi, 3 ^ 1 ) =» t(x, y) + r(x', y) + r(x, y') + t(x', 
y^) *» r{x, y) since x'y, X 3 '' and x'y' are in 91. The properties (1) are 
trivial for the function t(xo, 3 ^ 0 ) since they hold for t(x, y), and if Xoyo is 
nilpotent then a power of xy must be in 9 J, xy is nilpotent, r(x, y) =« 
r(xo, yo) « 0. Every idempotent eo of 2t — 91, in the power associative 
case, is the image of an idempotent ^ of 21 and r(co, Co) “ r(tf, e) ^ 0 , 
t(xo, yo) is an admissible trace function for 21 — 9f. 

The algebra 2( — 9Hs necessarily seniisimple and is now trace-admissible. 
Let y be a principal idem|X)tent of ® “ 21 — 91. By Lemma 2 we see 
that i£«(Vs) + ®«(0) 0 , e is the unity quantity of 6 . By Lemma 3 

the algebra is semisimple. But every ideal S3 of 2f determines an 
ideal 8 ^*^^ of 2 B'^\ 21 — 8 and 21 ^^^ — 8 ^“^^ are the same vector spaces. 
Hence (« - - 91<+>, 9M+> must be the radical of 2l^+>. 

5. The Principal Results. —^The results just derived show that if % is a 
semisitnple trace-admissible algebra then is semisimple and trace ad¬ 
missible. It must then be true that the first step in the study of the struc¬ 
ture of semisimple trace-admissible algebras is the case where 21 ^"^^ ** 21 , 
that is, the commutative case. Let us then assume that 21 is commutative 
so that we can use ( 0 ). 

The mapping a ax *= aRx is a linear transformation i?, on 21 and it 
will be convenient to write yJR** rather than [(yx)x]x. We note that for 
a commutative algebra r(xy, z) « t(x, yz) — t(xs, y) and so 

T(yi?,*, z) « T(y, zR/) (9) 

for every positive integer k. We now have w = yx*' — 4(yx)x* + (yx®)x + 
2yRz^ « 0 , w 0 , t( 2 , u^) =* r(zy, x*) — 4r(jBX®, yx) + r{zx, yx^) + 2 r(«, 
yx*) «= 0. But by (9) and the commutative law we see that r{zy, x*) + 
2r(s, yx*) « 4 t(«x*, yx) — r(jBX, yx*) is unaltered by the interdiange of 
y and 2 . Thus 4 r( 2 x*, yx) — r(«x, yx*) =» 4r(yx*, 2 x) — T(yx, «x*), 5r(sx*, 
yx) «»» 5 t( 2 x, yx*)* If the characteristic of g is prime to 30 we have r{zx^» 
yx) « ris, x*(yx)] » r(ax, yx*) « t(s, (x*y)x 3 , r[ 2 , x*(yx) - (x*y)x] « 0 
for every z of 8 , x*(yx) — (x*y)x is in the radical 91 « 0 of 8 , x*(yx) « 
(x*y)x. We have proved the first ptirt of the 

Principal Theorem. 8 fee a semisimple trace-admissible power 
associative algebra over a field whose characteristic is prime to 30. Then 
8 ^*^^ is a semisimple Jordan algAra^ 8 is flexible, 8 is uniqudy expressible 
as a direct sum 8 « 8i0... 08i qf simple algebras % suck that 8/"^^ is a 
simple Jordan cdgehra. Every simple 8 of order n over a center § cf charac- 
ierisHt 0 or p > nis eiAer a simple Jordan aigebra, or has degreb fwot or is 
quasiassociakvej ie 
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To prove the flexibility of % we use the consequence 

w — {xy + yx)x — x(xy + yx) + x^y — yx^ ^ 0 (10) 

of the hypothesis xx'^ = x^x. Then su; — 0 for every z of ?I, and we use 
(1) and (8) to obtain 

r{xz — zXt xy + yx) «= T(zy — ys, x^). 

Interchange z and y to obtain T{xy yx, xz + zx) ^ T{yz — zy, x^) = 

r{xy 4* sx — xz). Add r(xy + yx, xz + sx) to both members of the 

resulting equation and obtain T(xy, xz + rx) = T(xy + yx, zx). Then 

T(xy, xz) + T(xy, zx) = r(xy, zx) + T(yx, zx), r{xy, xz) “ r{yx, zx), 

T[x(yx) — (xy)x, z] — 0, (yx)x — jc(xy) is in the radical of 91 and 9J[ is flex¬ 
ible. 

To comjflete our results we note the known ^ 

Lemma 4. Let 2^ he an ideal of a trace-admissible algebra 91. Then the 
radical of is the intersection of ^ and the radicAil of 91. 

We now prove 

Lemma 5, Let 93 be a vector subspace of a semisimple trace-admissible 
algebra 91 and 93 he an ideal of 91^ “*“^ Then 93 has a unity element e, 93 « 
%,{l) (in ideal of%, 9t « 93©9[e(0), « 93©9U(0). 

For when 91 is semisimple so is 91^ By Lemma 2 we know that 93 ~ 
934 ( 1 ) has a unity quantity e. Using products in 91^^^ we see that 2x-e “ x 
is in i8 for every x of 91*(V2 )p x c « x — 0, 93 is a subspace of %{\), x-e «= x 
for every x of 91«(1) = S, 91 ~ 9U(1) + 9U(0). vSince 21 is flexible 
914 ( 1 ) and 9(*(0) are orthogonal subalgebras of 91 (and of 9L‘^0 and the result 
is proved. 

The result above iriiplies that 91 is simple if and only if 9L'^^ is a simple 
Jordan algebra. The retnaining results of our principal theorem are 
trivial consequences of this result and a known*® theorem on the structure 
of a flexible algebra such that 91^'*“^ is a simple Jordan algebra. 

1 Such algebras are the alternative algebras, right alternative algebras, Lie algebras, 
Jordan algebras and what the author has called standard and static algebras. 

* A trace argument can be used in the study of alternative and associative algebras 
and is the only available tool for the study of Lie algebras. For its use in other cases 
see the following papers of the author; I. A Structure Theory for Jordan Algebras, 
Ann. Math., 48, 54fV“5d7 (1947); 11. Power-Associative Rings, Trans. Am. Math. Soc., 
64, 552-693 (1948); 111, On Right Alternative Algebras, i4nii. Math., 50, April number 
(1949). 

* This assumption nhoMt the radical cuts out the theory of Lie algebras since all Lie 
algebras are nilalgebras. 

* See II in reference 2, pages 568-561. 

* Ibid., (14) on page 566. 

*Ibid., page 664. 

’ This result is proved in 11 (reference 2) under an assumption which cannot be 
used here. 
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® QuaMassociative algebras are defined on page 683 of 11 (reference 2). 
* See Theorem 2 on page 565 of 11 in reference 2. 

Theorem 13 on jjage 693. 


THE HOMOTOP Y GROUPS OF A TRIAD 
By a. L. Blakers anb William S. Massvev 
Department op Mathematics, Princkton University 
Communicated by S. Lefschetz, April 2, 1949 

In this paper we define new homotopy groups for topological spaces. 
These groups generalize the homotopy groups of Hurewicz. By the use of 
these groups and by improved methods we obtain new results about the 
ordinary homotopy groups, and also easier proofs of known results. 
Among other things, we can show that is non-trivial. 

1. One of the principal problems of modern topology is to devise 
methods for computing the homotopy groups of a space. The homotopy 
groups of even such simple spaces as spheres have not been computed 
except in special cases. This contrasts strongly with the situation for the 
homology groups, which can be computed for any triangulable space. 
The homotopy groups resemble homology groups in all basic properties 
except one; the homology groups are invariant under an excision,‘ while 
this is not generally true for the homotopy groups. More precisely, if a 
space is a union ^ u of two subspaces, then under fairly general condi¬ 
tions the inclusion map i:(A, A n B) {A u B, B) (called an excision) 
induces isomorphisms of the corresponding relative homology groups, in 
all dimensions, but will not generally do so for the relative homotopy 
groups. This is perhaps the chief reason for the difficulty of computing 
the homotopy groups. The new homotopy groups defined in this paper 
are a measure of the deviation from invariance under excision for the 
relative homotopy groups. 

We shall use the following notation for certain subsets of cartesian n- 
space, C". The codrdinates of a point x € C” are denoted by {xu ■ •» Xn)t 
and 1*1 - + ... + 

£» - {*.C"tl*| l}. 

- |*«£"||3c| - 1.*,^ 0|, 

£•;* - {*.£-( 1*1 - 1 ,*«> 0 |. 

£? - {x~€ £•!*, > 0 }, £5 - {* . £ 1 *,^ 0 }, 

^0 - ( 1,0 . 0 ). 
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Let {X; , B) be a triad; that is, A and B are subspaces of the topological 
space X, and A n B ^ Q, Choose a base point € A r\ B. A map 

f po) {X: A, B. x.) 

is a continuous function f:E^—*X such that/(£+) c A, f(El) c B, and 
fipti) “ Two such maps /o, /i, are homotopic if they are connected by 
a continuous 1-parameter family of maps, 

E^Z\ p,) ^ {X; A, B, x,), 

where 0 < f < 1. 

Lemma. If n> 3, and /: (is”; it"^\ p^ {X; A^ B, xo), then there 
exist homotopic maps /', /'', with /'(£*) « fiE^) = xo. 

Denote the set of all homotopy classes of mappings (£”; 
po) —► (A"; A, B, xo) by 7r«(A'; A . B, Xg). For « > 3, we define an addition 
between any two elements a, ^ c 7r»(X; .4, B, Xg) as follows: Choose maps 
/, g belonging to the homotopy classes a, /3, respectively, with /(El) « 
g(i?f) =- xo. Define h:{R^; E^Z\ po) {X; A, B. Xo) by fejE? « 
f\ E\ and AjBS — g|i- 2 ' Then a + p defined to be the homotopy class 
of A. With this definition 7r„{X; A, B, Xg) becomes a group, called the 
nth homotopy group of the irM (AT; A, B) at the base point Xg. 

Just as in the case of the relative homotopy groups, a continuous map 
f:(X; Af B, xg) (A""'; A\ B', Xg') induces homomorphisnis of the triad 
homotopy groups. We denote these by/♦ :7r„(A‘;/I, B, xg) —+ ir„(A''; 
^'.B'.Xg'). 

Associated with the triad {X; A, B) are two boundary homomorphisms, 
d:jrn{X; A, B, xq) Wn-i(At A n B, xg), 

5':7r„(A; A, B, xg) i(B, i4 n B, Xg), 

defined as follows. If/:(£”; po) {X; A^ B, Xg) represents 

a € TniX; At B, Xg), (n > 3), then represents d(a), and 

represents 5'{a). Now consider the following sequence of groups and 
homomorphisms: 

f\B)'^rcn{XtB)^^irn{X;A,B)^Tn-i{AtA n B)-^... 

The homomorphisms u and > are induced by the inclusion maps 

4 n B) ^ (X, B), j:{X; Xg, B) {X; A. B). 

This sequence is one of the two homotopy sequences of the triad {X; A, B); 
the other sequence is obtained by interchanging the roles of A and B 
throu{^tout. 

THBcmsM 1. The homotopy se^iences of a Iriad are both exacL 

liX A u B, then the inclusion mapi is an excision. It followsfrom 
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exactness that in. is an isi^morphism in all dimensions if and only if 
'iCniA u B; A, B) =*=0 for all n. Thus if 7r„(-4 u B; A, B) ^ Q for some 
integer «, then the excision i cannot induce isomorphisms onto in all 
dimensions, and the groups 7rn(A u B; A, B) are a ‘‘measure” of the 
amount of deviation from invariance under excision. 

As an example of the application of these results, consider the triad 
(5"; El). It can be shown (sec below) that 7rp(5”; E", Kl) Qfor 
p < 2n ~ I, and that El) is infinite cyclic. In this case 

the excision homomorphism £”) is equivalent 

to Freudenthal’s “Einhangung”more precisely, in the following diagram, 

^ r .-.I ** 

... 5”-') -> ir,(5», El)-^ ... 

the boundary homomorphism d, and the homomorphism induced by an 
inclusion map, arc isomorphisms onto, and the commutativity relation 
i* « kw^Ed holds, where E is the Einhingung. These facts, together 
with the exactness of the homotopy sequence of the triad, imply the 
Freudenthal theorems. 

2. The homotopy groups of triads have many properties which are 
the analogs of familiar properties of the homotopy groups of spaces or 
pairs of spaces. Wc now list some of these properties: 

(а) 7r«(A'; A, B, Xo) is abelian for » > 3; simple examples show that 
it need not be so for n = 3. 

(б) llie system of groups Wr,{X; At B, x) for x € A n B forms a local 
system of groups® in the space A n B in the usual sense, and 7rt(A n x^) 
is a group of operators on w^iX; A, By xo), 

(c) If A ^ By then 7rn(Ar,' A, B) is isomorphic to 7r„(A, A)t and the 
homotopy sequence of the triad (X; Ay B) reduces to that of the triple 
(Xy Ay B). 

{d) In case irn{X; .4, J3) is non-abelian, the kernels of the boundary 
homomorphisms d:ir^(X; A, B) ir^iAy A r\ B) and d'rirsCA"; A, B) 
7rj(B, .4 n B) are both contained in the center of irz{X; Ay B). 

3. A topological space X is said to be n-connecied (n > 0) if it is arewise 
connected and ’ttp{X) = 0 for 1 < p < w. A pair {Xy A) is said to be n- 
connected (n > 1) if both X and A are arewise connected, the natural 
homomorphism 7ri(.4) —♦ 7rj(A') is a homomorphism onto, and Tp{Xy A) ^ 0, 
2 < p < ». Similarly, we will say a triad {X; AyB) ’\s n-connected (n > 2) 
if both of the pairs {A, A n B) and (B, A r\ B) are 1-connected, and 
Tp(X; Ay B) ^ 0y2< p< n. By ir*(X; AyB) - 0 we mean that this set 
of homotopy classes of mappings contains a single element, the homotopy 
class of the constant map into Xo, 



VoL. 35, im MA THEM A TICS: BlAKEkS A Nt> MASSE V m 

Let {X*, X) be a pair, and (X^, Z), (w > 1), a con¬ 

tinuous map which is a homeomotphism of (£* — 5"“^) onto X* — X. 
Let fi" =*=^ 6" — fi"n X = ^(5® "*). We say that the space X* is 

obtained from X by adjunction of the cell ft®. Note that (X*; X, ft®) 
is a triad, and ft® is 0-connected. 

Theorem 2. If the pair (X, ft") is m-connecled, m ^ then the triad 
(X*; X, ft®) is {m + n — l)-connected, {In case m 1, it is also necessary 
to assume that r 2 (X, 8®) is abelian; in case n 2, it is necessary to assume 
that X is simple relative to ft® in all dimensions.) 

Theorem 3. If the space ft® is m-connecled, m > i, then the boundary 
homomorphism 

d:^,- + a(X*;X, ft”)7r,( ft®, ft®) 

is the zero homomorphism for 2<i<m + n — 1. 

The proofs of theorems 2 and 3 are a straightforward application of the 
theory of “obstructions”^ to extensions and deformations of continuous 
mappings. By combining these theorems with the exactness of the 
hotnotopy sequence of the triad (X’^; X, ft®), important results are ob¬ 
tained as corollaries. Among these are the previously mentioned assertion 
that 7rp(5®; /i", E*L) 0lorp < 2n - 1, and an essential generalization of 
a theorem of J. H. C. Whitehead® about the homotopy groups of the pair 
(X*, X). 

4. Let /:(£®; (X; A, B) be a map, and assume u e 

/f^(X, A), V € lf{X, j8), /> + g = n + 1 and w r = 0, where u'^v 
the Alexander-Cech-Whitney cup product. In a recent paper,® Steenrod 
has shown how to associate with the elements «, v an element uj vof the 
factor group A ^B). He has proved that the 

pairing thus defined, called the functional cup product is bilinear, and de¬ 
pends only on the homotopy class of/. Hence if a c tcJJX; A^ J3, Xq) is 
the homotopy class of/, we can write ujv^u'^v without ambiguity. 

-Theorem 4. If //®(X, A^B) ^ //"+HX, ^ u B) « 0, and 7 « 
a A" fit ^ ^ '^niX; At Bt Xo), n 2, then 

+ u^v ^ 

This conclusion can be alternately stated: The functional cup product 
determines a homomorphism of the group VniX; A, B) into the group of W- 
Unear functions 

[i/nX, A), m{X, B)]-^mE% 5®-^). 

In the important special case where (X; A, B) ^ (5"; JS+, £1), and we 
use cohomology groups with integer coefficients, additional results con be 
obtained. It is easily seen that the group of bilinear maps 
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E\), H^{S\ iil)] 

is an infinite cyclic group. Denote this group by Gn - Then we can 
prove 

Theorem 5. The homomorphism r^n - E^)-^Gn determined by 

the functional cup product is an isomorphism onto. 

Now consider the following portion of the homotopy sequence of the 
triad EL): 

_ i(S»,£l) i: 7r,„ . ,(5»; E'+.EL) t . ,(£“+.S"-*) 1* _ ^{S',EL). 

Using the known properties of the functional cup product, additional 
information can be obtained about the homoinorphisnis d, and t*. 

(a) If n is odd, then 0, d is an isomorphism into, and image d is 
an infinite cyclic subgroup of 

(b) If n is even, and has an element of Hopf Invariant 1 , 

then 7 *# is onto, d = 0 , and u is an isomorphism onto. This case is known 
to occur for n =« 2, 4, 8 . 

(c) If n is even and x®* .. i{S^) has no element of Hopf Invariant 1, then 

it must have an element of Hopf Invariant 2. In this case is a homo¬ 
morphism onto the subgroup of xt* i(5”; of intei two, a^d image 

d is a cyclic subgroup of r^n - S"*"'), of order two. G. W. Whitehead’ 

has recently announced that this case occurs when n he 2 mod 4, « > 2, 

These three statements are essentially the Freudenthal theorems, 
together with some improvements due to G. W. Whitehead.’ 

5. Let A and J3 be arcwise connected spaces, Oo t A, bo e B, and let 
4 V B be the subspace of the earte.sian product A X B defined by 4 V B « 
(4 X bo) u (ao X B), 4 V B is the union of 4 and B with a single point 

in common. Define mi: 4 4 VB by uiix) =* (x, f>o) and Ui'B AVB 
by Ui{y) ***' (oo, y), for X e 4, y € B. Consider the following homomorphisms 
(«> 1 ): 


x«(4 VB), 
uu • ^n{B) x»{4 V B), 

d:x« +i(4 X B, 4 VB) x„(4 VB), 

We can paraphrase a result of G. W, Whitehead’ as follows: The homo¬ 
morphisms M**i and d are isomorphisms into, and x„(4 V B) splits up 
into the direct sum 

M4w-«(4) 4- u^^n(B) -h 4 . 1(4 X B, 4 V B). 

From this it follows by an easy argument using exact sequences, that for 
n > 2, w„(4 V B; 4, B) is isomorphic to x« 4 . 1(4 X B,4 VB), and that 
in the homotopy sequence of the triad (4 V B; 4, B), the boundary opera¬ 
tors are both trivial in oil dimensions. If 4 and B are spheres, further 
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results can be obtainecL If theorems 2 and 3 are applied with «»= 
X and S** a (/> 4- ^jr)-sinif)lex in a triaiigiilation of 5*^ X 5^, we find 
that 7rt(5^ 5«) ^ ^ ^ ^ ^mn(p, q) - 2. 

It follows that TTjiS^ V S^; 5*) » for ;* </>+(?+ niin(/>, q) —S. 

Let lUL) —> (61 V 62 ; 61, 61) be the map defined by identi¬ 

fying all points of the “equator'" 6 ”“^ c 6 " to a single point. Then 
induces a hoinonjorphism of the corresponding triad homotopy sequences, 
as shown in the following diagram: 

... Tr{E\-. .S"-) 7r,(5", £"_) 7r,(5»; E'^, E,) ^ ... 

■1 *1 -i ^ *1. 

.. . ® ir.GSI V55, 61) ^.(61 vsi; SI Sl)X ... 

Now 7 r,( 6 ”) » 7 r,( 5 l iil), and if r < :in - a, >) « r,(61 V Si; 

•S’!, 61) by the preceding paragraph. The composition of these two 
isomorphisms with the homomorphism of the diagram yields a homo¬ 
morphism 


//;7rr(6”) iTriS^^ •'), (f < 3n -- 3). 

It may be shown that this homotnorphism is the same as the Oneralized 
Hopf Homomorphism defined by G. W. Whitehead.^ However, this 
definition is simpler and easier to work with than the original definition. 
Furthermore, we have demonstrated the existence of H for r < 3n — 3, 
instead of for r < 3n *-• 4, as was originally done by Whitehead. By using 
Whitehead’s methods, wc can show that in the limiting case for » = 3, 
the homomorphism 


7r«(6») 

is a homomorphism onto. Since 7rfl(6*) is known to be cyclic of order two, 
this shows that t 6 ( 6 *) 5 ^ 0. An essential map of 6^ onto 5* may be con¬ 
structed as follows: Let/.-6* X 6® 5® be a map of type® (a, t), where a 

is a generator of 7rs(5*) and i e 7r2(5*) is the class of the identity map. Now 
apply the Hopf construction® to / to obtain a map F: S® —> 6*. 

^ Eilenberg, S., and Stcenrod, N. K., these Proceedings, 31,117-120 (1946). Axiom 
6 of this note is called the "excision axiom.” 

* Freudenthal, H., Compositio S, 299-314 (1937). 

»Steenrod, N. E.. Attn, Math,, 44, 610H527 (1943). 

* See Eilenberg, S., Ann, Math,, 41, 231-261 (1940), and Blakers, A. L., Bull, Am. 
Math, Soc, 34, abstract no. 413 (1948). Also a forthcoming paper by Olum, P., in 
Ann, Math, entitled "Obstructions to Extensions and Homotopies,” 

• Whitehead, H. C., Proc. Land. Math, Sac,, 48, 205, theorem 8 (1944). 

• Steenrod, N. E., these Procbrdings, 33, 124-128 (1947). A complete exposition 
will appemr soon in the Ann, Math. 
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^ Whitehead, G. W., these Procbedikgs, 32» 18^190 (1946); also Bull. Am. Malh. 
Soc.t 54, abstract no. 546 (1948). A complete exposition of these results will appear in 
Ann. Math. The authors are indebted to Professor Whitehead for allowing them 
access to his manuscript before put^ication. 

® Whitehead, G. W., Ann. Math., 47. 460-475 (1946). 

®Hopf, H., Fund. Math., 25, 427-440 (1936); also, Whitehead, G. W., Ann. Math,, 
43, 63C (1942). 


ON THE ^XENTRAH* PROBABILITY PROBLEM^ 

By Michel Lo^vb 

Department of Matkbbcatics, University of Caufornia at Berkeley 
Communicated by G. C. Evans, April 4, 1949 

Let J£(X), i3(F) be the probability laws of the real random variables 
(r. V.) X, Y, laws characterized either by the distribution functions (d. f.) 
F{x)f G(x) or by their Fourier-Stieljes transforms—characteristic functions 
(c. f.) /(«), g{u). When X or Y possess subscripts, their d. f. and c. f. will 
have the same subscripts. 

I. The Problem. —The problem of convergence towards a nonmil law 

of XJc^ when n X^s being independent r. v. and ^ 

being ‘‘sur’* numbers, has played a central r61e in probability theory. It 
has been finally solved in 1934 T935 by Feller^ and by P. L^vy.* 

In its present formulation the ‘'centrar* problem is that of limit laws, 
when «-***> 00 , of sums 

((P) Xn « 1 + 2 + . -»» + A’w Fb , under the assumption 

of independence, i.e. , 

{§) for every fixed n, Xn, i, X^, . . .» Xn, m are independent, and of 

asymptotically and uniformly negligible components: 

(3C) max. P(| X^, *1 >«)--♦ 0 for every given « > 0. 

I £ * £ i'h 

It has been shown that the class of limit laws coincides with that of 
infinitely divisible (i. d.) laws (Khintchine,’ also Ldvy,® after partial results 
of Bawly‘) characterized, roughly speaking, as convolutions of a normal 
law and a continuum of Poisson laws (P. L4vy* after partial results of 
Kolmogoroff).* Conditions for convergence towards any i. d. law were 
given by Gnedenko* and Doeblin.* 

The assumption (X) is natural if one wants the limit laws to depend 
primarily upon the fact that the number v* of components of sums Xn 
would be infinitely increasing. But the assumption (f^) is very restrictive. 
When { l^) is not assumed, the fundamental result for the primitive form 
of the problem is due to S. Bemstein:* if £[.¥*[*< normal con- 
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vergence holds under conditions which, in the case of independence, reduce 
to those of Liapounolf; for the general limiting process ((V), without any 
assumption about the moments, conditions which under ( &) reduce to those 
of Feller were given by the author.^ 

The general problem of limit laws of sums in the case of dependence 
has not been considered until now and this work is an attempt in this 
direction. It appeared useful to extend the whole “centrar* problem to 
that of “asymptotic equivalence*' (as. eq.) of laws, to be defined. This, 
in turn, led to the introduction of r. v. “in a wide sense," i.e., with possible 
positive probabilities for infinite values. In general, laws of two sums, 
varying with n, are compared for » 1; if one of them reduces to a fixed 

law or converges towards it, the problem reduces to that of limit laws. 
In the case of one variable law J3(X«) it becomes that of the asymptotic 
behavior of <C(-X'n): its asymptotic type, if any, and more generally types 
of its accumulation laws, classes of as. eq. laws, etc... . The tools used, 
and some applications directly related to the problem of limit laws, which 
contain results obtained imder (^), arc stated here. 

It should be noticed that S. Bernstein’s and the author’s previous 
conditions for normal convergence (see also*^**) appear as unnecessarily 
restrictive, 

IL The Tools. —Let //-functions: H(x), Unix), ... be of uniformly 
bounded variation over (—(», +ao) and denote their Fourier-Stieljes 
transforms by A(w), An(w), .... Because of the meaning to be attached 
only to AJ/(ic) and not to H{x) itself, and the fundamental r61e of Fourier- 
Stieljes transforms, /f-functions which, up to a constant, coincide at all 
their continuity points will be considered as equivalent and represented 
by the normalized elements of their equivalence classes: 


« lim//(;v) - 0, 


HM . H(.-0) ,+ »(. + 0). 


Any convergence of //-functions will be defined up to an equivalence. If 
not otherwise stated, limits will be considered forn —> and for all (finite) 
values of the arguments. 

When //n(jc) converges towards a limit function, this is an /f-function; 
write H^{x) ^ H{x) —^“simple" convergence. If, moreover, Um 

•ffii(+®) ■= iy(+®), i.e., lira Km Hnix) *= lira lira write 

iy.(*) 4 H{x) —“complete” convergence (not to be confused with the one 
where var. Hn —* var. H). The tools used are the following four lemmas 
of which A and B are extenrions of the continuity theorem for c. f., C is 
immediate and the basic lemma D is elementary. 

Lbhma a. // A>(w) converges towards k(u) almost everywhere then Hn{x) —* 
some H{x) and %«(«) >«> k(u) almost everywhere. 
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Lemma B. If hn{u) converges towards k{u) continuous at the origin then 
lUx) 4 H(x). 

Let 5 be a bounded set on the real line and 5' its complement with re¬ 
spect to (— “, -f- “). 

Lemma C. 

|A(«)| g |i/(+co)l+2^,|d//W| + i: ^-\fs:^dH{x)\ -t- 

s - 1 

I u\ *'*"*“^ 

Let A'’, •= , -t- ... -f F„ = F.,, + ... -f F,, Z,. * = 

A'», I + ... 4- *-1 + F,, t+, 4- ... + Fs, and the prime denote 

conditional expressions given Z„_ 

Lemma D. \f„(u) - gn(u) ^ £|/',.»(«) - 

4 “ 1 

III, Asymptotic Equivalence ,—If HJx) = F^{x) — Gn{^) 0 we say 

that je(X«) and i3(F«) are (completely) as. eq. and write £(A"») L JC(Fh). 
Put 

a'n*(€)« / » / [x - ,{x) 

1*1 <« 1*1 <• 

and 6'«,jfc(€), when i:(^) is replaced by G\^i,{x), Suppress 

the primes when they disappear in kix), respectively, in C'„, *(x). 

We state two results directly useful for the problem of limit laws and, to 
simplify, consider only usual^—“strict” r. v. 

I. //, /w- « —► 0 

^ T, E f \dF\,,{x) - dG\,u{x)\ - 0 ( 1 ), 

« —► ® * |«| 5; « 

lim S£|a'«. it(«) — »(«)! = o(l). lim £ .£[ <r'*n, *(«) — 

T'Vt(«)| ” o( 1). Urn SiSr'*,, t(«) - o(€“') 

II --♦ « k 

then£{X,) ,tje(F»). 

Take JC'(F«,») to be the “conditional i. d. law’’ defined by 

- «»'mt(«)M4- f (exp.{,«[a(r - a',.»(«)]) - »(*) 

II. IS.fort-*Q, 

f (exp.|t«[* - «'». »(<)]) - l)dF',. *(x)l* - o(l) 
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then 

iTm 1A(«) “ gjM)| =«= o(l). 

« —+ 00 

Under (5C), if 

E f dh\ ,{x) S Cx < 00 , V E<r\, *(6) g G < o> 

* [*I Si T 

Applied to the problem of limit laWvS these results give: 

Asymptotic independence. If the hypotheses of I are satisfied with jt(jc) 
— i^{x) tkeut under (5C), the necessary and sufficient conditions for £.{Xn) 

to converge towards a law, necessarily i. d, are, that for any « > 0 ]E *(^) 
-♦ a(f) * 

lim (r'^n a(«) ~ and 

E fdFn, ,ix) f\iLix), E f dF„, ,ix) ^ f dL(x) 

k to —to Me 4 

where a(e), and L{x) characterize the i. d. limit law. In the case of inde¬ 
pendence this becomes the Gnedenko-Doeblin result. 

Let us give two simple consequences; € > 0 is arbitrarily small. 
Examples: 1. If 

E f d^\,(x)-^ 0 , 

k Ul ^ • 

E E\a'n, *(«) - «», *(<)( 0, E ««, *(*^ " 

k k 

ii| <f' \ »(«) - <r\ *(«)| -^0, E *(«) 

then converges towards the normal law N(a, er^)-.contains the S. 

Bernstein’s and author's conditions. 

Let 5 = (*“«, +«) u (1 “ €, 1 + «)• 

2 . \ 1 0. ^ ^ ^ rfF.. *(x) X, 

^ E\a'n, *(*)| Eo' *(«) 0 . y* dFf,{x) -t 0 , then jC(X,) 

converges towards the Poisson law with parameter X—in the case of inde¬ 
pendence these conditions reduce to those of Gnedenko-Marcinkiewic*. 

IV, Extensions .—1. Let now be a r. v. Put P{vn « r) =* pn{^)t 
P{rn S r) =« Pn{f), denote by the subscript r the expectations given 
- r, assume that the quantities below exist (they certainly do when 

and write * for Notice that to the condition 

mk 

00 when is **sur'* would correspond* for instance, the condition; 
i5(i^n) converges towards a law (in a wide sense) degenerated at infinity. 
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The residts above hold for Vn random if we replace E by k (observe that 
« £F\.(rc)). 

If the do not depend upon then we have only to replace them by 

iher, VAn a wide sense with conditional laws Pn{k)F^n, a(^) instead of F\^ 

2* The residts above hold for random vectors A\ jt, with the 

corresponding interpretation of the symbols used. 

It is hoped that the proofs and various details will be published in the 
Statistical Series of the University of California. 

* This work has been supported in part by the Office of Naval Research. 

» Bawly, G., Matem, Shamik., 1 (43). »17-4)29 (1936). 

* Bernstein. S.. Matk, Ann., 97, 1-69 (1927). 

»Doeblin, W.. Bull Sc, Math., 63, 22-^32, 36-64 (1939). 

* Feller. W., Math. Zeitschr., 40, 621-639 (1935); 42, 301-312 (1937). 

» Gnedenko. B.. DOKL. 18, 231-2;i4 (1938); 22, 886-871 (1939). IZV. A, N, 181- 
232. 643-647 (1939). 

* Kolmogoroff, A., Rend, Lined, IS, 806-808. 866-869 (1932). 

’ Khintchinc, A.. Matem, Sbornik, 2 (44), 79-119 (1937). 

* L4vy. P., ThSorie de VAddition des Variables AUatoires, Paris, Gauthier-Villars 
(1937). 

•• Lodve, M.. /. de Math., 24, 249-318 (1945). 

•^Lo^ve. M.. C. R. Ac, Sc, Paris, 227, 1335-1337 (1948). 

Marcinktewicz. J.. Fund, Math,, 30,364 (1938). 


ON CONGRUENCES WHICH RELATE THE FERMAT AND 
WILSON QUOTIENTS TO THE BERNOULLI NUMBERS 

By H, S. Vandiver 

* Department op Applxbx) Mathematics. University op Texas 

Communicated April 30. 1949 


In a recent paper^ the writer proved a result which may be written in 
the following form 

r) 


- , TT, Hm, 


( 1 ) 


modulo pt where m > 0, 0 < r < p, (m, p) * 1, (*, p) I, P is an odd 
prime, 

s'"* - 1 


a(«) 


w 


P ’ 
iP -1)1+1 


Hm, r) « ”* > 
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with X(l, r) — 0, p an wth root of unity ^ 1, the sign means summation 
over all mth roots of unity and 6|, is the Bernoulli number defined by 
the recursion formula (6 + 1)* for every ^ > 1, where the left-hand 
member is expanded and ht substituted for 1/ in the result. 

In the present paj^r we deduce some new relations concerning the 
Fermat and Wilson quotients and the Bernoulli numbers. The principal 
results are (fia), (9), (11), (11a) and (22). 

To show that (1) is equivalent to the other relation referred to, we note 
that the )3(w, r) of our paper C satisfies 

X(m, r) = ii{m, r) - X)' 
and applying the known relation 

V/ -A _-i_v'/ P + V + ... + (m - 

^ p* - 1 ^ p - 1 ^ ~ ” m " 



Atao as f langes over tihe integers 1, 2, ..., m — 1, then the corresponding 
ntimhers s range over the same set in some order. Hence 
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X(fn, r) = (m - 1) ’ 

- (5) 

In particular if ^ 5 ^ 1 (mod w), \{m, r) = w — r. Also X(w, r) «=> 0 
if r ^ 0 (mod m). 

We now deduce some relations from (1). Set m — 1 and r « 1^2, ..,, 
p — 1 , in turn and add the resulting congruences, then since 

p-i 

r** Es 0 (mod p), a < p — 1, (5a) 

we have the known relation 

W g(r)(mod p), ( 6 ) 

r-l 

Now set in (1), r = 1 and add the relations found by setting m = 1 , 
2, ..., ^ — 1 in turn we have* using (5a) and ( 6 ) 

—2W 53 1) P)- (6a) 

Multiplying (1) through by r, the result may be written 

—rg(w) 4* rq{r) + rW — ^ ^ r)(mod p). (7) 

71 

Multiply this through by w*, and add the results for m = 1 , 2, 1 

we find from (5a), using the known relation (C, p, 109), 

53 o^q{a) ^ (mod p), (8) 

a-l f 

the congruence 

-f ^ E r)(mod />). (9) 

Now, taking m « 1,2, .,., f — 1 in (7) as it stands, and adding, we have 

by ( 6 ) a result which may be written 

q{r) + 2W ^ (mod p), (10) 

and by using (6a) we have 

q{r) 53-2 + E l)(niod p). (11) 

w-tl V m»l 
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On the surface, at least, this relation throws little if any light on the 
properties of ^(r), but on the other hand the known properties of q{r) 
enable us to find relations involving X(m, r) alone for various values of 
m and r. For example since, if rt < p. 


q(rt) q{r) + g(/)(iTiod p). 


we have from (11), 



r) 




0 
' t 




H- X(w, 1 
rt 


)■ 


(Ma) 


modulo p. 

A sim])ler property.of the X(m, r) is given by 


X(m, m — r) ^ m -- X(w, r), (12) 

in view of (4). 

Prof. Carlitz, after looking over our j)aper C, pointeri out to me that the 
formula (Ga) of that paper could be derived immediately from the known 
formula 


(/; - D" - bn ^ n{-\r, 


(13) 


by putting n — p — and using 

^ (“l)‘(mod p), (J8a) 

This proof is even simpler thati the one referred to in the second f(X)tnote 
of C. He also showed that from (13) of the present paper, after setting 
n ~ we may obtain a result which is the formula (20) of C for w — 1, 
r = L By an extension of his method it is possible to prove a generaliza¬ 
tion of this formula (20) as we vshall later show. In the original proof of 
(20) of C a number of known theorems concerning Wilson's quotient, 
Fermat's quotient and the Bernoulli numbers were employed, whereas in 
the present pr(K)f we shall see, aside from Fermat’s theorem, that the only 
known results employed are (2la) together with 

(5 + /)« - bn + 2”-'* + ... + 1)”-* (14) 

and* 

f*kT . L±J . + Kmodp). (15) 

P 

After (15) of C or (1) of the present paper is thereby proved, a number 
of the theorems employed in the first proof will follow as corollaries. The 
argument depends on finding two expiessions for 




336 


MATHEMAriCS: H, S. VANDIVER 


Peoc. N. a. S. 


(mb + ky 
-■—■— > 

P 

modulo p, where, as in the definition of bu we expand (mb + k)^ 

by the binomial theorem and set bn for in the result. We have^ if k can 
be expressed ini the form mt + ps» with ^ and t integers, 

(mb + ky = ((mb + mt) + ps)^ 

= (mb -f* mt)^ + p^$(mb + ph^ 

(mb + + _ (10) 

Now, in this development, every term after the‘second is divisible by 
p^ since p does not occur in the denominator of any Bernoulli number 
found in the expansion of (mb + mt)^ for n < p — 1. This follows from 
the definition of the ft's. Hence we may write 

(mb + k)^ ^ (mb + mt)^ + p^s(mb + mt)^’’^ (17) 

modulo p^. Now in the same way 

ph(mb + mty^'^ ^ es pbp^i*ps sa — 

modulo p^y using pb^^-i —1 (mod p), which follows from (15), Also 

(mb + mty = m^(b + /)^ 



modulo p^y for / > 0, using bp « 0 for p odd. Hence (17) gives, [x] being 
the greatest integer in x, (mb + fe)' ^ —/>5 + pmt — pm — pm 
modulo p^y and since mt — k — ps 

— — m + k--m (mod p), (19) 

On the other hand we may write by ordinary expansion 

(mb + k)^ « Pimby-^ + + pM, ( 20 ) 

where 
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Now 


- %_i^ 4- - 1) + - 1) 

P . ... ' p ' ~ ’ 

^ k (pb,,,q(m) + q(k) + t^=L±iy 

k(-q(m) + W + 1 + q(k)). (21) 

modulo p, by (15) and noting that from (15) we obtain php_^^ (mod 
p), with (w, p) = 1, (k, p) = 1. 

We selected, in the above argument, k such that k = mt ps with t > 0. 
We may select t > 0 such that mt s fe(mod p), since (m, p) = 1. Hence 
k may be any integer such that {k, />) = 1. Hence from (19), (20) and 
(21) we have, noting that 



==. |)»+i £ (mod p'^)\ 

n 





modulo p, where {m, p) ^ I, {k, p) k ^ ps + ml, s, m and / arc in¬ 
tegers, > 0, g,{x), W and b defined as in connection with (1). 

The relation (22) is an extension of (1). For if we introduce the condi¬ 
tions stated in connection with (1), namely, m > 0, 0 < r < p, and st*t 
i «= f in (22) then in r ^ ps + ml, $ < 0 since t > 0, so if si is now the 
original 5 in (4) we have, since 0 < < m; .vj w + i which reduces 

(22) to (1). By the use of (22) such relations as (i ia) may be generalized. 

We close with a remark of an elementary nature. In the relation (22) 
we reduced binomial coefficients modulo p. In a similar way we obtain, if 



U for b > a, 



modulo p, for 0 ^ b < p; 0 ^ a < />, This is a “law of reciprocity*' which 
I have not observed in the literature. 


^ These Flt,ocBlci>iNGH, 34, UKJ—110 (1V)48,). This paper will be referred to as C. 

* For other properties of Wilson’s quotient cf. Emma Lehtiier, Ann. Math., 39, 352 
(1938). 

« One pnxrf of (15) ist given in Vandiver, Dukt Math. Jour,, g, 578 (1941), as a special 
case of a more general theorem. Other proofs are known. 
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SECOND ORDER DIFFERENTIAL EQUATIONS OF RANK 2 

IN PHYSICS 

Ry Edward Kasner and Don Mittleman 
Department of Mathematics, Columbia University 
Communicated March 30, 1949 

L Introduction .—All one-parameter families of plane curves are 
equivalent under point transformation. Thus, under the group of iK)int 
transformations in the plane, there is no invariant of a one-parameter 
family of curves. However, under this same group, two-parameter families 
of curves (dilTerential equations of second order) do possess invariants. 
Kasner^ has determined the fundamental absolute invariants of differential 
elements of second order at a point. In the course of this investigation it 
was found expedient to introduce the homogeneous coordinates 

This suggested the classification of differential equations of the second 
order, algebraic in y* and according to the degree of the corresponding 
equation in the z coordinates. To an equation of first degree 

AiZi + AnZi + AzZn + -4424 + Af^Zh **= 0 

there corresjxmds a differential equation of the fonn 

Ey*' K= j4y'» + -f Qy' -f J)^ 

where the coefficients are functions of r, y. This equation of rank 1 has 
been extensively studied by Lie, R. Liouville, Tresse and Kasner. It 
includes, among others, the differential equations for the geodesics of a 
surface, velocity families, natural families, isogonal families and T families. 
The rank of a differential equation of second t)rder, algebraic in y' and 
y", is defined as the degree of the corresponding z equation. 

The rank of a differential equation is invariant under an arbitrary point 
transformation. 

The differential equations of rank 2 are: 

Any''^ + (Bo + Biy' + B^y'* -f Bay'^jy*" + 

(Co + Ciy' + C 2 y^’‘^ + Coy'* + C4y'* + Cjy'* + Coy'*) « 0, 

where the coefficients are arbitrary functions of x, y, 

2. Central Loci .—^Through a fixed point there pass integral curves 
of a given differential equation. The locus of the centers of the circles 
of curvature, constructed at a fixed point, to the integral curves passing 
through the point, is termed the central locus. With the fixed point as 
origin, the central locus, for equations of rank 1, is the cubic 
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E{xo^ + ^1)2) = + Bxo'^yo — Ca:»3^o^ + Dyo^. 

Such a cubic is characterized by the fact that the origin (the fixed point) 
is a double point and the two tangents are the niinimal lines. 

The only rion-trivial degeneracy of this cubic occurs when A - C and 
B — Dt in which case the central locus is a straight line. A two-parameter 
family of curves for which, at each point, the central locus is a straight line 
is a velocity family {of rank 1), 

For equations of rank 2, the central locus of the 2^ integral curves 
through a fixed ])oint is the special sextic: 

do[A'n*^ + + (-^oyo^ ““ Hi.Voyo^ + i^2A*o^yo + yo^J + (Coyo* ” 

C\Xi\yf^ + C2.ro^y(>^ — Gxo*yo* + C4^o'*yo^ C^xo^yo + CtXa^) * 0. 

This sextic is characterized by the fact that the origin (the fixed point) is 
a quadruple jxiint, the tangent lines arc the two niinimal lines, each counted 
twice, and they intersect the sextic only at the origin. 

There is non-trivial degeneracy of the sextic when Cs — Ci + Cs and 
Co + C 4 — Ca + Ce. In this casci the central locus is the special quartic 
characterized by the fact that the origin is a double point and the two 
tangents are the minimal lines. Further degeneracy occurs if Bo = B 2 » 
Bi «= Bj, Cl - Cs, and Co + - CV In this case, the central locus is 

the conic: 

do + Boyo **“ B 1 X 0 + (Vvo^ C&xoyo + Coyo® = 0. (1) 

An important subset of diiTerential equations of rank 2 for which the 
central loci are conics is that for which, at each point, the focus of the 
conic is at the point. In this case, the central loci are focal conics and the 
integral curves are termed a velocity family of rank 2. The conditions 
that the focus of the conic (1) be at the origin are B^Bi ^ 2 doC 6 and 
Bo* - Bi* - 4do(Co - Ce). 

The dijBFerential equations of the 2 * curves of a velocity family of rank 

2 are 

y’ = (?l + Sy')(l + y") * <5(1 + 

where S3[, SB and ® are functions of x, y. 

S. Differential equations of rank 2 arise from many diverse problems 
in geometry and physics. It is proposed to indicate some of these. 

4. Scale Curves .^—Let T be a non-conformal mapping of the surface 
X), whose first fundamental form is 

dS^ * E{x, y)dx^ + 2 F(x, y)dx dy + G{x, y)iy*, 

upon the plane x, for which ds^ « rf.i£r* + dy^^ The curves, on S or x, 
along which a* =» {dS/dsY is constant, are scale curves. The totality 
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of these scale curves, for a specific mapping T, satisfies a differential 
equation of rank 2. 

5 . The two-parameter family of curves whose finite equation is either 
of the two distinct types 

fia^ + /aO + + /i 0 

fiab + /aa + fzb + /» “ 0, 

where the fs arc functions of x, y and a, b are the parameters, satisfies a 
differential equation of rank 2. 

6 . Any set of »* curves which is equivalent under a point transforma¬ 
tion to the w* circles of unit radius satisfies a differential equation of 
rank 2. 

Any set of <» ^ curves which is conformally equivalent to the circles of 
unit radius is a velocity family of rank 2. 

7 . If v{xy) is a scalar point function, A a vector point function, ds 
the vector arc length, ds the scalar arc length, then the system of curves 
which are extremals of the variational problem ^ 

bj*{vds + A*d8) « 0 
is a velocity family of rank 2. 

8 . Electric Particle Trajectories ,^—^An electrically charged particle 
moves in a static electromagnetic field. If the motion is planar, the 
totality of trajectories, corresponding to all possible initial conditions, 
constitutes a three-parameter family of curves. If tlie electrostatic field 
is derivable from a potential, these curves may be Rouped into * families 
of 00 * trajectories each. Each family of «® trajectories is a velocity family 
of rank 2. 

9 . Motion in a Rotating Plane and the Restricted Problem of Three Bodies 
in the Plane .*—Let there be defined in the plane two rectangular Cartesian 
codrdinate systems which have a common origin but one of which rotates, 
with respect to the other, with constant angular velocity w. In the 
rotating coordinate system, the equations of motion for a particle of unit 
mass are 


Si « F ( 2 ) 

y + « G, 

where F and G may be thought of as representing the components of a 
force in the and y directions, respectively. In general, F and G depend 
on X, y, it, ^ and /. The field will be called positional when F and G depend 
only on x, y. The totality of trajectories of a partide moving in such a 
positional field constitutes a three-parameter family of curves* If the 
field is derivable from a potmtial then the equations (2) admit a 
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first integral 

5^2 + + 2IJ =- 2E, 

where E is a constant of integration. In this case, the set of »* trajectories 
is composed of cd' families of qo® trajectories each, each fantily being 
associated with a specific value of E. The family of trajectories so de¬ 
termined is a vek)city family of rank 2. 

The classic exatnjde of the restricted problem of three bodies in the plane 
lies within this category. 

10. The reason for calling a two-parameter family of curves whose 
central loci are fi>cal conics a velocity family of rank 2 is made apparent 
by the following considerations. 

In a plane, the intrinsic equations of motion of a j^article of unit mass are 


dH 

~dT^ 


T 


r 


= N, 


(3) 

(4) 


where s is the arc length, r the radius of curvature of the trajectory, v the 
velocity, t the time, and T and N the tangential and normal components 
of the force. A trajectory is uniquely determined by the initial position, 
initial direction and initial speed. For the actual trajectory^ the speed 
varies from point to point. If, in equation (4), the square of'the speed, 
e*, is replaced by a constant, say c~‘, the resulting equation is 

y - cN, (5) 


where, of course, y is curvature. The emves which satisfy this differential 
equation are not, in general, trajectories. When the normal component 
of the force, N, is of the form 

N — fp cos M ^ sin 

where ix is the inclination of the normal to the curve, <p and f point func¬ 
tions, and the constant c equals unity, the two-parameter family of curves 
so d<.fin«.H by (5) has been called by Kasner* a velocity family,(of rank 1). 
When N is of the form * 

f* 

N = V cos ^ sin M + X. 

where x is a point function and the other symbols retain their meaning, 
the two-parameter family of curves defined by (5) is a velocity family of 
rank 2. 
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ANTIBIOTIC SUBSTANCES FROM BASWIOMYCETES. IV. 

MA RA SMJ US CONIGEN US* 

By Frederick Kavanagh, Annetto Hkrvey and William J. Robbins 

Departmknt of Boianv. CoujMiUA University, and The New York Botanical 

Garden 

Coiiiiiiunicatecl May 30, 1949 

III a survey of Basiclioraycetes for antibacterial activity, Marasmius 
conigenus (No. (>890) was re|)orted to inhibit the growth of Staphylococcus 
aureus when tested by the strip or the “hole” method.^ Dr. W. H, Wilkins 
kindly supplied us with a subculture of this organism with which we 
continued studies. Other species of Marasmius jiroduce antibacterial 
substances.®* * 

When grown on corn steep, thiamine peptone, or potato dextrose agar, 
and tested by the streak method,^* ® Marasmius conigenus showed in our 
hands marked antibacterial activity against Staphylococcus aureus (H) 
slight activity against Escherichia coli and none for Mycobacterium smegma. 

Considerable activity against Staph, aureus was observed with discs** * 
cut from fungous cultures growivon the three media. The position of the 
disc in relation to the fungous colony determined the size and character 
of the inhibition zone. The disc cut from the oldest part of the colony 
produced the largest inhibition zone which was clear near the disc and 
surrounded by a zone of partial inhibition. Discs cut at a distance of 20 
mm. from the edge of the fungous colony gave zones of partial inhibition. 
Isolations from these zones have not yielded strains of Staph, aureus re¬ 
sistant to the antibacterial material from this fungus. 

Antibacterial Activity of Culture Liquids. —The fungus was grown at 
25®C. in 2800-ml. Femboch flasks containing beech shavings and a corn 
steep medium.*^ In about four weeks, when the surface of the liquid was 
about one-half covered with mycelium, the activity of the culture liquid 
against Staph, aureus was* 256 or 512 dilution units per milliliter. Re- 
flooding such mats with fresh medium produced liquids of as high activity 
one week or more after reflooding. The culture liquid from a seven- 
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month old mat had an activity of 256 dilution units per milliliter 19 days 
after reflooding. Although year-old mats vStill produce culture liquids 
with an activity of 64 dilution units or more, the mats were usually not 
kept longer than five or six months as the increased thickness of mycelium 
made reflooding less practical. Mats were successfully reflooded six times. 

The culture liquid in serial dilution evidenced little activity against 
Escherichia colt and the acid-fast bacteria as reprc>sented by Mycobacterium 
phlei and M. smegma. 

The culture liquid lost its antibacterial activity at pH 8.5 and higher 
within an hour at 25^0. For the samples tested, there was no loss of 
activity at pH 8 on boiling for 10 minutes. 

Isolation of a Crystalldne Antibacterial Substance, —A white crystalline 
substance with antibacterial activity was isolated from the culture liquid 
of Marasmius conigenus. The procedure followed in the isolation of this 
compound may be illustrated by an example. 

Ten liters of culture liquid with an activity of 64 dilution units per 
milliliter were acidifled to pH 2 to 3 with hydrochloric acid and extracted 
twice, each time with one-tenth of its volume of chloroform. The chloro’ 
form was st*parated from the acjiieous phase by passage through a de Laval 
separator. The chloroform was evaporated in vacuo to 25 ml. It con¬ 
tained 1373 mg. t)f dry matter. It was extracted twice, each time with 
25 ml. of phosphate buffer at pH 5.8. The chloroform solution after 
extraction with buffer contained 1320 mg. of solids with an activity of 612 
dilution units per milligram. The chloroform was removed by distillation 
in vacuo; the solids were dissolved in ether and extracted with 2% sodium 
bicarbonate solution. The bicarbonate removed 974 mg. of solids. The 
bicarbonate solution was acidified and extracted with ether. When the 
ether was evaporated slowly, white cry^stals mixed with a brown gum 
were formed. The gum was removed by washing carefully with etiber. 
The crystals were purified by recrystallization from ether and additional 
crystals obtained from the gummy residue. The yield was 458 mg. of 
crystals which formed long white needles when crystallized from ether, 
dilute aqueous alcohed or acetone, water or ether uf)on the addition of 
hexane. 

The maximum yield of crystals obtained was 100 mg. per liter of culture 
liquid. We have named this crystalline substance marasmic acid. Out 
observations indicate that culture liquids of 64 to 512 dilution units per 
milliliter all contained approximately the same amount of marasmic acid 
per liter (about 100 mg.). 

Chemical Properties of Marasmic Acid.^MvixawAs: acid was very sobible 
in acetone, soluble in ethanol, ether, chloroform and water (14 xng./mL 
at 25°) but insoluble in hexane. 
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The melting point in an open capillary tube was 165®C. (uncorr*)* 
There was a temperature range through which part of the substance 
decomposed and the rest of the crystals dissolved in the melt. Determined 
in a capillary sealed off in vacuo, the melting point was sharj) at 174 -175°C, 
corr. without <iecompositton; it remelted at the same temjx^rature even 
after the second or third melting. 

The crystals titrated in 30% alcohol as a monobasic acid with a pK 
of 5,8 and an equivalent weight of 270. Qualitative te^ts did not indicate 
the presence of nitrogen, sulfur or halogens. 

The quantitative analysis^ was: 


c tt M(iL„ wr. 

Found 08.21 7,17 

Computed for CiAUOi 09.6 7.25 270 

I'he optical iictivity of marasmic aci<l was [a]p — +170 (1.4% in acetone). 

Marasmic acid in alcohol had absorption peaks in the ultra-violet region 
at from 240 to 242 m/A with a molecular extinction coefficient € — 10,400 
and at 314*-'318 mix with € — 45.6. In phosphate buffers of increasing 
pH, the position of the main peak was shifted slightly toward the red and 
the extinction decreased. In pH 1.45 and 3.52 phospliate buffers, the peak 
was found at 246 njju and € = 11,400; in pH 5.40 buffer at 246 and c *= 
10,400; in pH 7.0 buffer at 248 mfx and € = 8900; in pH 8.8 at 248 mix 
with € = 8400, and in pH 11,0 buffer at 260 m/i with € == 3900. Marasmic 
acid in the three most acid buffers had isobestic points at 230 and 255 m^. 
There were no isobestic points at pH 7 and higher, indicating that a change 
in the light absorbing groups took place. 

The positions of the peaks and the absoqjtion coefficients is the same 
as that of several a,^-unsaturated ketones^ in which the double bond is 
conjugate to the carbonyl group. 

Marasmic acid reduced Fehling s reagent slowly in the cold and rapidly 
when heated. Ammoniacal silver nitrate was not reduced at room tem¬ 
perature but was reduced when boiled. When marasmic acid and hy- 
droxylamine hydrochloride were mixed, there was no change in pH sug* 
gesting that the two substances did not react. Bromine in carbon tetra¬ 
chloride did not add. Marasmic acid reduced cold potassium permanga¬ 
nate in sodium carbonate solution but not in cold acid solution. The acid 
did not give a color reaction with alcoholic ferric chloride, thus indicating 
that it probably is not a phenolic compound or an a-hydroxy acid. Maras¬ 
mic acid reacted after a few seconds wifii alkalitie nitropmsside to give a 
reddish color which became a very pale gray green when the solution was 
acidiffed. It formed an orange colored 2,4-dinitrophenylhydtazonc with a 
corrected melting point of 136® to 138®C. 

The reactions given above indicate that marasmic acid is unsaturated, 
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contains a carbonyl grouj), and probably a carboxyl group, and changes 
at high pH so that increased reducing power results. 

Marasmic acid added one molecule of cyanide for each equivalent of 
acid when the reaction (Kiliani) was conducted in 0.1 /V acetic acid solu¬ 
tion.^ The 2,4-dinitrophenylhydrazones of marasmic acid and mesityl 
oxide had similar absorption bauds in the near ultra-violet with the ])eak 
at 375 lUjU when measured in alcohol. When the optical densities of the 
two dinitrophenylhydrazones were compared at 375 m/u on a molecular 
basis, the one from marasmic acid absorbed 1.12 times as much as the one 
from mesityl oxide, indicating that marasmic acid probably has one 
carbemyl group per equivalent weight. 

A sample of marasmic acid was dissolved in four equivalents of 0.1 N 
sodium hydroxide, incubated at 37®C. for 2 hrs., and tlien back titrated 
with hydrochloric acid. The alkaline solution had a yellow color which 
disappeared as the solution became acid. There was no evidence for a 
second hydrogen, thus indicating the absence of a lactone ring. 

Marasmic acid is not a methyl ketone or a ( 8 , 7 -unsaturated lactone as 
judged by the slowness of the nitroprusside reaction." 

One equivalent of marasmic acid reacted with one molecular weight of 
cysteine as judged by the disappearance of the nitroprusside test for sulf- 
hydryl. The reaction occurred within 2 hrs. at 37‘^C^ and pH (>. 

Marasmic acid was converted in alkaline solution in a short time into 
a product or products witli chemical properties different from those of 
marasmic acid. The solution prepared by allowing marasmic acid to 
stand in about 0.1 N alkali for an hour and neutralizing, reacted imme¬ 
diately with nitroprusside to give a red color which faded to amber color 
within a minute or two. The 2,4-dinitrophenylhydrazone prepared from 
the solution did not crystallize from alcohol, chloroform, ether or benzene. 
The ultra-violet absorption spectrum of the alkaline-treated marasmic 
acid showed general absoq)tion without a pronounced peak. 

The reaction of marasmic acid with Fehling's solution, alkaline per¬ 
manganate and nitroprusside, may depend upon conversion by alkali into 
the more reactive substance or subsUinces referred to above. 

On standing for a longer time in alkaline solution, the reactivity with 
nitroprusside was lost, indicating further change. 

The behavior of marasmic acid suggests that it may be an 
saturated ketone which shifts in alkaline solution so that the double bond 
is not conjugated with the carbonyl double bond. 

Antibacterial Activity of Marasmic Acid,--T)xct antibacterial and anti- 
luminescent activities of the neutralized crystalline material were measured 
by the methods in use in this laboratory.’" The results are given as the 
minimum concentration in micrograms per milliliter for inhibition of 
growth or luminescence. 
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Antihacterial Activity 

Baalius myt aides .. 

Bacillus suhtiiis ... 

Escherickiu colt ... 

Klebsiella pneu monui e . 

Mycobacterium smegma. .. 

Photohacterium fisckeri . 

Pseudomonas aeruginosa .. 

Staphylococcus aureus .'. 


1 

1 

64 

128 (64 partial) 
32 

0.016 

250 (128 partial) 
2 


Antii4Jminescent Activity 


10 minutes.8 

1 hr.4 

2 hrs.2 

3 hrs.1 

24 hrs.0.25 


Tiffed of Blood .—Marasmic acid was incubated with blood and the 
residual antibacterial activity determined for Staph, aureus. Human 
blood was diluted ten times in beef extract medium containing 0.7% 
sodium chloride, (')ne milliliter of neutralized solution of marasmic acid 
was added to 1 ml. of the diluted blood, incubated for 3 hrs. at 37°C. 
centrifuged, and the antibacterial activity of the supernatant liquid 
determined by serial dilution. A control was diluted in beef extract 
medium without blood and incubated simultaneously. The activity of 
penicillin G, streptomycin and Chloromycetin did not decrease on incuba¬ 
tion with blood; the activity of marasmic acid was decreased. The 
greater tlie proportion of blood to marasmic acid, the greater was the 
decrease in activity. 

Antifungal Adiviiy .—The antifungal activity‘s of marasmic acid was 
measured by serial dilution in a peptone medium‘s at pH 0 using spore 
suspensions of the fungi. Trichophyton was incubated at 30®C.; the 
others at 25°C. The tests were read after from 42 to 48 hrs. incubation. 
The activity reported is the minimum inhibitory concentration in micro- 
grams per milliliter; p »= partial inhibition. 


Organism Activity 

Aspergillus niger .. 32 (16 /») 

Chaetomium globosum (USOA 1042.4).... 64 

GliomasHx convoluta (PQMD4c)..250 (8-128 p) 

Memnonielk echinala (PQMDlc). 64 

Myrolhecium verrumria (USDA 1334.2). 64 

FtnmUium noUitum (832). 32 (16 ^) 

Phyccmycts Blakesleeanus (4- stratu).. 10 (R p) 

Sacchanmyces cerevisiae (188).32 

Siet'tpkylium consortiale (PQMD41b).128 (64 p) 

7'rickoph^n menlagrophytes.. . 4 
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Animal Toxicity,--Toxicity for mice was di^termined by injecting 0.5 
ml, of neutralized marasmic acid made up in 0,7% sodium chloride solution 
into a tail vein of Carworth Farms CFl male white mice. Each treatment 
group contained five mice. Four of the mice that received 32 mg./kg. 
in a single dose died within 3 days. All of the mice that received 16 
mg./kg. were alive 30 days later. The LD50 lies somewhere between 10 
and 32 mg./kg. 

The high toxicity and the inactivation by blood militate against the 
possible therapeutic usefulness of marasmic acid. 

Additional Antibacterial Substances ,—The existence of additional anti¬ 
bacterial substances in the culture liquid of Marasmius conigenus was 
suggested by sc^me of our observations. 

The chlorofonn extracts of some lots of culture fluid were more active on 
a milligram basis than marasmic acid. For example, a spectrophotometric 
analysis of a chloroform extract indicated a maximum of 78% marasmic 
acid. The activity of this extract against Staph, aureus was 6 times that 
of an equal weight of crystalline marasmic acid. Five other strains of 
Staphylococci were from 4 to 32 times as sensitive to the material in the 
extract as to an equal concentration of marasmic acid. However, the 
activity for other bacteria tested was no different from that of marasmic 
acid. It appeared, therefore, that the culture liquid contained a factor 
to which Staphylococci were especially sensitive. 

The antistaphylococcus factor was found in only four of 13 lots of culture 
liquid examined. Two of the lots of culture liquid assayed 64, one 256, 
and one 512 dilution units per milliliter against Staph, aureus. The con¬ 
centrates containing the antistaphylococcus factor were all prepared from 
solutions in which the fungus had been grown from the inoculum; the 
factor was not observed in solutions from flasks that had been reflooded. 
The antistaphylococcus factor was destroyed by heating a dry fraction in 
an oven for 3 hrs. at 100®C. Marasmic acid was unaffected by this 
treatment. The antistaphylococcus factor was not affected by air drying 
overnight nor by bringing it to a boil in a solution of pH 2 to 3. Incubation 
with blood reduced the activity of the antistaphylococcus factor. 

A further series of observations suggested that Marasmius conigenus 
may produce a third antibacterial substance, Chloroform removed all 
or nearly all the antibacterial activity from the various lots of acidified 
culture liquid as indicated by tests on the aqueous phase after extraction. 
However, the proportion of original activity of the culture liquid present 
in the chloroform extract varied with different lots from 3 to 100%. We 
did not determine the cause for this variability. It seems improbable 
that loss or destruction of either marasmic acid or the antistaphyipcoccus 
factor accounts for the variability in recovery of antibacterial activity in 
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the chloroform extracts, and, therefore, a third less stable substance may 
have been present. 

* This investigation was supported in part by grants from The Commonwealth Fund 
and the Albert H. & Jessie D. Wiggin Foundation. 
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CHROMOSOME SEGREGATION IN MAIZE TRANSLOCATIONS 
IN RELATION TO CROSSING OVER IN INTERSTITIAL 

SEGMENTS* 

By C. R. BURNHAMf 

California Institute of Tbchnologv and the University op MinnbsotaJ 
Communicated by G. W. Beadle, May 23, 1949 

In maize, the second meiotic division in the microsporocytes results in a 
quartet of four microspores in which it is possible to distinguish the two 
division planes. In normal material, the prominent feature of these 
spores, as revealed by acetocarmine smears, is the single nucleolus. In 
translocations involving chromosome 6 which carries a nucleolar organizer 
region, non-disjunction may result in spores with two nucleolar organizers 
(potentially two nucleoli), or with no organizer (nucleolar material remains 
scattered or diffuse) in the same quartet. By this method, McClintock* 
established the fact that the chromosomes which crossover in an inter¬ 
stitial segment (between the centromere and the translocation break) pass 
to opposite poles. 

A further relation between chromosome segregation in such maize 
translocations and the frequency of crossing over in an interstitial segment 
has been reported in abstracts.^' * This is a report of additional studies of 
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FIGURE 1 


Pachytene diagram of a 5-6 translocation hctcrozygote with the break in chromo¬ 
some 6 (solid line) in the short arm, that in 5 (dotted line) in the long arm, b and a 
being the interstitial segments in the respective chromosomes. The satellite and next 
to it the nucleolar organizer region (stippled) are shown at the end of the short arm 
of chromosome 6. The clear circles represent the centromeres, the dense ones the 
pycnotic knobs. 


TABLE 1 

Spork Quartet Types from a Translocation Heterozyootb with the Break in 
the Short Arm of Chromomosome 6 

The figures 0, 1, 2 in the body of the table refer to the quartets containing no, one, 
and two spores with diffuse nucleolar material. The "no diffuse" may have four 
normal or four abortive spores, the latter indicated as (ab) in the table; the "two 
diffuse" have four abortive, and the "one diffuse" has two normal and two abortive, 


except a few cases where all four abort, indicated by (ab). 

OftGANIZRR arORB QUARTBT TVPBtt AFTBR 

ISVBNTS IN INTBRSTITIAI. MAKB-UP OP - SBORBOATIONR QF *-^ 

SBOMBNTS 

CHROMATID PAIR 

ALTBKNATK 

adjacrkt 1 

ADJACBNT 2 

No crossover in n or 6 

-JLl. 

0 

2 

0 (ab) 

Single crossover in a or 6 

.A 

1 

1 

0 (ab), 1 (ab) 

Single crossovers in a and b 

Double crossover in a or fr 

- . -• 

c 

0,2, if 

0,2, If 

0(ab), 2, It 

2-strand 


0 

2 

0(ab) 

3-strand 

-1-1- .-JLI. 

1 

1 

0 (ab), 1 (ab] 

4-stmnd 


2 

0 

0 (ab) 


* Crossover chromatids, see note at end of paper. . ^ organizer, - » its absence, 
t Ratio of 1:1:2 in each. Here in the two-diffuse type the two diffuse spores are on 
opposite sides of the division I plane, and in the one-diffuse type the two abnormal 
Spores are on the same side. In the other lines of the table, the two diffuse spores are 
on the same side and in the one-diffuse quartet the two abnormal ones are on qppoalte 
sides of the division 1 plane. 
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chromosome segregation in maize translocations involving chromosome 0, 
the detailed data to be published elsewhere. The ultimate objective is to 
determine why chromosome segregation is directed (i.e., largely alternate) 
in certain species and not in others. 

The results differ, depending on whether the break in chromosome 6 is in 
the long arm or in the short arm between the centromere and the nucleolar 
organizer. The theoretical results for a translocation with the break in 
6 in the short arm will be considered first, followed by the experimental 
data. 

'^he pachytene configuration in a translocation heterozygote with one 
break in the short arm of 6 between the centromere and the nucleolar 
organizer is shown in Fig. 1. Alternate or adjacent chromosomes in .this 
complex may pass to the same pole, the latter being of two types^—adjacent 
1, in which homologous centromeres pass to opposite poles at division I, 
and adjacent 2 in which they pass to the same pole. When no crossing 
over has occurred in the interstitial segment, adjacent 1 brings about 
non-disjunction of the translocated pieces including the nucleolar organ¬ 
izers; adjacent 2 brings about non-disjunction of the non-translocated 
pieces. Unless stated otherwise, the crossovers referred to in this paper 
are the cytological ones occurring in interstitial segments. Crossovers 
in other segments do not change the quartet types or the pollen abortion.« 

The theoretically expected spore quartet types with and without crossing 
over in the interstitial segments are listed in table 1. The second column 
of this table shows the nucleolar organizer constitution of the chromatid 
pairs (sister centromeres) after crossing over, i.e., before orientation. Ref¬ 
erence to this column should facilitate determining the quartet type 
resulting from each kind of segregation. Witli no crossing-over, alternate 
as well as adjacent 2 segregation results in a “no diffuse” spore quartet, 
the former with four normal or functional spores, the latter with four 
abortive ones, the two being indistinguishable cytologically, while adjacent 
1 segregation results in the **two-diffuse” type in which the four spores are 
expected to be abortive (two spores have potentially two nucleoli, two have 
diffuse nucleolar material). A single crossover or a 3-strand double 
followed either by alternate or by adjacent 1 segregation results in the 
“one diffuse*” also termed a “crossover-type” quartet, expected to have 
two functional (one nucleolus each) and two abortive (one with potentially 
two nucleoli, one with diffuse nucleolar material) spores. Adjacent 2 
se^egation following these crossovers is not expected since the evidence 
indicates that chromosomes that cross over pass to opposite poles. If 
it did occur, a “no-diffusc” and a “one^iiffuse” type of spore quartet woidd 
be expected, but the two abnormal spores in the latter are on the same side 
of the first division plane. The absence of this class in a translocation with 
only one interstittal segment furnished the evidence that chromosomes that 
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cross over pass to opposite poles.* Simultaneous crossing over in both 
interstitial segments gives rise to the three quartet types following each of 
the three kinds of segregation (table 1). Consequently, to determine 
segregation types by this method it is necessary to use translocations in 
which these simultaneous crossovers are infrequent, i.e., at least one seg¬ 
ment genetically short, or if both are long, to have a genetic measure of the 
amount of simultaneous crossing over. 

The three available translocations in which one break was in the short 
arm of chromosome 6, were: T2-6a (2L.4?, OS?), T6-I0b (OS.5, lOL.^S), 
and T5-(ic (5L.89, 6S0.0). In T5-6c the break in 0 was adjacent to the 
centromere, so that there is no interstitial segment in chromosome 6, while 
in the other two translocations it is not long enough to give much crossing 

TABLE 2 

Summary of Spore Quartet and Pollen Sterility Data and Frequencies of 
Chromosome Segregation Types in Plants Hbtkrozvc^us for Translocations 
Having One Break in the Short Arm of Chromosome 6; the First Three with 
Short Interstitial Segments, the last with One Very Long. 

POLLBN ABORTION 

..gUARTBTft-—-^ .- % -> CHROMOBOMB BBOBHOA- 

/..-.-..^-OBSBRVBD-s TION IN NON CROBBOVER 


TRANBt.UCATlUN 

HBTRftOKYOOTlt 

TOTAL 

NO 

TWO 

UlEPtJSB 

ONB 

mPRUSB 

TOTAL 

PARTLY 

PILLED 

PRH' 

UICTBU 

qitartbtb adja- adja- 
ALTBMNATB cent 1 CENT 2 

T6-6c In5a 

7189 

61.7 

27.8 

10.6 

50.6 

13.1 

33.0 

49.4 

31.0 

19.6 

T2.6a 

-h 

2361 

73.6 

25.3 

1.1 

51.6 

« , 

25.7 

48.4 

26.2 

26.5 

T6-10b 

4- 

2374 

76.6 

18.1 

5.3 

42.9 


20.7 

58.0 

22.4 

19.7 

T5-(ic 

-h 

4229 

20.3 

17.9 

62.8 

48.1 

22.1 

49.3 

* 

* 

0.0 


* These classes cantiol t>e determined. 


over since this arm of 6 is very short* The break in T2-6a is in the short 
arm but the exact point was not determined. The interstitial segment in 
the other chromosome of these translocations differed in length. An 
inversion in chromosome 5 (In5a-S0.0-L*67) served to shift the position 
of the centromere in chromosome 5. By crossing a stock homozygous for 
T5-f)c and In5a with one homozygous only for In5a, plants were produced 
which were homozygous for In5a and heterozygous for T5-6c. In these 
plants, due to the shift in centromere position, the interstitial segment in 
chromosome 5 is short (a length equal to 0.22 of the long arm). In those 
heterozygous for T5«6c and not carrying the inversion that segment is 
long (0.89 of the long arm), in both T5-6c/+ stocks the relative lengths 
of the two axes and the lengths of the translocated pieces remain the some. 

The frequencies of the different s^iore quartet types were determined 
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cytologically (in all but the early studies, without reference to division 
planes) and from them the expected degree of pollen abortion was cal¬ 
culated. The amount by which the observed pollen abortion exceeded 
the calculated was used as a measure of the frequency of adjacent 2 segre¬ 
gation, The data for each translocation are based on at least two plants 
and two slides for each, each slide made from one anther from different 
florets. The counts on the pollen to determine the percentages of abortion 
were made on the same plants. The spore quartet and pollen abortion 
data and the calculated segregation frequencies for these translocations are 
summarized in table 2. Comparison shows the first three stocks have 20 
to 2ti% f)f adjacent 2 segregation while the last one, T5*()c/+i has none. 
In the latter, the observed pollen abortion was actually higher than that 
predicted from the cytological count of the spore quartets. In the first 
three, the percentages of crossover-type quartets were low, i0.fi, 5.3 and 
1.1, respectively, while in the latter it was high, ()2.S%. This indicates 
a close relation between the length of the interstitial segment, in terms of 
cytological crossing-over, and chromosome segregation, i.e., low crossover 
is accompanied by frequent adjacent 2, high crossover is accomjxinied 
by little or no adjacent 2 segregation. In the stock with (>2,8% of cross¬ 
over-type quartets, there was probably a considerable amount of double 
crossing-over and some higher multiples. If as much as 15% doubles 
occurred, practically all the tetrads would have had one or more crossovers 
in the interstitial segment, using Weinstein’s®*’ and Sax’s®* method of cal¬ 
culation, The absence of adjacent 2 segregation is then expected since 
chromosomes that cross over pass to opposite poles. Adjacent 2 segrega¬ 
tion could occur only in those with no such crossovers. A comparison of 
the results for the two Tr)-()c/-f stocks is especially convincing since in 
these the lengths of the translocated pieces remained the same, the 
difference being in the length of the interstitial segment. The differences 
in segregation, 20% of adjacent 2 in one, none in the other, were achieved 
in spite of very unequal axes lengths and no change in the lengths of axes 
or of the translocated pieces, In an earlier report* the differences were 
supposed to be the result of a centromere effect. It now seems probable 
that they are the result of the relation between crossing-over in the inter¬ 
stitial segment and disjunction, centromere position being incidental in 
determining the length of that segment, but still important in that it may 
initiate the separation of the crossover chromosomes. Although probable 
in corn, there is no pr(K)f in this study that alternate and adjacent 1 segre¬ 
gations following these crossovers are equally frequent, hence the fre¬ 
quencies of alternate and adjacent 1 segregations are not calculated for 
T5-6c/+ in table 2. 

In those translocations with a low frequency of crossover-type quartets, 
the twb-diffuse doss represents the frequency of adjacent 1 segregation 



364 


GENETICS: C R. BURNHAM 


Proc. n. a, a 


sinc€ double crossovers prr^bably were lacking. The frequency of quartets 
from alternate segregation is the difference between the total of the no- 
diffuse class and tliose from adjacent 2. From the segregation frequencies 
calculated on this basis, for the first three stocks in table 2 it will be noted 
that alternate segregation is roughly 50%, adjacent 1 and 2 segregations 
making up ti e other 50%. In other words, adjacent 2 segregation is 
probably at the expense of adjacent L 

Translocations with one break in the long arm of chromosome f> were 
also studied. In these, only two quartet types can be recognized cyto- 
logically, no-diffuse and two-diffuse, the latter following adjacent 2 segre¬ 
gation with or without crossing-over in the interstitial segments. Here 
when there is little crossing-over, the difference between observed and 
predicted pollen abortion measures the frequency of adjacent 1 segregation, 
'^'gregation of three chromosomes of the ring tt) one pole and one to the 
other, resulting in w + 1 and n — I spores, also are expected (part of them) 
to result in the two-diffuse spore quartet, offering some difficulty. Usually 
its total frequency is not expected to be higher than about 5%. For ten 
such translocations with short interstitial segments, adjacent 2 segregation 
ranged from 14 to 30%, tlie average for the entire group being 25%. 
Where coimts could be made, pollen abortion was about 50% in this 
group, tills representing the total of the two types of adjacents. For 
eight translocations in which either or both interstitial segments were 
probably long enough for a high frequency of crossing-over (breaks at 0.6 
or greater in the longer chromosomes and 0.7 or greater in the shorter 
ones), the average was 5.4% of adjacent 2 segregation. One, T6-8a with 
17.4%, appears to be an exception. However, another T6-8, (Dl), with 
breaks at about the same points had only 1.1% of adjacent 2. Some 
unknown factor seems to have been operating in T6-8a. With this one 
exception, the relationship appears to be that when the interstitial segments 
are short, both types of adjacents occur with relatively high frequencies, 
not always equal but their total is roughly 50%. When one or both 
interstitial segments are long, adjacent 2 segregation is low in frequency. 

Chromosome segregation was studied also in plants heterozygous for 
translocations having one break in the satellite of chromosome 6 and 
which, therefore, always form a chain of four chromosomes. Two were 
studied which have short interstitial segments, Tl-6b and T5-6b, and one, 
T3-6b, with one long interstitial segment. In the first two there was less 
than 1% of adjacent 2 segregation, and in the latter none. This result, 
therefore, differs from that for the ring-fortnirig translocations since in 
them, those with short interstitial segments had a relatively high frequ^cy 
of adjacent 2 segregation. In T6-6c/+ which has one long interstitial 
segment, 30.6% of chains were observed at diakinesis, and no measurable 
adjacent 2 segregation. The evidence from these translocation hetero- 
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zygotes indicates tliat adjacent 2 segregation from chains is infrequent 
whether the amount of crossing-over in the interstitial segment is low or 
high. Adjacent 2 segregation, therefore, occurs rarely except in rings in 
which no crossing-over has occurred in the interstitial segments. 

Discussion and Summary,—In maize translocation heterozygotes which 
form rings and have short interstitial segments (low crossover frequency), 
alternate segregation occurs in about 50% of the meiocytes. In them, 
both types of adjacent segregations occur, not always with equal frequency 
but the total is roughly 50%. In those with interstitial segments long 
enough to permit a high crossover frequency there is little or no adjacent 
2 segregation. The segregation in rings differs greatly from that in chains. 
In chains, there is little or no adjacent 2 segregation whether the inter¬ 
stitial segment is long or short (in terms of crossing-over). 

There is, tlierefore, no evidence of any directed segregation in the maize 
translocations studied, even with greatly different break positions. This, 
together with Catcheside’s observations* that segregation is directed even 
in unequal translocations produced by x-raying an Oenothera race with 
seven pairs suggest that directed segregation may be genetically controlled. 
Even in a species homozygous for sucli a genotyjje, translocations with long 
interstitial segments should have considerable sterility as a result of 
crossing-over in those segments, reaching 50% as a possible maximum. 
According to the literature, the translocations that have survived in 
Oenothera are those with short interstitial segments. These, therefore, 
would have low sterility from that source. A search for genes in maize 
affecting segregation is being made by crossing stocks of widely different 
origin with translocations having short interstitial segments. 
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Note: Lamm, Hereditas, 34,(1948) (Dr. H. H. Kramer called my attention 
to this paper as mine was being completed), and Kramer and Hanson {Genetics, in prcd$) 
have pointed out that chromatids resulting from single crossovers in the interstitial 
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segment are recovered only when adjacent 1 segregation occurs, and are lost following 
alternate segregation. This may be seen by referring to column 2 of tabic 1 in which 
the crossover chromatids are marked with at) asterisk. The results of multiple cross¬ 
overs are not indicated. In species with more alternate than adjacent 1 segregation, 
getietic crossing-over in this region will be reduced. My conclusions in this paper are 
based on frequencies of cytological crossing-over, and consequently are not altered by 
these relat ions. 

^ Burnham, C. R., Genetic$, 30, 2 (abstract) (1945), 

* Burnham, C. R., Ibid,, 33, 605 (abstract) (1948). 

»Catcheside, D. CV, Geneika, X7, 313-341 (1945). 

^ McClintfK'k, H., Ant. J. Bot., 32, 671-678 (1945). 

‘Sax, K., J. Arnold Arboretum, 13, 180-212 (1932). 

‘Weinstein, A., Anat. Rec., 41, 109-110 (1928). 

' Weinstein, A., Genetics, 21, 155-199 (1930). 


EARLY TERTIARY ECOTONES IN WESTERN NORTH AMERICA 

By Ralph W. Chaney 

Department of Paleontology, University op California, 

AND Carnegie Institution of Washington 

Read before the Academy, April 25, 1949 

Within recent years we have come to realize that the concept of cosmo- 
politan land floras during past ages is not substantiated by the fossil record 
of the Tertiary period. Similar floras may be recognized over a wide 
range in latitude, but differences in their age are always apparent. We 
now interpret their shifting positions during later geologic time as resulting 
from migrations largely induced by changes in dimate. Varying distance 
from the equator seems always to have involved sufTxciently great 
differences in temperature to leave its impress on land vegetation. During 
periods of submergence, when there was wide circulation of winds and 
ocean currents, more uniform climates appear to have characterized broad 
areas of the earth; but even at such times the fossil record shows marked 
differences in forest composition from south to north. 

Major units of living vegetation, although largely confined to latitudinal 
zones, show at their borders a tendency to merge into one another. We 
may draw forest boundaries on a map with a firm hand, but in nature such 
lines are commonly blurred. A similar overlapping of floras may be 
observed in the records of past vegetation. Transitional ocaurences of 
this sort, past and present, are known as ecotones; since they are largely 
a function of temperature they extend along the parallels, bending south¬ 
ward along mountain ranges in the northern hemisphere, and north on 
windward shores, Ecotones provide a critical basis for determining the 
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tolerauee range of species and groups of plants. When they are recognized 
in vegetation of the past they provide much-needed information regarding 
former environments; this is particularly the case with Tertiary floras, 
in which the general composition of modern plant groups was already well 
established, permitting an accurate comparison with existing vegetation. 
I shall consider here three of the ecotones in the older Tertiary of western 
North America which have been reviewed recently in connection with my 
studies of Metasequoia. Other ecotones of this age and younger are 
available for study in many parts of the northern hemisphere. 

The older Tertiary floras of western North America may be assigned to 
two groups on the basis of their climatic indications. The first of these is 
a subtropical assemblage made up predominantly of broad-leafed ever¬ 
green angiosperuis whose living equivalents occupy regiojis in which 
freezing temperatures are seldom if ever recorded; palnas and cycads are 
represented by a few s{)ecies which may be abundant; conifers are rare 
or absent. This forest occupied a zone from California nortli to Washing¬ 
ton on the Pacific Coast, and from New Mexico to Colorado in the interior. 
Because of its apparent origin in low American latitudes, it is known as the 
Neotropical-Tertiary Flora. The second major group is a temperate 
assemblage made up predominantly of broad-leafed deciduous angiosperms, 
and of conifers both deciduous and evergreen; paltns and cycadvS have not 
been recorded. This forest occupied a zone in Alaska northward beyond 
the Arctic Circle, extending into the Mackenzie Basin of Canada. Evi¬ 
dence of distribution farther eastward has been destroyed by Pleistocene 
glaciation, but its former occurrence across northern Canada is suggested 
by the records of similar plant fossils in the Eocene rocks of Greenland, 
Spitzbergen and arctic Siberia. Because of its wide development at high 
northern latitudes, this assemblage is known as the Arcto-Tertiary Flora. 
It lived in a region of sujnmer rainfall and winter cold, as judged by the 
habits of related living trees. 

Two aspects of early Tertiary zoning may here be noted. In the first 
place, the zones were located approximately 20 degrees north of areas where 
vegetation of similar kinds is now found; it has been concluded that 
climate at the beginning of the Tertiary period was characterized by much 
higher temperatures than those prevailing today at corresponding latitudes, 
with an absence of severe frost as far north as northern Washington (48*^ 
N. Lat.).* Second, the zones extend to a higher latitude on the Pacific 
border than in the interior; this is interpreted as indicating that as far 
back as Eocene time the Pacific shore was at approximately its present 
position, with temperatures moderated by the ocean along the coast, and 
with continental climate at the interior.* 

In the areas between these two major zones of vegetation there is a record 
of a forest made up largely of temperate trees. Living with them were 
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several members of the subtropical forest which appear to have made their 
way northward beyond the range of occurrence of most of their associates, 
during the relatively mild days of the early Tertiary. This ecotone is best 
developed in southeastern Alaska, on Kupreanof Island at latitude 56 to 
57 degrees north. Here is the typical Kenai flora, as described by Hollick 
from 55 localities in Alaska, including such temperate trees as redwood 
(Metasequoia), katsura (Cercidiphyilura), birch (Betula), alder (Alnus), 
liuzel (Corylus), hornbeam (Carpinus), chestnut (Castanea), oak (Quercus) 
and elm (Ulmus).® Immediately associated, and often on the same slabs 
of rock, are the leaf impressions of several members of the Neotropical- 
Tertiary Flora; these include two genera of cycads (Dioon and Cerate- 
7.amia), a fan palm (Flabellaria), laurels of the avocado (Persea) and lance- 
wood (Ocotea) type, magnolia (Magnolia) and catm6n (Dillenia). This 
is the fartliest north occurrence of the Neotropical-Tertiary Flora. 

In the Rocky Mountains of southern Saskatchewan, and in Montana 
and North Dakota, there is a similar mingling of northern with southern 
trees. Oak, chestnut, elm and birch occur with cycads, palm, magnolia, 
fig and laurels. Metasequoia is the common conifer of this forest of the 
Fort Union fonnation, witli an age somewhat older than the Alaska flora.'* 

The modern occurrence of Metasequoia in a restricted area in central 
China shows a striking resemblance to these ecotones of the early Tertiary.® 
Here Metasequoia is growing in immediate association with birch, chestnut, 
katsura and other Arcto-Tertiary genera, as well as with palm, magnolia 
and laurels, trees commonly found in the Neotropical-Tertiary and Paleo- 
tropical-Tertiary Floras, The similarity of this living forest to the fossil 
floras of southeastern Alaska, Saskatchewan and Montana is so close as to 
demonstrate the survival of this subtropical-temperate ecotone for several 
scores of million years with only slight modification. There is one signifi¬ 
cant difference: the modem Metasequoia ecotone shows an altitudinal 
relationship, between tlie subtropical trees at lower levels and the temperate 
trees of the highlands; the Metasequoia ecotones of the early Tertiary 
show a latitudinal relationship between trees of subtropical and temperate 
zones. 

Since the fossil record rarely includes the remains of upland forests, 
altitudinal ecotones like that of central China will not often be encountered. 
For a number of years we have known of a mixture erf subtropical with 
temperate trees in the Eocene Qarno flora of the John Day Basin of 
Oregon.® Here, in a region whose older Tertiary floras are typically erf a 
subtropical type, has been found a florule combining birch, ehn and oak 
with Mallotus, Cedrela and other trees now limited to low latitudes. This 
is the best known fossil occturence of an altitudinal ecotone, and again its 
most conspicuous member is Metasequoia. 

We may conclude from the plant record of the Tertiary period that 
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Metasequoia has long been a member of the forest of the temperate zone, 
and has commonly ranged southward into latitudinal ecotones with the 
forests of the subtropical zone. During the Eocene epoch this conifer 
extended still farther southern the uplands, where it lived in an 
altitudinal ecotonc bordering the Clarno flora of the John Day Basin. 
It has survived in the high valleys of central China under conditions 
which seem to resemble closely its Tertiary environment in Oregon* The 
modem occurrence of MeUiseguoia glyptosfroboides in the mixed deciduous 
and evergreen forest of Szechuan and Hujieh therefore becomes a key to our 
understanding of many forests of the past in which this deciduous conifer 
was a member of similar ecotones. ^ 

* Chaney, R. W., EcoL Mon.. 17, 144, 146 (1947). 

* Chaney, R. W., Bull. Geological Survey Soc. Am.. 51, 481-486 (1940). 

* HoUick, A., U. S, Geol. Survey. Prof, Paper 182 (1936). 

^ Study of the flora of the Fort Union formation is now being completed by R. W. 
Brown of the U. S. Geological Survey, to whom acknowledgment is due for generic 
identifications. 

* Chaney. R. W., these PaoCBBrnNOS, 34, 503-515 (1948). 

* Chancy. R. W.. Carnegie Inst. Wash. Pub.. 501, 636 (1938). 


Tim DISSOCIATION ENERGY OF CARBON MONOXIDE AND 
THE HEAT OF SUBLIMATION OF GRAPHITE 

Bv Lxnvs Pauling and William F. Sheehan, Jr. 

Gates and Crellin Lahoratokies of Cwemistrv. California Institute of 

Tbcunology* 

Communicated May 5. 1949 

For a number of years there has existed doubt about the value of the 
dissociation energy of carbon monoxide and about the heat of sublimation 
of graphite, a directly related quantity. The most popular values for the 
dissociation energy of carbon monoxide are 9.144 electron-volts, suggested 
by Herzberg^ on the basis of predissociation phenomena in band spectra, 
9.61 e. V., suggested by Hagstrum and Tate^ on the basis of electron impact 
experiments (or the value 9.85 e. v. derivable from predissociation data*), 
and 11.11 e. v., suggested by Gaydon and Penney^ from an analysis of 
si>ectroscopic data. These values together with thermochemical data 
lead to the values 124.9, 141.4, and 170.3 kcal./mole, respectively, for the 
heat of sublimation of graphite. Strong evidence for the last of these 
values has been presented by Brewer, Oilles, and Jenkins/ who have 
reported 170.4 kcal./mole from a direct experimental determination. The 
value has, however, been criticized by oth^ investigators/* ^ and has been 
defended by Brewer/ 
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In this paper we communicate an argument which indicates that the 
high values of about 170 kcal./mole for the heat of sublimation of carbon 
to C(jf)(*F) and 11.11 e. v. for the dissociation energy of carbon monoxide 
are not correct, and which leads instead teethe values 140 kcal./mole and 
9.77 e. V., respectively. 

The argument is based on the postulate that the linear extrapolation of 
the vibrational levels for the lower vibrational states of a molecule (a linear 
Birge-Sponer extrapolation) leads to an energy value corresponding to the 
dissociated atoms in a hypothetical electronic state called the valence 
state. An atom in the valence state, as defined in this paper, is an isolated 
atom* with the same electronic structure as that which the atom has in the 
molecule under consideration. It is the state that would result if the 
atoms in the molecule were to be pulled apart witliout cliange in the 
electronic structures that exist in the molecule in the lower vibrational 
levels of the lower electronic state. The wave function for the valence 
state of an atom may of course be formed by linear combination of those 
for its spectroscopic states, and the energy of the valence state is somewhat 
higher than that of the normal spectroscopic state, by an amount, the 
valence-state energy, that is reasonably constant for a given atom from 
molecule to molecule.®* 

The valence-state energy of the oxygen atom has been evaluated as 
0 J4 «*= 0.05 e. A rough value for the valence-state energy of nitrogen 
can be calculated from spectroscopic data for the three low-energy levels 
of the atom, all based on the configuration 2s^2p^, These levels, ^5, W, 
and have energy values6/25/''®,and—15/25/^.respectively, 
according to simple spectroscopic theory. The states and are 
observed to lie at energies 2,38 e. v. and 3.57 e. v. above the normal state 
These values are not in the ratio 3:5 given by the simple theory, 
and accordingly there is uncertainty as to the value of the resonance in¬ 
tegral P. The normal valence state of nitrogen to the extent that it is 
based on the normal configuration 2s-2p^ is the state in which each of three 
electrons occupying separate p orbitals has its spin oriented independently 
of the other two electrons, the corresponding energy being F° —21/50 P. 
Because of the uncertainty in tlie value of F^ the energy of the valence 
state cannot be predicted precisely. If the level is considered to be 
depressed by resonance with a similar state based on an excited configura¬ 
tion of the atom the valence-state energy would be calculated to be 1.39 
e. V., whereas if the level is considered to be depressed by resonance the 
valence-state energy would be 1.19 e, v. A value somewhat larger than 
either of these values might be expected to result from contributions of 
higher spectroscopic states to the valence state. 

A more reliable value for the valence-state energy of the nitrogen atom 
can be obtained from the consideration of nitric oxide. The energy of 
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dissociation of the normal nitric oxide molecule to a nitrogen atom and an 
oxygen atom in their valence states is found by linear extrapolation of the 
low-lying vibrational levels to be 7.87 e. v. If we subtract from this 
quantity the sum of the valence-state energy of oxygen, 0.74 e. v., and that 
of nitrogen, approximately 1.5 e. v., the dissociation energy Do is pre¬ 
dicted to be approximately 5.0 e. v. This argument hence favors the value 
Do sas 5.29 e. v. proposed by Mulliken'^ and supported by Wulf'® and 
Hagstrum,** rather than the value 6.49 e. v. supported by Gaydon.^^ 
If we accept the value 5.29, the valence-state energ}^ of the nitrogen atom 
is calculated to be 1.84 e. v. 

Some substantiation of this value is provided by the consideration of the 
normal state and the first excited state of the nitrogen molecule. The 
energy of dissociation of N 2 in its normal state into two nitrogen 

atoms in their valence states is found by linear extrapolation to be 11.60 
e. v., and the value of this quantity given by the first excited state 
is 10.58 e. V. On subtracting the dissociation energy of the nitrogen 
molecule, 7,38 e. v. (the alternative spectroscopic value 9.70 e. v. is to be 
eliminated as not leading to sufficiently large values for the valence-state 
energy and being incompatible with the results of electron-impact experi¬ 
ments*^), and dividing by 2, we obtain 2.11 and 1.00 e. v., respectively, 
for the valence-state energy of the nitrogen atom. The value 2.11 e. v. 
given by the normal state of the nitrogen molecule is probably high because 
of a large amount of ^ character in the orbital of the bond for this molecule. 
We conclude that the normal valence-state energy of the nitrogen atom is 
approximately 1.84 e. v., and that variation of a few tenths of an electron- 
volt may be expected. 

The valence-state energy of the carbon atom can be similarly derived 
from spectroscopic data for the molecules CH and C 2 . For the normal 
state of CH the energy of dissociation to a carbon atom and a hydrogen 
atom in their valence states is 5.20 e. v., as given by linear extrapolation, 
and the dissociation energy Do to the atoms in their normal states is 3.47 
e. V, The difference, 1.73 e. v., can be taken as the valence-state energy 
of the carbon atom, inasmuch as the valence state and the normal spectro¬ 
scopic state of the hydrogen atom are essentially the same. For the 
normal Ca molecule the energy of dissociation to two carbon atoms in their 
valence states is found by linear extrapolation to be 7.05 e. v., and the 
dissociation energy Do is 3.6 e. v. These quantities lead to 1.73 e. v, for 
the valence-state energy of carbon, in exact agreement with the preceding 
value. 

The energy of a carbon atom in its valence state and an oxygen atom 
in its valence state relative to the normal state of the carbon monoxide 
molecule is found to be 11.23 e. v. by linear extrapolation for the normal 
state, and the values 12.33, 11.87, and 12.19 e, v. are similarly obtained for 
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the first three excited states of the molecule, a a' ^ If 

we subtract from these numbers the quantity 2.47 e. v., the sum of the 
valence-state energies for carbon and oxygen, as evaluated above, we 
obtain 8,7(5, 0.8(5, 9.40 and 0.(53 e. v. for the dissociation energy of the 
normal carbon monoxide molecule to atoms in their normal spectroscopic 
states. These values are incompatible with the high value 11.11 e. v. for 
A)(CO), and may be considered to support either the value 9.14 or the 
value 9.61''9.85, 

Evidence indicating that the second of these values, 9.()-'9.85, is correct 
is obtained from the discussion of the cyanogen molecule and the cyanide 
radical. Linear extrapolation of the vibrational levels of the lowest state 
of the CN molecule, X ‘^23leads to 9.85 e. v. for the energy of a carbon 
atom and a nitrogen atom in their valence states relative to the normal 
state of the molecule. On subtracting L73 for the valence-state energy 
of carbon and l.«S4 for that of nitrogen, we obtain 6.28 e. v. for A(CN). 
This value strongly supports the spectroscopic value 6.24 e. v. for this 
molecule,rather than the alternative spectroscopic value 7.50 e. v. 
From thermochemical data and the accepted dissociation energy of the 
oxygen molecule, 5.08 e. v., it can be calculated*® that the dissociation 
energy of cyanogen, C 2 N 2 , into two CN molecules is given by the equation 

^(NC—CN) - 2Do(CO) + Do(N 2 ) -- 2Do(CN) -- 10.7 e. v. (1) 

The dissociation energy of cyanogen has been reported by Kistiakowsky 
and Gershinowitz*® to be 77 =*=4 kcal./mole, and by White*^ to be 146 ^ 
4 kcal./mole. A chemical argument can be given that leads to an inter¬ 
mediate value. The dissociation energy of cyanogen may be expected to 
be greater than the carbon-carbon single-bond energy in diamond (one- 
half the heat of sublimation of diamond) by an amount equal to the 
conjugation energy of the two triple bonds in the molecule. This conjuga¬ 
tion energy is twice that of two conjugated double bonds, with theoretical 
value*** 8 kcal./mole. The value of Do(NC—CN) may hence be taken as 
10 kcal./mole (0.70 e. v.) greater than one-half the heat of sublimation of 
diamond, and if this heat of sublimation lies between 125 and 170 kcal,/ 
mole the value of Z)o(NC“~CN) is calculated to be 90 * 11 kcal./mole 
Instead of using this value, with its large uncertainty, we may adopt the 
following procedure. Thermochemical data require that the value of 
A(CO) be 3.70 e. v. greater than the heat of sublimation of diamond, and 
hence, with the resonance energy 0.70 e. v. in cyanogen, we obtain tke 
equation 

A(NC—CN) « V^I>o(CO) - 1.15 e.v. (2) 

From (1) and (2) we obtain the equation 

3/2 DtKCO) * 2Ao(CN) -- ACNa) + 9.55 e. v, (3) 
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This equation with the values given above for Do(CN) and DoCNj) leads to 
9.77 e. V. for i?o(CO), and hence to 140 kcal/mole for the heat of sub¬ 
limation of graphite and 80 kcal./raole for the dissociation energy of cyano¬ 
gen. 

The methods that we have used in reaching these values involve some 
novel ideas—the concept of valence-state energy and the postulate that 
the valence-state energy is usually nearly the same for an atom in different 
molecules, the use of linear extrapolation of vibrational levels to obtain 
the dissociation energies of molecules into atoms in their valence states, 
the use of conjugation energy for expressing a difference in dissociation 
energies—and their reliability and accuracy have not been extensively 
tested. From internal evidence it seems likely, however, that these 
methods when cautiously applied yield energy values that involve no larger 
errors than a few tenths of an electron-volt, and that they may be used 
with considerable confidence, as in the present paper, to select the correct 
ones from among alternative widely differing possible values of dissociation 
energies of molecules. 
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AGGREGATION PHH.NOMENA IN POLYVINYL ALCOHOL- 
ACETATE SOLUTIONS* 

By S. N. TiMA?iHKKF, A1. Bier and F. F. Nord 
Department of Oroantc Chemistry, f Foroham University, New York 58, N. Y. 

Communicated by F. G. Keyes, May 7, 1949 

In a series of earlier studies it was found that freezing causes a change 
in the particle size of various enzymes, proteins and other colloids in 
aqueous solution by inducing aggregation or disaggregation.^ ^PP^yhig 
the property of light scattering to particle weight determination made 
it possible to extend investigations on the effect of temperature to the 
range of 20 to 50®C. It was found that at these temperatures recrystalli zed 
egg albumin is subject to an aggregation reaction witliin the alleged pH 
range of stability/^ The light scattering method has been shown to be 
particularly well suited for the study of such phenomena, and was, there¬ 
fore, further adopted for the investigation of changes in the state of aggre¬ 
gation of polyvinyl alcohol-acetate copolymers (PVA-A) in aqueous 
solutions. 

Through partial hydrolysis of polyvinyl acetate, it is possible to obtain 
PVA-A copolymers of varying acetyl contents. The properties of these 
copolymers, notably their solubility, depend largely on the residual acetyl 
groups. Samples having an acetyl content of approximately 20-25% are 
soluble in cold water but precipitate out on heating. The diagram of 
solubility and of phase separation is, therefore, inverted and, contrary to 
the usual case, the system possesses a critical temperature below which 
there is total miscibility of water and PVA-A at all concentrations, and 
above which a separation of phases takes place. It seemed, therefore, of 
interest to investigate the phenomena preceding phase separation and to 
interpret these in terms of the thermodynamics of high polymer solutions. 

For the calculation of the particle weight, Af, from the turbidity, r, 
Debye’s equation* 


He 


M 


+ 2Bc 


( 1 ) 


was applied, where c is the concentration, and i? is a function of the wave¬ 
length and the refractive indices of the solvent and solution. The constant 
B depends upon the heat of mixing, and, according to Huggins,^ is: 


B 


( 2 ) 



Vot, 36, 1940 CHEMISTRY: 7^1 MASHEPE, BIER ANH MORD 


3(V^ 


where: 

V\ — molar volume of solvent 
— density of solute 

fx = a function of the heat of mixing 

Equation 1 is limited to a system of independent, dielectric, spherical 
particles of small diameter as compared with the wave-length of the light. 
For larger particles a correction factor must be calculated from the meas¬ 
ured dissymmetry of the angular distribution of the scattered light,’- * 
which also permits the calculation of the particle size. 

Experimental .—For the determination of the turbidity and the dis¬ 
symmetry of the scattered light, the previously applied Tyndallometer 
was used.’ The sj>ecific refractive index increment of the solutions was 
determined with a Differential Refractometer of the type described by 
P. P. Debye,® using a cell of improved design. 



Concentration (grams per 100 cc.'> 
FrOORE 1 


Values of Hc/r of polyvinyl alcohoPacetate copolymer in aqueous solution vs. 
solute concentration at various temperatures, #, 30X.; O. 40X.; A* 50X. 

The PVA-A (E. I. du Pont de Nemours and Co., medium viscosity, 
Type A, Grade 52-22, lot JB 276) was brought into solution and dialyzed 
for 24 hrs. against running distilled water. In order to eliminate a small 
fraction, insoluble at the working temperatures, the solution was brought 
to 55^C. for 24 hrs., and then filtered at the same temperature through a 
Seitz sterilizing filter. The resulting 1% solution was subsequently stored 
at 4®C. until use. 

Prior to each series of measurements the required quantity of the 
solution was kept for 24 hrs. in a thermostat at the desired temperature. 
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and subsequently pressure-filtered at the same temperature through a 
specially designed sintered glass filter of fine porosity* The solution was 
then transferred to a series of semioctagonal cells used in the Tyndallo- 
meter and diluted to the working concentrations with filtered distilled 
water of the same temperature. The cells were introduced into the same 
thermostat and periodic measurements were taken. At the same time the 
index of refraction increment and the concentration were determined. 



FIGIJRK 2 

Dissymmetry coefficients (defined as ratio of the intensity of the light 
scattered at angles of 45® and 136®) of polyvinyl alcohol-acetate copolymer 
in aqueot4s solution vs. concentration of the solute at various temperatures. 
a*30®C.; 6. 4()®C.; c, 5()®C. 


TABLE I 


TKMt*., 

l/Af X H)«. 

irNCOBJUECTKU 

rilSSVMKTRY 

COKFFfCIBNT, 

CORRBCTION 

FACTOR 

RARTICLR 
WBIOKT M, 
COfUtttCl'KO 

30 

8.24 

1.20 

1.14 

138,000 

40 

7.84 

1.62 

1.38 

176,000 

50 

8.20 

2.01 

1.82 

222,000 


Results and Discussion .—Uncorrected turbidity-concentration curves 
for the PVA-A solutions at temperatures of 30°, 40° and 50°C. are shown 
in figure 1, the concentrations ranging from 0,04 to J%, Corresponding 
dependence of the dissymmetry of the scattered light on the concentration 
is presented in figure 2. The reported values are average values of measure¬ 
ments taken over a period of 24 hrs., during which time no change in values 
exceeding the experimental error was observed. 

From the presented graphs it is evident that a far-reaching aggregation 
has already occurred at temperatures well below the criticfid point of phase 
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separation. Both the average particle weight and the particle size have 
increased with rising temperature. The corresponding values are recorded 
in table 1. 

Accompanying the increase in particle weight, the slopes of the Hc/r 
r5. concentration graphs have shown a notable decrease with rise in tem¬ 
perature. In table 2 are recorded the values of the slope B (eq. 1), un¬ 
corrected and corrected for the di.ssymmetry, and the corresponding values 
of /i (eq. 2) at the three temperatures. With rising temperature there is a 
noticeable increase in the factor which, according to the thermodynamic 
treatment of polymer solutions by Flory^ and Huggins,^ indicates the 
approach of the critical point of phase separation. At this point /u should 
assume a value of 0.5 or slightly higher, the slope B (eq. 1) becoming zero. 


TABLE 2 


TBUP., 

B X lOK 

UNCOttRBCTKD 

CORRaetZUN 

FACTOR 

B X 10\ 

CORRUCTBO 


:io 

4.48 

1.14 

5.12 

0.485 

40 

2.77 

1.38 

3.83 

0.489 

50 

0.77 

1.82 

1.40 

0.490 


Note: Specific gravity of PVA-A « 1.259. 

This thermodynamic treatment should not be applied, however, to 
aqueous solutions without reserve. Nevertheless, fx can be considered an 
empirical constant characteristic of a given solute-solvent system,** and 
may be expressed in the form: 

M (3) 

where a and (i are empirical constants, the heat of mixing being the most 
important factor of a. As, in solutions of PVA-A, tlie factor ju increases 
with a rise in temperature, it is evident from the derivative of equation 3 
with respect to T, that in this case a must be negative, i.e., the heat of 
mixing is negative. 

5wm?rtary.—Applying the light scattering method, the dependence on 
temperature of particle weights of polyvinyl alcohol-acetate copolymers 
in aqueous solution was determined. An increase in temperature causes 
a far reaching aggregation, accompanied by an increase in the value of the 
factor /i. The aggregation, dependent upon a negative heat of mixing of 
the polymer with water, can be treated in terms of the thermodynamics of 
phase separation. 

* This work has been carried out under the auspices of the Office of Naval Research. 
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DIFFUSION EQUATION AND STOCHASTIC PROCESSES 

By S. Bochner 

Department ok Mathematics, Princeton University 
Conununicated by Marston Morse, May 7, 1949 

Take a point s<‘t S with a Lebesgue measure and consider on it a 
stochastic process with a density function f{s, x; t, y), Xy y t 5, i) < s < 
/ < «>. It satisfies the functional equation 

/(i', x; t, y) = Jsfis, x; u, z) /(tt, z; /, y)dv, 

0 < 5 < tt < /, with the accompanying initial condition 

/(5, x; iy y) 5{Xy y) as f - 5 0 

where 6(:)c, y) is the “Dirac function.” By a general argument it can be 
shown that this always implies a pair of diffusion equations 

d 

fiss x; iy y) ^ -A,{x)f{Sy x; /, y) 

a 

j>( y) 

(one “backward” and one “forward” equation) in which, for each u, the 
symbol AImC*) denotes a suitable linear operator acting on the point z, and 
the symbol *4«*(z) denotes its "adjoint” operator. If f(s, x; t, y) is 
stationary, that is if there exists a function /(«/ * y) sudi that f(s x; 
I y) •“/(< — s; X y) then there exists one operator 4 (z) so that i4„(«) » 
,<l(z) and 

(2). 


— /(«; * y) - A(,x)S{u; x.y). 
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All this dt>es not yet exhaust the description of a stochastic process. 
What has to be added is the very important property 

f(s, x; /, y) > 0 (3) 

which has an initial condition of its own namely 

./s /(a*i x; t, y)dVf, =« 1. (4) 

Condition (4) may be very troublesome, either to enforce or to verify, 
but there is no intuitive difficulty in describing it in terms of the generating 
operator A ^iz), Thus, for a stationary process A (z), if A (s) is a self-adjoint 
operator on it states that A shall have the eigenvalue Xo — 0 with the 
eigenfunction v?o(.v) — 1 or approximately so. However the intuitive 
reduction of the “global” property (3) to a structural pro|)erty of the 
generating operator is in the general case much harder to accomplish. 

Actually, in the classical set-up with which the theory of stochastic 
processes started, such a reduction does exist, and very sharply so. In 
the classical stationary set-up the operator A is the negative Laplace- 
Beltrami elliptic differential oi>erator of the second order, A — — A, on 
a differentiable manifold, and property (3) follows then, sufficiently, from 
the fact, that at a point of minimum for a twice differentiable function we 
have Ag > 0. So this is quite satisfactory as far as it goes. But the 
Laplace operator leads only to a Gaussiati stochastic process, or approxi¬ 
mately so, and for all other processes the problem remains. 

Now, we claim that for a certain type of other proceSvSes an atiswer is 
still possible. Take a numerical function 4>(X) in 0 < X < «» and assume 
that expj—w^^CX)} is completely monotone, that is 

and if B is any stationary process, say B — A, then wc form the opera¬ 
tional function A «« We claim that it again forms a stationary 

process; in fact their densities satisfy the relation 

/«(«; X, y) ~ fa"" fifi-, X, y)dy„{p), (fi) 

SO that (3) implies U ^ 0, as claimed. 

In particular for <^(X) « X**, 0 < /> < 1, we obtain the “stable” processes 
of P. Levy, and we have just seen that Levy’s construction may be super¬ 
imposed on any stationary process originally given and not only a Gaussian 
one. Thus, any diffusion equation (2) implies the associated equations 

0<p<l. (7) 

all of difFiision type, and many others. Wc yet mention, for any c > 0, 
the associated ^uatioh 
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~f ^ {(A + - c^'\f (8) 

OU 

which is the "relativistic'’ counterpart to (2), this counterpart being always 
a stochastic process again. However, their Brownian motions may be 
very different from each other. Thus, for .4 = A almost all paths are 
infinite, but for — A) almost all paths will remain infinite if and 
only if yr — oo; otherwise, and this then includes the 

equation (7), for /> < Va they are almost all finite. Whether this might 
have a physical interpretation, is not known to us. 

We can also make a statement on non-stationary cases. Take a function 
in two variables 4 >(k, X),0<w< oo, 0<X< and assume that for every 
fixed u it is completely continuous as before. Take a fixed self«adjoint 
operator B which produces a stationary process, say B == — A, and set 
up the variable operator 

A, - 4>(w, B). (9) 

We claim that this will produce a non-stationary process in (1). It is no 
longer possible to substantiate this by a formula as direct as (6) is, but if 
we employ the spectral resolution of B, a formula can again be written 
down. Assume first that B has a pure point spectrum in which case we 
have 


f(u; x,y) «= c (10) 

For the stochastic density of we then have 

f{s,x;t,y) = '£,nC^xp{—X‘<i>{u,'KMu)>f'„{x)ipn(y)f (11) 

and it can be shown that the positiveness of (10) induces that of (11). 
More generally, for a non-discrete spectrum if we have a Carleman rep¬ 
resentation 

f{u; X, y) = X" rfx£(X: x, y), 

then this implies 

f{s, x; t, y) » exp(-X'^(“. ^)du)d^ECK; x, y). 

Finally we note that if we start with a family of self adjoint operators 
Au,0< u< 00 , instead of investigating directly the existence of a function 
#(«, X) and an operator B for which (9) holds, it suffices to verify that 
they are mutually commutative, A^Ap » AtAt,* and that, for each m, 
generates a stationary process; because this then implies the repre¬ 
sentation (9) automatically. 

A detailed paper with full references will appear at a later date. 
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ON EPSTEIN^S ZETA FUNCTION (/) 

Bv S. Chowla and a. Selberg 
Institute for Advanced Study, Princeton, N. J. 

Communicatcid by H. Wcyl, May 18, 1949 

1. This paper contains a short account of results whose detailed proofs 
will be published later. 

We define the function Z(s) by 

Zis) = + rn®) (1) 

where s <t + it{<r and /, real), <r > 1, and the summation is for all integers 
w, n (each going from — to + «>), while the dash indicates that m ^ 
w = 0 is excluded from the summation; further a and c are positive 
numbers while b is real and subject to 4/zr — b^ ^ A > 0. 

It is well known that the function Z(s), defined for a > 1 by (i), can be 
continued analytically over the whole .v-plane, and satisfies a functional 
equation similar to the one satisfied by the Riemann Zeta Function. 
The function Z{s), thus defined, is a meromorphic function with a simple 
pole at .S' ~ 1. 

Deuring {Math. Zlschr., 37, 403-413 (1933)) obtained an important 
fonnula for Z(,y). Deuring’s work led Heilbronn {Quart. J. Maths.^ 
Oxford^ 5, 150 (1934)) to the proof of the following famous conjecture of 
Gauss on the class-number of binary quadratic forms with a negative 
fundamental discriminant: let A(“'A) denote the number of classes of 
binary quadratic forms of negative fundamental discriminant — A «= 
b^ — AaCf then 

/z( — A) ® as A oo (2) 

Again using the ideas of Heilbronn and Deuring, Siegel proved that 

/i(-A) > (A> Ao(€)] (3) 

which is a great advance on (2). 

Our starting point is the formula: 

Z{s) - 2f(2s)o-' + - l)r(6- - >A) + Qis) (4) 

where 


Qis) 


,r*-2* + */* ” 


cos 

exp (4) 
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Here <rkW denotes the sum of the i^th powers of the divisors of and 
{■(a) is Rietnann’s Zeta Function. The series for Q(s) is highly convergent. 
Taking a crude estimate of the series for ()(.v) we obtain the formula of 
Deuring referred to above. 

2. The formula (4) can be applied b) the proof of the positiveness of 
certain Dirichlet L-functions at ^ = Va- lo fact we define for s > 0, 



where (n/p) is Legendre's symbol defined as follows: 

If n ^ 0 (mod p), then (n/p) = +1 if the congruence n (mod p) 
is soluble; (n/p) *= — Hf the congruence ^ n(mod p) is insoluble 

If n ^ 0(p)j then 

(n/p) ==■ 0 


The p<)sitiveness of Lp($) for 0 < r g 1 was proved by S. Chowla (Acki 
Arithmetical Band 1, 114 (1935)) in a large number of special cases, e.g., for 
p == 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 47, 53, 59, (>1, 71, 73, 79, 83, 
89, 97. 


But no information was obtained in the cases p =« 43, 67, 163 (here the 
class number h(—p) is small). Heilbronn (Acta Arithmetical Band 2, 
212 (1937) proved that there are infinitely many primes p for which the 
method of Chowla gives no information. Curiously enough, the present 
method is more successful with precisely those cases like p ^ 43, 67, 163 
(class number h(—p) “ 1) where the previous method failed. In these 
three cases we obtain /vj,(V 2 ) > 0 (Rosser has recently, in an unpublished 
paper, settled the cases 43 and = 67 by an entirely different method). 
That Lp(7?) > 0 in these cases, is not surprising, for if there is a prime p 
such that Lp(V 2 ) < 0 then the extended Riemann hypothesis is false! 
These results are deduced from the following 
Theorem: If p is an odd prime >7 and if h(—p) — 1, then (c «= r/2) 


«'/.)«*/.). V +.... (If) + W 

where y is Euler's constant and d is a real number such that |^| < 1, 
Remark that we can also show the positivity of Lp(<r) on the whole stretch 
^/i ^ ^ f by the same method, in the three cases p * 43, 67, 163. This can 

be done with a little more compulation. 

3. It is well known that we have 


h(-^d) ^ 1 ( 6 ) 

in the nine cases d »= 3, 4, 7, 8,11, 19, 43, 67, 163. Heilbronn and Linfoot 
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have proved tliat (6) has at most 10 solutions; further, that if (6) has a 
tenth solution then d must be very large indeed; in fact d > 5.10® (Lehmer). 
It follows from (5) that if (6) has a tenth solution d ^ do^ then 

<0 \d ^ do] 


It is known that do is necessarily a prime, and is in fact, 3 (mod 8). 

4, We apply (4) to a classical problem of the theory of elliptic functions. 
Write, as usual, 


^ V^l — sin^ <l> 

vl _ si„2 ^ 


(0 < < 1 ) 


(F + - 1) 


It has long been known that K can be calculated in finite terras whenever 
iKyK is a number belonging to any of the imaginary quadratic fields 
— 1 ), k(\/ —2), k{\/ — 3)* This is deduced from the fact that A" can 
be calculated in finite temis when 

K'/K^Vn (n = ],2,3) 


Thus when n 


1 i.e., k 


1 


, we have 


4l[7ir 


and tliere are similar results obtained (each by a different method!) for 
the cases n 2, 3. We prove that K can be calculated in finite terms 
whenever iK'/K is a number in an imaginary quadratic field. More 
precisely, our residt is as follows: let d be a negative integer ^ 0 or 1 
(mod 4) and so that d or d/4 is a square-free integer. Further let k denote 
the class-number h(d) and 

6, 4, 2 according as d * —3, d “ —4, d < —4. 

Finally {d/m) denotes the Kronecker symbol. Then, 

Theorem : Let iK'/K be a number from the field k{\/d)* Then we have 

where X is an algebraic number. 

A special case of (7) is the following: 

Thbokbm: I/K'/K ’» \/p and if h{—p) « 
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2K 2'\kk')-''' 1 

I"-© 

- ■** 3S! -- - { 

T \/2tP j 

r© 


( 8 ) 


where (p is a prime) and w ^ iMf p ^ = 2if p> a runs through the 

^ - quadratic residues of p that lie between 0 and py while ^ runs through 


the remaining . ' ' numbers between 0 and p. 

Specializing again to the case /> = 7 we obtain in the usual notation for 
hypergeometric series: 


F(‘ 


V4. 1 


‘A4) 




r(yv)r(V7)r(V7)r^’ 

r(V7W'(V7)r(V7)f 


5. Let Gai-s) denote the analytical continuation of the function defined 
for a > Vs by the series 

From a formula similar to (4) it is deduced that 
Thborkm : There exists a real number 0^ such that 


Gd(0d) 0 [d > do] 
where Ba 0 as d qo , but 6^ ^ 0. 


ON A NEW METHOD JN ELEMENTARY NUMBER THEORY 
WHICH LEADS TO AN ELEMENTARY PROOF OF THE PRIME 
NUMBER THEOREM 

Bv P. Erd5s 

Department op Mathematics, Syracuse University 

Communicated by P. A. Smith, April 16, 1949 

7. Introduction ~ln the course of several important researches in 
elementary number theory A. Selberg' proved some months ago the 
following asymptotic formula: 

2 log/> log 2 “ 2x log + 0(x), (1) 

where p and g nm over the primes. This is of course an immediate conse¬ 
quence of the prime number theorem* The point is that Selberg’s in- 
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genious proof of (1) is completely elementary. Thus (1) can be used as 
a starting point for elementary proofs of various theorems in analytical 
number theory, which previously seemed inaccessible by elementary 
methods. 

Using (1) I proved that pn^\/ Pn I as w —> oo. In fact, I proved the 
following slightly stronger result: To every c there exists a positive 6(r), 
so that for x sulTiciently large we have 

7rl.r(l + r)] — 7r(x) > 5(cj.v/log .v (2) 

where 7 r(A:) is the number at primes not exceeding .v. 

I cotnmunicated this proof of (2) to Selberg, who, two days later, using 
(1), (2) and the ideas of the proof of (2), deduced the prime number thet>rem 

lim — 1 or, equivalently’ 

jr —» a» X 

lini = 1, where t>(.v) — ^3 

X -* CO X- V S X 

In a few more days, 55elberg simplified my pnxif of (2), and later we jointly 
simplified the proof of the prime number theorem. The new proof no 
longer required (2), but used the same ideas as in the proof of (2) and (3). 
I was also able to prove the prime number theorem for arithmetic pro¬ 
gressions. My proof of the. latter was helped by discussions with Selberg 
and it utilizes ideas of Selberg's previous elementary proof of Dirichlet’s 
theorem,* according to which every arithmetic progression whose first 
term and difference are relatively prime contains infinitely many primes. 
This proof will be given in a separate paper. 

Selberg has now a more direct proof of (3), which is not yet published. 
It is possible, therefore, that the present method may prove to be only of 
historical interest. 

I now proceed to give the proofs as they occurred in chronological order. 
(It should be remarked that we never utilize the full strength of (1), indeed 
an error term o{x log x) is all that is used in the following proofs.) 

We introduce the following notation: 

A r f • c 

A — hm sup —a « Inn mf 

X— X X 

First, we state a few elementary facts about primes which will be used 
subsequently. Of these, I, II and IV are well known in elementary prime 
number theory, while III is shown to be a simple consequence of (1). 

I. a > 0. 

n. 2 -li « [1 + £>{l)]log AT. 

p p 
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III. Let X, > .V,. Then 

»>(Xi) — < 2(xi — ri) H- o{xi). 

Thus, in particular, if Xi = 0, we obtain A ^ 2. 

Put in (1) X = Xj and x = xi and subtract. Then we obtain 

Y, (log P)'^ ^ 2x3 log Xi - 2xi log xi + o(x3 log Xs) g 

Xi<p ^ Xt 

2 (x 3 — xOlog Xs + o(xi log Xi). (4) 

We distinguish two cases: (A) Xi ^ X 3 /(log Xs)’. Then clearly log xi = 
(1 + o(l))log Xs and III follows from (4) on dividing both sides by log X 3 . 
(B) Xi < Xi !(log Xi)^. Then we have by (A) 

dCXs) - f»(x,) <d(X2) — d(X2/(log.X2)*) + —-;logX2< 

(logXj)* 

2(^X2 - + oCifj) == 2 (x 2 - Xi) + 0(X2), q. e. d. 

\ (logX 2 )V 

IV, A g 1.5. Tliis is a consequence of the known result ^ 1,5 a:. 
2, Proof of (2).—It is equivalent to prove that to every positive c there 

exists a positive 6(c) such that t^[(l + ^for x sufficiently 

large. 

Supjxise this not true, then there exist positive constants c' and corre¬ 
sponding arbitrarily large x so that 

t%[x(l + c')] - ^(x) ^ o(x). (5) 

Put C - sup c\ It easily follows from I and the finiteness of A that 
C < <». 

First we show tliat C satisfies (5), in other words, that there are arbi¬ 
trarily large values of x for which 

^[x(l + C)] — t^(x) *= o(x), ( 6 ) 

Chcxise c' > C — Vs* let a: —► » through values satisfying (5), 
Then by III wc have 

t?[x(l + Q] - &{x) - ^[.r(l + C)] ^lx(l + c')] + + cO] “ 

g 2(C — c')x + o(x) < €X + o{x), 

which (since e can be chosen arbitrarily small) proves ( 6 ). 

Now we shall show that ( 6 ) leads to a contradiction. From ( 1 ) we 
obtain by subtraction 

S (log#>)*+ s logplogg - 2Cxlogx + o(xlogx). 

*<AS*(i + 0 *<,«a*(i + c) 

From (6) we have for suitable x since 52 (log P)* ■" <*(* log x) 

»<#a*<i + C) 
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p^xil + X) \ tp J 

Now we deduce the following fundamental lemma. 

Lemma L Let x ^ through values satisfying (6)^ then for all primes 
p i x(l + C), except possibly for a set of primes for which 

E—“ = oOog X) (8) 

P 

7V€ have 

Suppose tlic lemma is not true. Then there exist two positive constants 
bi and so that for arbitrarily large x (satisfying (fi)) we have for a set of 

primes satisfying 23 bi log x 

pSxii-^C) r 

+ C)j - < (2C - (10) 

But then from II, III and (10), ^ince (9) holds at best for a set of primes 

satisfying J] ^ (1 — ii) log x we have 
r 

23 log pf«?r-(l + C)1 — I^(x)^ s bi{2C - b 2 )x log X + 

P^xd-hO \ if J / 

2C(1 — bi)x log % + o{x log x) (2C — bibi)x log x + o(x log x) 

But this contradicts (7), hence the lemma is established. 

Tlie primes satisfying (9) we Shall call good primes, the other primes 
we shall call bad primes (of course the goodness and badness of a prime 
depends on x). 

We shall prove the existence of a sequence of good primes pi< pt< ., ,pk 
satisfying the following conditions: 

10^1 < pu < lOOpu (1 + 0(1 + typi> Pi^i> 

‘ (l + t)pui^ 1 , 2 . 1 ( 11 ) 

where r is a small but fixed number (small compared to C). Since 
(I + I)* < 100 it is clear that k < Jfe# with constant k^). 

Suppose we already established the existence of a sequence satisfying 
(11). Then we prove (2) as follows: Considetr the two intervals 


2Cx log X + o{x log x) (7) 
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r + C)l, r-"" , (1 + C)~\ (12) 

L^(+] pi+i J Lpt pi J 

If they overlap, then by (11) 

-f.. (1 -t- /) < f < JL (1 + C) 

Pi+i pi pihi 

Clearly 

since otherwise 

) ^ ^ < (2 -- rt) f ^ 

\pi/ \pi+i/ \pi Pi+J 


with ri > 0 and we would have from (9) 


(] + c) 

L^>)+i J 

- > (2 + r,)r~ (1 + O - -1 

\pi/ L/>f+i pi} 


which contradicts 111. 

Adding (IJl) and (9) with p = pi we obtain 



= 2 r~ (1 + C)1 - — + 0 (-) 

<pt+i/ L.Pi ’ J pi+l \pi/ 

(14) 

If the intervals (12) do not overlap we obtain by a simple calculation 
(using (9) and the fact that t is small) 

Z -d + o' 

\p1+l/ L pi pf-flj 

(15) 


Adding all the equations (14) and (15) (for i = 1,2, ..i^) we clearly 
obtain 


Since />* > 10/)i we obtain from (16) 

t?r^ (1 + o1> 1.6 ~ (1 + C). (17) 

Lpy J pi 

But (17) contradicts IV. 

Thus to complete the proof of (2) it will suffice to show the existence of a 
sequence of good primes satisfying (11). 

Consider the intervals 
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Ir = (iJ^ + ^ = 0, 1.- 1. 

12 log BJ 

where B 1$ cj ;ft4^ sufliciently large number. Clearly all the intervals 
Ir lie in the iiiterval (0, First we show that with the exception of o 
(log x) r’s the interval Ir contains good primes. From I and IV it easily 
follows that for sufTiciently large B we have (since i^{Bx) — t9(.r) > ex) 

> f:i(ri > 0 independent of r) 

pinJr p 

Thus if there were log x with > 0 of the //s without good primes, we 
would have 

Y, > Cifi log X 

p bad p 

which contradicts (8). 

I>et now pi^^^ be the smallest good prime in /a (if it exists), and suppose 
tliat a sequence p 2 ^\ . . pi^^^ satisfying (11) exists, but no 

satisfying (11) can be found. Thus, all the primes in 

(1 + /), + tni + o] 

are bad. We have, by the definition of C, 

2 log p > rij!>('''(l + /)*(! + C), (») absolute constant). 

Thus 

E ( 18 ) 

Clearly for > 100 we have + C) < Thus the 

intervals Ji^\ Ju\ ... do not overlap. Hence from (18), since the 

number of r’s with existing is > —^ , 

4 log B 

phnA p 4 log B 

which contradicts (8) and establishes (2). 

3. Selherg's deduction of the prime number theorem from (2).—Assume 
a < A. First we prove the following lemmas. 

Lemma 2. a + A ^ 2, 

Choose jc —► GO so that t>(x) Ax + o(jc). Then a simple computation 
(as in the proof of III) shows that 

JL (log p)^ ^ Ax log X + o(x log x), 

P ^ X 
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Thus from (1) 

(log - (2 — A)x log X 4“ o(x log x), (19) 

^ s X V/ 

By the definition of a and by II we obtain by a simple computation 

2 ] (log ^ X) -- - + o{x log x) = ax log X + o{x log x) 

pj5x \r/ P s X p 

Thus from (19), 2 ^ a + ^. We obtain a A^2 similarly, by choos¬ 
ing X so that »>(x:) = ax + o{x). Thus lemma 2 is proved. 

Lemma 3. Let x ^ so that d^ix) — Ax + o(x). Then for any prime 
pi i X except possible for a set of primes satisfying 

P 

we have 


( 20 ) 

( 21 ) 


Suppose the lemma is false. 'Lhcn as in the proof of lemma 1 there 
exist two positive constants bi and so that for arbitrarily large x, satisfy¬ 
ing d^{x) “ .4a: + o(.r), and for a set of primes satisfying X) > bi log x, 

P 


we have 


+ ( 22 ) 

\P/ P 


But then we have from (22), lemma 2, (19) and II (as in the proof of 
lemma 1 ) 

ax log X + o{x log x) ^ Yi (log P)H ” ) > + b%)x log a: -f (1 — 61 ) 00 : 

p & X \p/ 

log X + (?(.v log x) = ax log X -f 6162 X log x + o(x log x), 


an evident contradiction. This proves lemma 3. 

Lemma 4. Let pi be the smallest prime satisfying (21). Then pi < x*, 
and for all primes Pj < x/pi except possible for a set of primes satisfying 

Y, «= o(log x) ' (23) 

P 


we have 
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(24) 


pi < X* immediately from (20) and II. The second part of lemma 

4 follows by applying the argument of lemma 3 to x/pi instead of x and 
interchanging A and a. 

Now the deduction of the prime number theorem. Let pt be any prime 
X X 

satisfying (21). Assume — < Then (since d(x) is non-decreasing) 

PtPi Pi 

from (21) and (24) 


^ 1 
. -f- 

Pi 



or pj cannot lie in the interval 


li 



where 5 > 0 is an arbitrary fixed number. Hence all primes in must 
be '‘bad,” i.e., they do not satisfy (24). But it immediately follows from 
(2) that 

E ? > , 

p in It p 


To obtain a contradiction to (23) it suffices to construct c log x disjoint 
intervals It. This can be accomplished in the same way as in the end of the 
proof of (2) (where the disjoint intervals 7/^^ were constructed). This 
completes the first elementary proof of the prime number theorem. 

4. Sketch of Selberg's simplification of the proof of (2).—If we can find 
two good primes satisfying 

(1 + c)px > ^, > (1 + t)px, c > (25) 

then (2) follows easily. The intervals f ~~ (1 + c) 1, f --(1 + c) 

\-P\ pi J pt 

overlap. 'Phus (13), with t * 1, holds. But then exactly as in lemtna 1 
there exists a prime p so that 



But this is impossible (by the definition of C) since 
Pip PiP pi 


> 1 + C. 
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Thus we only have to show that g<yod primes satisfying (24) exist, and this 
can be accomplished by using III (a contradiction with X] 

p good p 

[1 + (?(l)]log X can be established similarly as in the previous proof), 

5. The joint simplified proof of the prime number theorem .'— 

Lemma 5. Let xa > xi and Xi Assume tluil i^(xi) = Axi + o(Xi) 

and t>(x 2 ) =>= axa + ^(xa), or t>(xi) = axi + <?(xi) and t?(x 2 ) — Ax^ + o(x 2 ). 
Then 

Xa/xi g i4/rt + oil). 

Since ^(x) is non-decreasing we have in the first case 

axa + e(xa) g Axi + o{xi) or xa/xi g A/a + (?(1) 

In the second case we have by III i^^Cxa) — ^ 2(x2 — ,ri) + ^>(x 2 ) 

axi + 2 (x 2 Xi) g ,4x2 + o(x 2 ) or (2 — ,4)x2 g (2 ~ a)xi + ^^(xa). 

Hence by lemma 2, axz ^ v4xi + o(x 2 ). Thus again X 2 /X 1 g A 'a + <^>(1). 
q.e.d. 

A 

Put I + P = > + 5 where 6 is sufliciently small, and will be determined 
a 

later. Next we prove the following result. 

Lemma fi. 

2 > rjirj independent of y). 

y p S (1 -f «)y p 

First we show that 

E p > rjil + D)y. (26) 

y SP S (1+ D)y 

If (26) is false then for a suitable sequence of y’s we have *>[(1 + ^)y] 
Hy) “ Btit then for these y's 

HO J- D)y] ^ ^(y)jf o{y) ^ Ay + ojy) ^ ^ ^ 

'ir+“P)y (l^ PTy ““ +D)y '' 

which contradicts the definition of a. Thus (26) holds and lemma 6 follows 
immediately. 

Choose now x so that i5^(x) » i4x + o(x). Then by lemmas 3 and 4 
we obtain (pi, pi and p^ having the same meaning as in lemmas 3 and 4) 



From lemma fi we obtain that for any fixed t and sufficiently large x (satis¬ 
fying ^(x) * ,4x + o{x)) 
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either > 

Pi 


\a 


\ X 

€ I — or - 
/ PiPs Pi 




X 

ihPi 


Henc^ pj cannot lie in the interval 
li 


Now if 6 is small enough then 1 + ^ e-K ” + Hence by 


lemma G 


£ '“i t > , 

pinii p 


But by what has been said before all the primes in are bad (i.e., they do 
not satisfy (24)). Thus to arrive at a contradiction with (23) it will 
suffice as in the proof of (2) to construct c log x disjoint intervals /(. This 
can be accomplished as in the proof of (2), which completes the proof of the 
prime number theorem. 

6. Perhaps this last step can be carried out slightly more easily as 
follows: Put 


5.£!2gi< £ !2*i (27) 

pi pin/* p 

where />< runs through the primes satisfying (21), As stated before all 
the primes in h are bad (i.e., they do not satisfy (24)). Thus we have 
from (27) 

S> 7, > - log a; (28) 

Pi 2 

since by II and (20) S log x for large x. 

pi 

On the other hand by interchanging the order of summation we obtain 

p pinJp pi 

where p runs through all the primes of all the intervals (each p is, of 
course, counted only once) and runs through the primes satisfying (21) 
of the interval 
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We evidently have from ^4 < « 


piinJp pi 


Hence 


or from (27) 


> .s'/c 

P 

" logx. 
p '2c 


which contradicts (22) and completes the proof. 

* Selberg’s proof of (1) is not yet published. 

* See, for example, Landau, E., Handbuch der Lekre von der Verteilung der Primmhlen, 
§ 19, or Ingham, A. E., The Distribution of Prime Numbers, p. 13. 

* An analogous result is used in Selberg’s proof of Oirichlet's theorem. 

^ See, for example, Landau, E., op. cit., §§18 and 20, or Ingham, A. E., op. dt., pp. 
14, 15 and 22. 


ON THE STRlJCrURE OF LOCALLY COMPACT GROUPS 
Bv Andrew M. Gleason 

Sf»CIUTV OF FkIXOWS, HARVARD UNIVBRSITV 
Communicated by Hassler Whitney, May 7, 1949 

1. Introduction-^ljocAXy compact groups have attracted a great deal 
of study in the years since the introduction of invariant integration by 
Haar,^ It has been shown that their structure is closely related to that 
of Lie groups in certain important cases (compact,^ abelian* and solvable^ 
groups), and it is widely conjectured that similar results are valid in general. 
We shall state here certain theorems which strengthen this conjecture 
and reduce its verification to the study of simple groups. 

2. The ExUndan Theorem for Lie Groups .— Theorem 1. Let G be 
a topological group. Suppose thnt G has a closed normal subgroup N such 
that both N and G/N are Lie groups. Then G is itself a Lie group. 

In case N is abelian, Kuranishi® has proved this theorem under the 
additional hypothesis that there is a local cross*section for the cosets of 
N; that is, a dosed set having exactly one point in common with each 
coset of N near the identity. The author has shown* that such a cross- 
section set always exists for abel^n Lie groups. Hence our theorem is 
true for the special case that N is abelian. 
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The remainder of the proof is straightforward. We may assume tliat 
N is connected. Let C be the centralizer of N, Then C is a closed normal 
subgroup of G and G/C is a Lie group because it can be represented by 
automorphisms of N. It follows easily that G/(C n iV) is a Lie group, 
But C n Nt being the center of N, is an abelian Lie group and we may 
apply the special case established above. 

S. Generalized Lie Groups, — Definition. A topological group G will 
be called a generalized Lie group if and only if the following condition is 
satisfied: 

For every neighborhood U of the identity, there is an open subgroup 
Gi of G and a compact normal subgroup C of Gi such that C c U and 
Gi/C is a Lie group. 

A generalized Lie group is locally compact. The property of being a 
generalized Lie group is a local one; that is, if one of two locally isomorphic 
groups is a generalized Lie group, then so is the other. 

Theorem 2. A locally compact group is a generalized Lie group if and 
only if it Ims an open subgroup which is the projective limit of Lie groups. 

It follows from this theorem that all compact groups and all locally 
compact abelian or totally disconnected groups are generalized Lie groups. 

Any closed subgroup or quotient group of a generalized Lie group is 
again a generalized Lie group; in fact, the following analog of Cartan's 
theorem holds: 

Theorem 3. Let G he a locally compact group which admits a faithful 
representation in a generalized Lie group H. I'hen G is a generalized Lie 
group. 

Theorem 4. Let G be a topological group. Suppose G has a closed 
normal subgroup N such that both N and G/N are generalized Lie groups. 
Then G is itself a generalized Lie group. 

It is an immediate corollary that every locally compact solvable group 
is a generalized Lie group. This result is slightly more inclusive than that 
of Malcev. 

4, T'he Height of a Group.—Definition, Let G be a topological group. 
Consider increasing sequences Ih — {el c Hi c ... c of connected 
closed subgroups of G such that none of the factor spaces Hi/IIi-,i are 
compact. The height of G is the least upper bound of the index k taken 
over all such sequences. It is either a non-negative integer or ®. We 
shall denote it by A(G). 

If Gi is a clos^ subgroup of G, then h{Gi) < h{G); moreover, if AT is a 
connected closed normal subgroup of G, then h{N) + h(G/N) < h(G), 

Thkorkm 5, The height of a l^ally compact group is finite. 

Theorem 6. Every locally compact group has a finite composition series 
suck that all the quotient groups are either compact, abelian, totally discon- 
nectedy or simple. 
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5. Solvable and Semisimple Groups, — Theorem 7. Every connected 
locally compact group has a largest normal solvable subgroup. The corre¬ 
sponding quotient group is semisimple; that ist it has no normal solvable 
subgroups except le). 

Theorem 8. Every connected locally compact semisimple group is the 
direct product of indecomposable groups. All of the factors except a finite 
number are compact simple Lie groups, The remaining factors are metrizable, 

6, Conjecture, —It seems natural to conjecture that evexy locally com¬ 
pact group is a geneiulixed Lie group. To verify this conjecture, we may 
confine our attention to connected simple groups in view of Theorems 4 
and 6. A connected simple group which is a generalized Lie group must 
be actually a Lie group. Hence our conjecture is equivalent to the asser¬ 
tion that every locally compact connected simple group is a Lie group. 

If the conjecture can be established then Hilbert’s fifth problem will be 
answered in the affirmative, for a connected generalized Lie group is a 
projective limit of Lie groups by Theorem 2 and a locally euclidean group 
which is a projective limit of Lie groups is known to be a Lie group. 

* Haar, A., *'Dcr MassbegriiT iti der Theorie der kontinuierlichen Gruppen/' Ann, 
Math., 34, 147-169 (1933). 

* Von Neumann/ J., “Die Einfiihruug anatytischer Parameter in topologischen 
Gruppen/' Ibid.^ 34, 170-190 (1933). Van Katnpen, E., “The Structure of a Compact 
Connected Group/* Amer. Jour, Math,, 57, 301-308 (1935). 

* Pontrjagin, L., “The Theory of Topological Commutative Groups,” Ann. Math., 
3S, 361-388 (1934). 

* Malcev, A., “On Solvable Topological Groups (Russian),” Kec. Math. {Mai. !Sbornik), 
V.5., 19 (61), 165-174 (1946). 

* Kuranishi, M,, “On Locally Euclidean Groups Satisfying Certain Conditions/’ 
to appear in Bull. Amtr. Math. Soc. 

* Gleason, A., “Spaces with a Compact Lie Group of Transformations,” to appear in 
Bull. Amer. Math. Soc. 


ON THE A UTOMORPHISMS OF A SFIELD 

By Loo-Kkng Hua 

Department op Mathematics, University op Ilunois 
Communicated by H. S. Vandiver, May 8,1949 

Let Khe a. sfield. A mapping (a -* a') of K onto itself is called a semi' 
automorphism if it satisfies 

(a + br - a' + 6' (1) 

(oto)' - eVo' (2) 

and 
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r - L (3) 

The well-known examples of semi-automotphisms are automorphisms, 
which satisfy {abY = and anti-automorphisms, which satisfy {abY = 

It is a known problem about the existence of semi-automorphism other 
than automorphisms and anti-automorphisms. It is the aim of the note 
to settle this problem, namely: 

Tiikorem 1, Every semi-automorphism is either an automorphism or an 
anti-automorphism . 

To prove the theorem we need several simple consequences of (1), (2) 
and (3). 

Putting b = in (2), we have 

ia-r = (4) 

and replacing ahy a + b and 5 by 1 in (2), we have, by (3), 

{abY + ibaY - a'r + 5V. (5) 

Applying (2) twice, we obtain, by (4), 

{baY - (abiaby-^baY ( 6 ) 

Substituting (6) into (5), we have 
{abY + 

which is equivalent to 

{{abY - - (a5)'--*5V) = 0. (7) 

We deduce immediately 

(.s)- - {":■ " (s) 

Suppose that we have a pair of elements a and b such that 

{aby «= 6V ^ oV. (9) 

Then, for any c, we have 

(ac)' “ c'o'. (10) 

In fact, otherwise, we would have, by (8), 

(oc)' * aV (fa*, 


fuid, by (9) and (1) 
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aV + h’a^ = {acf + {ah)" = ia^h + c))' = 

Both conclusions are impossible. Similarly, we prove that, for any ft, 

(dby ^ b^d\ (11) 

Now we are going to prove that 

{dcY - c^d\ 

Suppose the contrary, that is, by (8), 

{(ley - d^y{9^c^d^) (12) 

Similar to the previous argument, we can establish that 

{acy « aV (13) 

and 

{dhy « d%\ (14) 

Now we consider the elements: 

ftv + {acy + {dby + dv * {{a + d)(ft + c)y - 

/ (a' + dn{V + cr) or 

\ (ft' + c')(a' + d'). 

The first conclusion contradicts (9), by (10) and (11), and the second 
conclusion contradicts (12), by (13) and (14). 

Therefore, if there is a pair of elements a,ft such that (oft)' «= ft V( 5»^ a'ft'), 
then, for any pair of elements c and d, we have {cdy « cTc'. This proves 
our theorem. 

By means of the previous theorem, we also settle a problem in the study 
of projective geometry on a line over a sfield. Namely: 

Theorem 2. Any one to one mapping carrying the projective line over a 
sfield of characteristic 9^2 onto itself and keeping harmonic relation invariant 
is a semi-linear transformation induced by an automorphism or an anti- 
auUmorphism. 

This theorem was established for the quaternion algebra (Ancuchea*) 
and later for division algebra (Ancochea®), characteristic ^2 and he left 
the general problem open. 

As an easy consequence of the following theorem on geometry of matrices 
(the proof will be given elsewhere), we can extend theorem 1 to any semi¬ 
simple ring with a descending chain condition. 

Tiiborbm 3. Two n X m matrices Z and W are said to coherent if the 
rank of their difference Z ^ W is one. Suppose 1 < n 5 Auy one pt 
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one mapping carrying n X m matrices into n X m matrices and leaving the 
coherence relation invariant is of the form 

Zi - PZ^Q + R (15) 

where P {^P^**^) and are non-singtdar and R =« 

& is an automorphism of the sfield. In case n « nz, in addition to (i5), we 
have also 

Zi - PZ'"g + R (16) 

where a is an anti-automorphism of the sfield and Z' is the transposed matrix 
of Z. 

By entirely different methods, Ancochea*’ and Kaplansky* treated the 
problem of semi-automorphisms under some restrictions. The former 
established the corresponding theorem for a simple algebra over a field of 
characteristic ^2, and the later extended it to semi-simple algebra over 
any field. Both of their methods rooted in the structure theory of linear 
algebras, therefore neither of them can be extended to the general case. 

1 Ancochea. G., J. Math,, 184 , 192-198 (1942). 

* Ancochea, G., Annals Math., 48 , 147-153 (1947). 

» Kaplansky, I., Duke Math. J., 14, 521-525 (1947). 


up: rings in path space 

Bv D. D. Kosambi 


Tata Institute of Fundamental Research in Biology, Bombay 
CoiTimunicatcd by Oswald Veblen, May 8, 1949 
1. In studying the tensor analysis of the system of differential equations 
- 0; t ^ 1, 2, . . n; Jt' =s= dx\/dt, etc., (1.1) 


their equations of variation 

Bu* ^ ti< + a*; + aW ^ 0 (1.2) 


have been found to be a prime tool of exploration. The notation used is, 
for any function ^(x, 




Hip 


¥lk 


dv? 

ST*’ 


dip 

dt 




<p‘„a' (1.3) 


and the tensor summation convention is followed for indices repeated in 
subscript and superscript. 

These equations ot variation (1.2) to be regarded as partial differentia] 
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equations in w* are obtained from (LI) by the “infinitesimal change/' 
where x and x are supposed to be coordinates of points on 
“nearby" paths. Thus, and the convention usually adopted is 

«= which is derived from the assumption «= 0; this ap¬ 

pears in all classical texts without further clarification. The a* are as¬ 
sumed to be arbitrarily differentiable, which allows an expansion in which 
second and higher powers of the parameter hr are to be neglected. 

2, The only meaning (unless we fix the basic path in 1.2) that can be 
attached to = u^hr is of an infinitesimal transformation of a one- 
parameter Lie group. But the solutions oi — 0 are generally functions 
of X, L whence the most general such one-parameter group must be taken 
as operating in the of t, x, where is to be regarded as a fiber- 

bundle attached to a generic point of the base-space defined by coordinates 
The only operator which can be used here must necessarily be of “the 
first extension/’ i.e., 


d d 


and the usual infinite series expansion 


5sr tX^ -f- 


( 2 . 1 ) 


( 2 . 2 ) 


can then be obtained, at least symbolically, in the case where the a* are 
analytic, to which we restrict our entire discussion. Given several distinct 
solutions u\ v\ ... of the equations of variation with the associated 
(extended) operators X, F, Z, ... the question then naturally arises as to 
the existence of a Lie group, with more than one parameter being formed 
in some way out of these. For this, the alternant {X, V] — ATF — YX 
must itself be an operator of the first extension with respect to the paths. 
That is, if 


XY - YX - m' X'A then - V = 0. (2.3) 

Ox^ Ox^ 

Furthermore, the Jacobi condition must also be satisfied: 

{X, [Y,Z]] + { Y,{Z,X }} + {Z, {Z, F}) - 0 foralix Y.Z. (2.4) 

After this, we can see whether the solutions of the equations of variation 
form a Lie algebra, and over what fields, 

Direct calculation gives us 

Theorem 1. Two {extended) operators X, V associated with vectors u\ 
alternate to give me cfthe same type if the vector s com^m^ are {each) solutions 
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of the equations of variation 6u^ — Q or of u ;j ^ 0. Similarly for the Jacobi 
condition on three operators. 

The proofs can be shortened considerably by noting another result 

Theorem 2. The solutions of 0 are just those whose associated 

operators permute with the linear operator d/di of 1.3. 

Proof: We have 

Xd/dt — dX/di ^ (2.5) 

which suffices for the second theorem. To use this result, we may put 
Z ^ XY YXj and note that 

dZ/dt - Zd/dt ^ dXY/dl - dYX/dt - XYd/dt + YXd/dt^Q. (2,6) 

The vanishing identically follows from the pennutability of d/dt with both 
X and K, and then proves that XF — YX is also permutable with d/dt^ 
whence the associated operator for Z must be formed from the solutions of 
the equations of variation, provided of course it was of the first extension. 
For solutions of — 0, the proof is trivial. Similarly for the Jacobi 
identity. 

Theorem 3. The solutions of 6u* «= 0 form a vector space which gives a 
Lie ring over the set of functions with ^ = 0 (f.e., constant along any path) 
and a Lie algebra {and therefore defines a Lie group in the analytic case under 
discussion) aver the field of all real constants. 

The latter statement follows from well-known results in Lie groups. 
For the former case, we have merely to note that (pu^ is a solution of the 
equations of variation with td provided ^ “ 0, However, we only have 
here F} - F} — (F^)A^ whence we get a ring over the set 

^ » 0 defined by the vector space of solutions of = 0. The basis of 
the ring is clearly of dimension 2n + 1. For the Lie group, however, if 
we take the most general case, the dimension cannot be finite, and the 
question remains open whether the infinite Lie algebra and group thus 
obtained are equivalent to E. Cartan's infinite Lie groups. 

3. We now consider the subgroups (over the field of all real constants) 
leaving the base space of the x as well as the paths invariant; the gener¬ 
ators must now mtisfydttVd/ » 0; ~ 0; bu^ - 0. This leads to 

Theorem 4. The Lie group leaving the base space as well as the paths 
invariant is of order ^ n{n +1). 

It suffices to show that the total number of arbitrary parameters in the 
solutions is finite, < n(n + 1) for then these can be speciali?:ed to give that 
ntimber of independent basic solutions and the linearity of the equations 
allows a general solution to be formed out of linear combinations of these 
basic solutions. That is, the number of essential parameters being de¬ 
termined* they can be taiceU to occur in the linear combinations alone. 
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In this case, we have and Now the equa¬ 

tions Bu* = 0 may be differentiated successively, because of c>«V^ * 0 to give 
a succession of homogeneous linear conditions on Differentiating 

the equations of variation with respect to ^ successively gives on the 
second differentiation an explicit equation for and thereafter linear 
homogeneous restrictions in u\ From the original equations Bu^ * 0, 
and from the first ± derivative thereof, we may therefore eliminate 
and obtain two more linear homogeneous restrictions on The 

problem therefore is reduced to solving a system of first order partial 
differential equations for the variables and v) «= yf'.i (adjoining this last 
differential equation to the system), along with linear hoxnogeneous re¬ 
strictions upon the variables rj, u*, to which may be added others derived 
from the compatibility conditions. In any case, the solution 0 

always exists, corresponding to the identity as the sole Lie group for the 
path-space. But it is well known (cf., E. Goursat, chapter 1 of ‘'Legons 
sur . , . Equations aux d^riv&s partielles*') that the total number of arbi¬ 
trary parameters in the general solution is equal to the number of variables 
which cannot be eliminated from the conditions of compatibility and the 
linear restrictions, which in no case can exceed the total original number 
of the variables. Here, that number is n for the plus for the v), 
proving our theorem. 

It is easy to see that the maximum number of parameters for the group 
may actually he attained. The simplest example is of = 0, the paths 
being straight lines. The group is then that of the translations with n 
parameters, plus the linear transformations leaving the origin invariant, 
of order w*. In the Riemannian case, for example, as with the equations 
of Killing, something more is demanded, namely the invariance of a 
quadratic form as well, whence the maximum order is half the above. 
For the path-space of straight lines, if we impose, say, a Euclidean metric, 
the group is then translations plus rotations, order n + n(n l)/2 « 
n{n + l)/2, 

4, Further extensions of the previous results are possible in several 
directions, e.g.: 

The group whose generating vectors satisfy only u;j « 0, « 0, thus 

transforming into itself the space {x^ t), while leaving the absolute paramtder 
t unchanged, has a number of param^ers < n{n + 2). 

The point transfonnations corresponding to this are Cartan's group B, 
and their tensor invariants can be found now in an obvious way. The 
proof parallels the above step by step. 

These processes can be carried out also for systems of ordinary differen¬ 
tial equations of higher order, as well for partial differential equations* the 
sole condition being that they be explicitly soluble te the df^vativea of 
highest total order. The operator for ordiniary dsffemntial equati^ 
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has to be again defined as total dilferentiation along the paths, whereas 
for partial differentiation we have as many such operators as there are 
independent variables. We can then prove as before: 

Theorem 5 : l^ke results of theorems 1~S are valid also for the systems 


df ' 


+ 


a' X , 


dx‘ 

~m’ ■■ 


df) 


= 0 . 


(4.1) 


the equations of variation being defined by all those (extended) operators which 
permute with d/dt^ itself defined as: 

d ^ dx^ b , , d^'x*^ b ^ b 


The maximum number of parameters in the group leaving base-space as well 
as paths invariant cannot then exceed the sum of the first (<r + 1) terms of the 
series 


n{ 


, , , n(w + 1) , n(n + J)(« + 2) 

1 4. „ + ^-^- 4. 


}• 


(4.3) 


For partial differential equations, we consider only the second order 
system: 

“ 1, ... w, 

+ Kg{t, *, “ 0; i,j, ... = 1, ... n, 

= 6x*/df. 

« 

Here the operators corresponding to d/dt are the set d„ defined by 


^ b/br + Plb/b^r ~ IWb/,, (4.5) 

Theorem 6, The equations of variation have as solutions those vectors 
and only those whose associated (extended) operators form the ring that permtUes 
with all operators d«. The maximum number of parameters for the group 
leaving base-space and paths invariant cannot exceed n(n + i), b^ore. 

The proof is by following the case of ordinary differential equations step 
by step, and the condition for composition of two operators as well as the 
Jacobi condition may be derived by direct calculation. The number of 
parameters is again from considerations of the variation vector u^ being a 
function of the same number of variables x^ as is seen directly from the 
structure of the equations of variation. However, in this case, there are 
also equations of variation for the independent variables Z'*, and it should 
be made dear that the base-space is of the variables xK 

For equations (1.1) Which are deducible from a metric, i.e., the extremals 
of a regulax problem of the calculus of variations, we have the following 
formula^ If the (inverse) IMerian equations be abbreviated by bif « 0, 
then the result of any operation X of the base-space group is: 
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diiXf) - X(6J) + + f:i,reu\ (4.G) 


This shows what would otherwise have been expected : 

Theorem 7 : If a metric exists for the paths^ it is carried into metric by any 
transformation of the group preserving base space and paths. 

For the simple case — 0^ a general metric is any arbitrary function f{x) 
with the determinant ^ 0, and not containing the x* at alL This 
is carried into another of the type by any linear homogeneous transforma¬ 
tion, and into itself by any translation. The only possible additive terms 
are necessarily of type dhfdt, where ^(x, x) is homogeneous of degree zero 
in X, as can easily be shown. 

It is to be noted, in conclusion, that the conditions of theorem 1 are not 
necessary. For the alternant of two extended operators associated with 
vectors «, to give an extended operator the precise condition is 

virBu^ “ u%ev^ = 0. (4.7) 

Similarly, the Jacobi condition for three such operators is satisfied if 
and only if 

u]f{v\kB^^ — w^^kBv^} + (two more terms by cyclic rotation) « 0. (4.8) 

This shows, in particular, that it even suffices to have one of the two 
vectors a solution of both — 0 and « 0; in the Jacobi condition, 
it is again sufilcient for one of the three to satisfy both these equations. 
Thus, the infinitesimal transformations not containing and in particular 
the subgroup leaving both base-space and paths invariant, have a special 
position. 

The second remark is about the possibility of defining a Lie differential 
operator that carries tensors into others of the same type, but of defining 
it in a manner that can be carried over to more general classes of trans¬ 
formations, such as those over the entire path-space. To this end, we 
may note that any such transformation may be regarded either as a change 
of variables, or a charge of coordinates. The {infinitesimal) Lie operation 
gives the difference of the (infinitesimal) changes in any geometric object due 
first to regarding the transformation as a change of variables^ and then as a 
change of codrdinates. Thus, for the tensor of weight p under trans¬ 
formations preserving the base-space, we have, when ^ 0, 

lt ! « + r/x - rjuj, + + pPiu\.. (4,9) 

Moreover, there is the infinite series expansion as in (2.2), and we have 
the tensor carried over into another of the same sort, independently of any 
connection that may be assigned to the x-space. The main definition is 
obviously extensible for more general tran^bmations. 
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THE FRECHET variation AND THE CONVERGENCE OF 
MULTIPLE FOURIER SERIES 

By Marston Morse and William Transue* 

Institute for Advanced Study, Princeton, New Jersey 
Communicated April 30, 1949 

J, The Frichet Variation ,—The present note is an abstract of results 
whose publication in full will follow. Let denote a Cartesian space 
of points s =» ...» Let a and b be two points in with 

^(0 < (r = 1, ..Let Jr be an interval for (r ~ 1, .,m) 
of one of the forms 

(a<^\ b^^^] (1.1) 

By a ii-interval in determined by a and h is meant a Cartesian product 

X J 2 X ... X 7m. (1.2) 

By an r-segment in R^**^ is meant a Cartesian product of tlie form (1.2) 
in which (m — ^) of the intervals reduce to points while the remaining 
r-intervals are as before. (0 < r S m.) 

Conditions P, Let g be a function mapping a ^-interval in into 
Let be an arbitrary r*segment in T^K If is closed the 
Frdchet variation i wer is defined by an obvious ex¬ 

tension of the definition of Fr^chet. See Fr^diet or MT (1). If is 
not closed is taken as the sup closed r- 

segments c We say that g satisfies conditions P over if 

and if there is an m-section of by an m-plane 
parallel to an arbitrary m-face of < m < r) such that P^”^^ [g, < 

00, 

Theorem 1.1. If g, satisfies P over the following is true. The varia¬ 
tion bounded over all r-segments c If is any 

open subinlerval of T*'\ then 0 as the vertices of tend in 

to any one vertex of moreover g(s) tends to a definite sector * limit 
as se tends to any vertex of The function g is measurable, and its 

points of discontinuity lie on a countable number of {fx — 1)-planes fniralld 
to the codrdinate planes. See MT (4) and (6), 

Let be the open interval determined by the origin and the point 
with unit coordinates. Any other open M-iuterval could be used in place 
of with appropriate change of notation. 

Theorem 1.2. A function k which satisfies P over admits an ex¬ 
tension g over i7< ^> wi th the following properties. The function g is continuous 
at each vertex of t/w. At each point u on any open r-cell Or of the boundary 
of f/w (f « i, ..., — X) g{u) is the limit of k($) as su with $ « n 
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where ir^«r is the (/x — r)*plane orthogonal to Orats^ u. Moreover 

Q n (r - 1, ..., m) 

for each r-segment in intersecting U^*'K 

2. Sector Functions. .At each point a in the l)-planes on 

which =*= 1, ..., p) divide into 2** open regions or sectors. 

Let Sa be any one of these regions. As a varies over we suppose that 
Sa remains invariant in orientation and refer to 5 as a sector type. There 
are 2^ sector types. Let g be defined over a general ju-interval We 
say that g is S-continuous {5-continuous] at a point a e 7^'"^ if Sa intersects 
1^*"^ and if g(s) g(a) as .v a in Sa [5„1. 

Theorem 2.1. Ifg satisfies P over and is S-continuous then g is 
S-continuous, 

If cr is one of the r-cells of the boimdary of we say that a sector type 
5 induces a sector type S^ in the r-plane of if the sectors of 
project orthogonally into the sectors SI in the r-plane of <r. 

Theorem 2.2. If g satisfies F over then corresponding to any given 
sector type S in R^^^ there exists a function with the following properties. 
At each point s of continuity of g in g{s) ^ g^(s) and g^ is S-conlinuous 
over At each vertex a of g{a) «= g^ia). On each open boundary 

r-cell <T of g|(r and g*^|<r are related as are g and g^ on {reiative to 
5' continuity on a). Moreover is independent of the sector 

type 5, and at most 

The properties of permit an extension and completion of Fr€chet*s 
theorem on bilinear functionals over C X C. We consider the ^-fold 
Cartesian product C*" of the Banach space C by itself. Let fi, ., .tfti be 
elements in C. An element in C" has the form [fu . ., /f*] = /. A func¬ 
tional B over C** with values B{fi, ..., /#i) will be termed multilinear if B 
is additive and homogeneous in each argument separately and if there 
exists a constant M such that for each / e 

15(/)| S W.*. IWIA7. (2.1) 

At least constant il7 such that (2,1) holds for all / € is termed a minimum 
modulus for B. A function g^ of type S satisfying P over and vanish¬ 
ing on the co5rdinate planes will be termed canonical of type S. 

Theorem 2,3, The most general functional B which is multilinear over 
C*" has the form of an iterated R-S4ntegraL 

B(/)* 

fo^ /*(«»>).. .d,u^r> .... ( 2 . 2 ) 

where k is canonical of type S and is unigudy determined by B and the sector 
type S, Conversely every integral cf the form X^J) mth g canonical of type 
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S defines a multilinear B. The minimum modulus of B is 
The order of integration in (2,2) is immaterial, 

The tlieorem of Fr^chet when ^ “ 2 is here completed by the evaluation 
of the minimum modulus, and by the characterization of a unique k as 
canonical of type *S. 

3, The Convergence of Fourier Series ,—We have shown that the classical 
tests (see Gergen) for the convergence of multiple Fourier series generaliz¬ 
ing the tests of Jordan, de la Vall4e, Poussin, Young, Lebesgue, Pollard, 
etc., can be made less restrictive by using the Fr^chet variation in place 
of the Vitali variation. A first theorem in A^'Space generalizing the 
Jordan test is as follows. 

Theorem 3.1. If g satisfies P over a closed u^i'aterval 7^**^ determined by 
the origin and the point . .., ** [2ir, ..., 2v], and has the period 

2t in each coordinate^ then the multiple Fourier series for g converges in the 
sense of Fringsheim to the mean of the 2^ sector limits of g at a. If g is con¬ 
tinuous in addition^ the convergence is uniform. 

In establishing this theorem the second law of the mean is replaced as 
follows. Set ...» whenever the 

limit implied exists. A function g satisfying P over will be said to 
have null left boundary values if g'(5) » 0 at each boundary point s at 
which s^''^ 0 (r 1, , .m)* Yhe basic lemma follows. 

Lemma 3.1. If g satisfies P over and has null left boundary values, 
and iffi is in L over [0, i], (i - i, . .,, m) then 

\fo'> . s^ds^^K . g P<'‘>[g, W>] 

Ml . . . Muy 

wl ere Mf « sup. | Jl^ft(t)dt\ for 0 < a < i < 1. 

a, ft 

Hardy, Krause, Tonelli, Young, Kttsterman and others have given 
extensions for double Fourier series of the tests for simple series. These 
tests are reviewed by Gergen who gives a test Lr for double so'ies which 
includes (as he shows) all of the others listed. We are able to weaken the 
conditions in these tests by using the Fr<chet variation in place of the 
Vitali variation. It will suSice at this point to show how Gergen’s test 
is altered. Our new test will be denoted by Lmt- 

The tests concern a function ^ in L over the 2-interval (0, »] X (0, ir] 
and give conditions on ip that the Dirichlet integral 

J' J' ^(i, f) sin csc^ sin^^ese^ “ o(l) 

for principal variables * > 0, y > 0. Our test L^t indudes the test C. 
of Lg according to which 

?(*» y)0* * »(*y) ICi]. (3.1) 
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One sets 

Ax<p{u, v) == ip{u + x,v) - v) 

At^iu, v) ^ ip{u, V + y) - ip{u, v) 

AzvV?(w. v) === <p(u + X, V + y) — ip{u, V + y) - <p{u + x, y) + v). 

To the variables jc, y is added a variable k > 0. Relative to these 
variables, orders d(l), o(jc), d{y) are defined as by Gergen. Let the Fr4chet 
variation of a function F defined over a 2-interval [a, a'] X [6, be de¬ 
noted by JP ^ ^ (F). Gergen’s conditions Lb' and Lj?* are replaced by 
the following set of conditions 



Although Gergen’s conditions are not so written it will be seen that his 
conditions arc obtained if P is replaced by V in the above, where V stands 
for the Vitali variation. 

The other types of test, Jordan’s, Young’s, Pollard’s, de la Valine 
Poussin’s, etc., are altered by the introduction of P instead of V and are 
examined. The implications between these tests remain essentially 
unaltered although the tests become less restrictive because of the use of 
P in place of F. The use of P instead of V requires a basic alteration in 
the non-formal parts of the theory. In particular one no longer uses the 
Jordan decomposition of a function of bounded Vital! variation into the 
difference P — iV of monotone functions. A calculus for the Fr^chet 
variation of indefinite double integrals is developed. The following are 
significant laws ot this calculus. 

For any F in L over [0, t] X [0, x] / set 

P{U, V) - F(5, t)ds dt [(tt. V) « /]. 


Let [o, o'] X [6, h'\ be any subinterval of / and let/i and/, be continuous 
over [o, o'] and (i, 6'], respectively. Then 


(a', b'\ 

\a,h) 


(/i/sF) g max. |/i(«) | max. |/,(ti) j P 
(« S » S «') (» S . S 4') 


(a'. b'\ 
\a,b) 


If/is of bounded Jordan variation over [6, ft'] with values/(»), integration 
by parts as to r of an integral 
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f/ fh'v)\dudv 
is replaced by the following: 

Finally, if a' — a - a: and 0 < ao^ a 

fa li ^ (*a r) 

= P (“* ^ P /oo + *, 6 

\no» 0/ \ ao, o 

A similar law holds with the r61es of x and y interchanged. The last 
formula applies to the processes logically and historically descended from 
the I^ebesgue test. 

* The contribution of Dr. Transue to this paper is in partial fulfilment of a contract 
between the Office of Naval Research and the Institute for Advanced Study. 

Fr^chct, M., "Sui le.s fonctionellcs bilineaires/' 7>rtw.y. Am. Math. Soc.t 16> 216-244 
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Gcrgen, J. J., “Convergence Criteria for Double Fourier Series/' IM,, 35, 29-63 
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Morse, M., and Tninsue. W.: (1) “Functionals of Bounded Fr^chet Variation,” 
Can. J. Math., 1, 153-165 (1949). (2) “Functionals F Bilinear over the Pioduct A X B 

of Two ^-Nornied Vector Spaces. 1 . The Representation of F/’ Ann. Math., 50 (1949). 
(3) “Functionals F Bilinear over the Product A X B of Two F-Nonned Vector Spaces. 
II. Admissible Spaces /!,“ Ihid., 51 (1950). (4) “Integral Representations of Bilineai 

Functionals,” Proc. Nat. Acad. Sci., 35, 136-143 (1949). (5) “A Characterization of 

the Bilinear Sums As.sociated with the Classical Second Variation,” Ann. Malematica, 
29 (1950). (6) “The Fr^chet V'ariation in the Small, Sector Limits, and Left Decomposi¬ 
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. ON THE ZEROS OF SUCCESSIVE DERIVATIVES OF ENTIRE 

FUNCTIONS 

By Hans RADSTRdx 

iNBTITUTB BOH AdVANCBD STUDY, PrINCBTON, NbW JrRSBY 
Coinmutticated by Hermann Weyl, May 31,1049 

In the reference given below I have proved (Theorem 5.4) that given a 
power series around the origin with finite radius of convergence and such 
that the origin is not a limit point of the zeros of the successive derivatives 




466 


MAfliEMAflCS: H. RADSTROM 


i>ROC. A. S. 


it is possible to change the arguments of the coefficients without changing 
their moduli in such a way that for the new series the origin is such a limit 
point. On the other hand it is easy to see that the theorem cannot hold 
for aU entire functions. The function c* is a counter-example. Namely, 
consider a function wo + J?(2) ** wo + a>is/l! 4* + ... where 

Iw,,! 1; « 0, 1, 2, .. .. Obviously R{z) < e’'* -- 1. Thus, if |z| < 

log 2it follows: — 1 < 1 or |i?(s)| < |wo| and therefore \u)o -f R(z)\ > 0 

so that no function of the type considered can have a zero in the circle 
|s| < log 2. But if one function is of this type then all its derivatives are. 
The object of this note is to extend the theorem quoted above to all entire 
functions of infinite order or of finite order greater than one. This is the 

best possible result with respect to order as the above example shows. 

00 

Theorem: // h { z ) = 22 M*' is an entire function of order p > 1 then 


there exist w,. with \o)^\ = i such that for the function A(s) « 53 the 

i» «■ 0 

origin is a limit point of the zeros of 

We assume that the conclusion of the theorem does not hold and we 
prove that p < 1. We need several lemmas. 

tt 

Lemma I: If f{z) 53 entire of order p then 

M * 0 


6 


log 


rH-i 


Urn 


logw 


1 

P 


Proof: If 2: 0 there is nothing to prove because — ~ < 0. Thus, 

P 

assume ^ < 0. Let ^ > 5 be a negative number. Therefore there is a 


number iV with 
Thus 


On 


< rf for all w > iV. 


am 1 

.I 

nc 


j 


. 

Jim ^ /^!\ 

®Ar+i 


ajv^i 


UV+.2 


Om-i ~ \N\} 


(a«j < const. 


1 

(fw!)” 




gW 1 

But the order of 53 Z —Thus p ^ —1/9 cwr $ > 1/p which holds 

m (fWl) gfg' a 

for any 9 > 5. Thus^ Sl —l/p. 

Lbmma 11: JM P be a polynomial in (ft, ..;, ft, komogmaus of degree 
k and with one'term Then for my giim sta Rookies of 
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it is possible to find numbers . . 17 * with 1 sttch that (P(t 7 iv>i, 

• • •» nk*pk) 1 kv'i* I» 

Proof: Write P = ctpi^ + Qi<Pi^ ^ + ,,. + Q*. Choose 

t/i « 1 and rji ^ r)t i ^ 2, 3, ,.Then A = P{^m, Vi<P^ • - - W*) ““ 
+ 17 * 02 ^ 1 *“^ 4 - ... ^ 7 ^ 0 *, where Q* is homogenous of degree 
i in ifiif <pst . . ► Thus >1 is a polynomial in 17 and becaUvSe of the maxi¬ 
mum modulus theorem Max|^(i 7 )j > M( 0 )| which is the required in¬ 
equality for the choice vi — ^12 — Vb — ... = n* — Tfo where t?o maximhces 

I ^ (ty) I on the circle 1 7 ; | = 1. 

Now let / be an analytic function such that for « > no derivative 
has a zero in the circle |s| < r. Put «= /,; /«(0) « ttn and 

/«+i//h ^ Since fn has no zero within |s| < r, is regular there. 
Of the same reason the multivalued expression represents 

n + 1 different analytic function elements in this circle. For every value 
of n choose one of these and denote that function by g„. Then is regular 
and ^0 in \z\ < r. We note that/„' ~ (w- + Thus: (« 4- 1) 

/» + i = .“ (« + and therefore we get -/h+i//, or 

g»' = Sn<f>H (1) 

We have also 

, //»+ 1 V ^ - («_+ 

“^ \ /» / /n* 


or 


ifin — {n + 2 )v 3 ttV?» + i — (w 4* ( 2 ) 

By means of the formulas (1) and (2) we can, step by step, calculate 
any derivative of It is easy to verify the following three statements 
by induction: 

L is a product of and a polynomial in v?«, • ••» <Pn^k^\ 

with constant coefficients. 

2 . Pjin is homogenous of degree k in its variables. 

3. The term containing ' in'P^cn has the coefficient c^n ® 
n{2n + l)...[(ife “ l)n + k - 2]. 

For reference we sum up these facts in a lemma: 

Lemma HI : Let f{z) be analytic and have some neighborhood of the origin 
free from zeros of n > N. Then 

_ p (dn + l g»+2. \ 

«.(0) “ ‘"Von ’ o«+i’ a^+k-J 

where i**, Aoi the abeve three properties. 

We how proceed to the proof of the theorem. Let h{z) in the theorem 
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be given. If the origin is a limit of zeros of the derivatives, there is nothing 
to prove. Suppose therefore that the origin is not a limit. Then at most 
a finite number of the can be equal to zero, i.e., there is an N with 0 
for n> N, We are going to construct the function k{z). 

,,1. Let the following four numbers be given ri > 0; 6 > 0; pa. positive 


integer and 6 < 9 — lim 



log n 


%Such a number $ exists for otherwise 


g — 00 which implies p = 0 (Lemma 1). But p > 1. Thus there exists 
a sequence A of natural numbers with 


log 


e< 


b„^i 

X 


log n 


for ft € A 


(3) 


2. Consider l{z) = The function l{z) is an entire function 

with < /^”\| 2 i) for all «, irrespective of the choice of the 

.;(n)(^^)Y/(n4-I) ^ 


Put 




Thus €n 0. Further 


k^’‘\z) 

n\ 


< for l^l < ri 


(4) 


3. For every n > TV we determine a number (for example, the smallest 
one) kn with 

kn>P (5) 

and 

(j7;«b)^ < 1+* (») 


Obviously, we can choose a sequence B CZ A such that if n e -B then « + 1. 
» + 2, ..., n 4* are not in B. Summing up: There exists a sequence 
B « {n-} with «v+i — > kn^ and such that equations (3), (4), (5) and 

(6) and n> N hold for « «B. 


4. Consider ... -- — ] for a value « « B. According 

\ On On^^kn *" 1 / 

to Lemma III P is homogenous and therefore we can use Lemma II and 
find multipliers i?f; 4 « w, n + 1, ... « + An 1» such that |i 7 <l - 1 and 



(7) 
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In this way for every n 6 S we get a set of rjt determined. It can never 
happen that for the same i we get two different determinations of vfu for 
we have chosen the density of B sufficiently small. However, we have 
not necessarily determined ijt for every value of i « 0, 1,2, .... For 
those which still remain undetermined we choose any values subject only 
to the restriction \rji\ ^ 

Now put 




1^ Vi\ 


Vy 


We let these w,. define k(z) — X] 

5. Now suppose that there is a number > 0, such that for n > M 
k^^\z) has no zero in \z\ < r^. Then the same is true in | 2 | < r =*= Min 
(ri; Ti). It is therefore possible to apply Lemma III to k{z). We use 
the same symbols for k(z) as were used in Lemma III for f{z). According 
to (4) we have \fCnM\ ^ for \z\ < r. Cauchy’s formulas then give 

''•'ML , ^ rnW ^ I L I l/(« + l) 


gn 


k\ 


Further |g„(0)| 


Thus equation ((5) gives 
1 




for n > M 


kn\ g«(0) 

t). On the other hand, for « > Af and n e J5 the expression 
is equal to the left member of (7): 


(8) 


£.( 0 ) 



1 I 

^.+1 

£«( 0 ) 


K 


We observe that |c»nl > «* — 1)! Combining with (8) we get 


bn 






logl 


or 

K±i 

1.” 


log 


1 + « 


log« 


+ 


_ I tog *» 

log n knlogn 


But kn> p (6): 


kn - 1 > P - 1 
kn p 


log 


»ll+l 


log» 




log 


1 + 6 


__ ^ tog*. 

log n log 
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This holds for » > M; ntB, i.e., for a subsequence of But (3) gives 

1 ^w+ll 


log 


'< 


K 


log n 


Thus 


e < 


, 1 + « log Jfe, 

P loj? W 


for an infinity of or 0 < — (/? -- 1 )/p. But this holds for all ^ 5 and all 

positive integers p, 

I^t d —> 5 and p co. Thus 5 < “ 1. On the other hand Lemma 1 
gives 6 > — 1/p and we get p < 1. But p > 1» hence the assumption in 5 
is false, which proves the theorem. 

Dr. A. Dvoretzky has suggested that the conclusion of the theorem might 
be true even if the are permitted to take only the values +1 or —1. 
Concerning this problem 1 have found the following: 

1. The “plus-minus” theorem is true for non-entire functions and for 
entire functions of order p » or p > 2. 

2. It is of course not true for p < L 

3. The above method of proof cannot be used without a deeper study 

of the polynomials because the “plus-minus” version of Lemma II 
does not hold if ik > 2. Counter-example for « 2; -P = “• and 

the given set of values ^ « 1. 

4. The proof of the “plus-minus” theorem for p > 2 succeeds by using a 
method very much the same as the above method. The difference is that 
I do not let the numbers kn tend to infinity but give them all the value 2 
which makes it possible to use only the polynomial-Pa* » ^n\{n + 2)v>*+i — 
n^*] for which the “plus-minus” version of Lemma II happens to hold. 

5. If the “plus-minus” version of Lemma II can be shown to hold for 
Pknf k>2 then the “plus-minus” theca-em can be proved for p > k/(Jk — 1). 


RAdstr^, H., Arkiv fUrMaiffmatik, 1, No. 7 (1949). 
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HOMOTOPY GROUPS OF CERTAIN ALGEBRAIC SYSTEMS 

By P. a. Smith 

CouTMBXA University 
Read before the Academy April 26, 1949 

We shall describe an algebraic scheme giving rise to a group p% that 
can be identified as the second homotopy group when the elements entering 
the scheme are suitably interpreted. We consider particularly the group 
p 2 (X) associated with an abstract local group X. 

Let G be a groupoid.^ We denote by ii(g) and ir{g) the left- and right- 
identities of elements g in G. We call g closed if ii{g) = xVCg) “= i{g)* 
We choose a fixed identity go in G and denote by Go the group of closed 
elements g such that i(g) = go. 

Let F be a set of closed elements of G together with their inverses and 
identities. For p e F, let G(v) consist of those elements g such that f/(g) « 
got ir(g) ii(v)^ Let A * ^(G, F) be the totality of formal expressions 

a ^ {gl^Vi) {gn ♦ Vn) 

where » L e F, g< e G(vt), We introduce an associative multiplication 
into A by juxtaixjsition and a right- and left-neutral element ao. We also 
introduce an inversion J (automorphism of period 2) by the rule 

^ {gn ♦ ‘. (gi * vr^). 

Noting that hg e G{v) whenever A e Go, g « G{v) we see that the elements 
g of Go operate on A according to the formula 

h^a ^ (hgx ♦ vi) . .. {hgn « Vn)^ 

We agree that ♦ ao * ao. 

Let ^ be the mapping A —► Go defined as follows: 

^ •• - gnVngn‘^^- 

It is evident that ^(^4) is a normal subgroup of Go. Let 

PxiA) « Co/M. 

W'e shall see that in certain situations Px can be identified as the first 
homotopy group. In order to define pz we introduce an equivalence 
relation into A. We require this relation to be multiplicative in the sense 
that a b always implies axaa% a\bat. The generating relations are: 

g* i(i;) ao (g€G(p)) (1) 

aiaaa/ ~ ^(^i) ♦ <h{^i tA) (2) 

(g *»« g % (3) 
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gh ^ V g ^ hvh'^K (4) 

(3) and (4) represent equivalence relations only when the terms are mean¬ 
ingful, Thus (3) is a relation only when g e G(vi) fl G(r 2 ), vi and Vz being 
elements of V such that viv^i « (4) is a relation only when v, g and h 

are such that v e V, hvh^^ c F* gh €G{v). 

The equivalence classes of A form a multiplicative system 21. It follows 
from (1) and (3) that aa^ a^) and consequently SI is a group. It is easy 
to see that induces a homomorphism 

y:A^^{A). 

Let p^{A) be the kernel of y. The group pz(A) is contained in the center 
of 21. For suppose that a is the representative in 21 of an element of p 2 {A). 
Then 0(a) « go so that aaiU’^ ~ go ♦ *= (h for each element ait A. 

Application to Complexes, —Let 5 be a set. We fonn words with the 
elements of S as letters and denote their totality, including the empty 
word, by W(S), If 5 is a set with inversion /, two words of arc called 
word-equivalent if one can be obtained from the other by deletions and 
insertions of syllables of the form .v.r', s t G, The word-equivalence classes 
form a group which we denote by F(S), 

Now let K be a connected abstract simplicial complex and let 5 be the 
totality of the oriented 1-stmplexes. Let be the element .v of S with 
orientation reversed. The paths of K are representable as elements of 
IF(5) and the classes of word-equivalent paths form a groujxiid in a well- 
known manner. Let G(K) be this groupoid and let go correspond to a 
fixed vertex of K, Define F(Ar) as follows: an element g of G{K) belongs 
to V(K) if and only if there is a simplex of K such that some path 
representing g is composed of 1-simplexes of <rj. Let 

A(K) - A(G{Kh V{K)) 
p,iK) « Pn{A(K)) (n « 1, 2). 

Let A'* be the universal covering complex of K and let H^iK) denote the 
»-dimensional integral homology group of K based on finite chains. 

Theorem i. pi (A*) reduces to the identity; pi(K) ^ pa(A*) ^ 

If K corresponds to a finite simplicial decomposition of a polytope^ p«(A) « 

^n(A), « - 1, 2. 

Application to Local Groups^ —^Let £ be a set admitting a composition 
function ei « for certain pairs eu Ct such that when defined, ex • e% is an 
element of JE, and such that 

1. There exists a unique element 1 such that 1 • e and e 1 are defined 
and equal to e for every etE; 

2. There exists a unique inversion e of E such that e * is 

defined and equal to 1 for every e; 

If 0} » is defined, so is 
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4. If Cl * Bi, Bn o Bs are defined and if one of the products (bi » Bu) « Bs, 
ej o (tfi *> Bs) is defined, so is the other and the two products are equal. 

E is called a local group. Let te be a non-empty element of W{E). 
By means of the composition function B} « B 2 it may be possible to reduce 
tr to a single element of E by an insertion of parentheses. If every insertion 
of parentheses is meaningful, we call w a local word. Let LiE) be the 
totality of local words, li w e L{E), let ju(w^) be the element of F. to which 
w is reducible; it can be shown that ii{w) is unique. 

By a local subgroup of a local group E we mean any symmetric subset of 
E including the identity, converted into a local group by cutting down the 
composition function of E. 

Now let X be a local group and let Cr(-Y) be the group E(Y), X being 
regarded as a set with inversion .r —♦ .x:"" ^ Let F(Y) be defined as follows: 
an element of g in G(X) belongs to if and only if g has as representa¬ 
tive an element w in L{X) such that fjL(w) = 1. Let 

A{X) - A(G(X), ViX)) 
p„(X) = PniAiX)) (n = 1,2). 

Let Y be a local subgroup of a group (X We define a subset 0(Y, Q) 
of F(X) as follows: an element g of F(X) belongs to 0(X, Q) if and only if 
g has a representative the product (in Q) of whose letters is the identity of 
Q, We call Q simply connected relative to Y if (1) Y generates ^ and (2) 
0(Y, Q) C M(Y)/ 

It is easy to show that the so-called universal covering group of a group 
Q relative to any local subgroup Y which generates Q is simply connected 
relative to Y. 

Let Y, Y be local groups with Y a local subgroup of Y. There can be 
defined in an obvious manner an inclusion mapping i: pn{Y) pniX). 
Let 


Pn(Y,X) « iPniY). 

Theorem 2. Let Q be an arcwise connected topological group with the 
property that for every nucleus Y there exists a nucleus X such that singular 
1- and 2-spheres in Y are null-homotopic in Y. There exist symmetric 
nuclei X and Y arbitrarily smaU^ such that p^{ F, Y) » xt{Q). 

If ^ is a Lie group, it is known* that irt{Q) ** 0. Hence F, X) ^ 0 
if Y, F are suitable symmetric nuclei of a Lie group. 

Exlmmns of Local Groups .£, Y be local groups. Let be a 
mapping of E onto Y and let be the mapping W{E) W[X) induced 
by We call (E, <l>) an extension of Y if {1) ^ J[»(£) « L{X), <^„“*L(Y) * 
L{E); (2) whenever w 

Let Y, F be local subgroups of a group Q with Y a local subgroup of Y. 
We call an extension (JS, of Y extensible over Q from F if there exists 
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an extension (7", of Q such that T contains E as local sub^^oup and 

E 4> 1 E. We call the pair ( Y, X) elementary with respect to Q if every 
extension of A" is extensible over Q from F. 

We can now state a group-theoretic equivalent of the condition pui F, X) 

« 0. 

Theorem 3. Let X, F be local subgroups of a group ^ such that (2) Y 
is a local subgroup of X; {2) Q is simply connected relative to Y; {3) X 
contains no elements of order 2, A necessary and sufficient condition that 
(F, A') be elementary with resptct to Q is that /> 2 (F, X) ^ 0 

With the aid of Theorem 3, it is possible to give a proof of the existence 
of Lie groups in the large based on the vanishing of the second homotopy 
group rather than on the theorem of E. Levi,^ The details will appear 
elsewhere. 

* For definition see Keidemeister, Einfuhrun^ in die kombinatorische l^opologie, p, 27. 

* Although this seems not to be explicitly stated in the literature, it is implied in E. 
Car tan, La topologie des groupes de Lie, p. 13 and pp. 18-23. 

* See Pontrjagin, Topological Groups, p. 269 (theorem 78). 


INEQUALITIES BETWEEN THE TWO KINDS OF EIGENVALUItS 
OF A LINEAR TRANSFORMATION 

By Hermann Wevl 

Thk Institihe for Advanced Stupy, Princeton, New Jersey 
Communicated May 16, 1949 

With a linear transformation A in an «-dimensional vector space (matrix 
consisting of « X w complex numbers aw) there are connected two kinds 
of eigenvalues: the roots s = ai, ..of the characteristic polynomial 
j 1 of .4 (E — unit matrix) and the roots z = xi, . .., x« of ] zE — ./Cj 

where A' is the Hermitian matrix A*A composed of A and its Hennitian 
conjugate 4*. The ki are non-negative, and one wrmld naturally compare 
the Xj * I ai \* with the If A is normal, 4M = 44*, they coincide; 
in general, however, they do not* Arrange the k as well as the X in de¬ 
scending order, 

Xl ^ Xj ^ > . /• ^ X,i, Xjj ^ Xj ^ . 1 . ^ 

T shall prove the following 

Theorem. Let fp {\) be an increasing function of the po^im argument 
X, ¥>(X) > ^(X') for X > X' > 0, such that ^(e*) is a convex function of € and 
tp{0) ** liin fp{\) « 0. Then the eigenvalues \i and Ki in descending order 

satisfy the iruquaiitie-^ 
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^(Xl) + ■ * * + V?(Xw) £ + . . . + (tw — 1, 2, .. ., w), (1) 

in particular 

Xi" + ... + X«' < Ki* + . . . + K«* (w = 1, 2, . . ., w) (2) 

/(7r any real exponent j> > 0. 

According to a familiar argument* 

X, < Ki. C\) 

Indeed the equation Ax - a\x has a vector solution x — a 4^ 0: Aa * 
aia, aM* — hence a*A*Aa = 5^ia](a’''a) or 

a*Ka - Xi(a*a), > 0. 

Since every vector satisfies the inequality x*Kx < ki{x*x)» (3) follows. 

The linear vector transformation A induces certain linear transforma¬ 
tions A^^K A^^^ for tlie space elements (skew-symmetric 

tensors) of rank 1, 2, 3, . , w. For instance A^^^ »= ikJj^'ll is given by 


a 




fiu'i Oil' 
<hC} akku (ikv 
(^IkU 


where J and J* range over the triples (i, k, 1) and {i\ k\ V) witli tlie re¬ 
strictions i < k < ly i' < respectively. Apidication of the in¬ 

equality (3) to these matrices A^'K A^^\ ... yields the relations 

Xl < Ni, X 1 X 2 < Ki« 2, ...» Xj . . . Xm < K'l . . . (4) 

(with the equality sign prevailing in the last of them). Everything will 
be settled as soon a>s I prove the following 

Lemma: Let Xc (i — 1, .. .,m) he non-negative numbers such that 

Xi> X2> ... > X^ (5) 

and 

Xl < Kt, XiXa < ki#c 2, ...» Xl , . . X^ < (6) 

then 

(»»1, (7) 

for any function *p of the nature described in the Theorem. 

Of two real numbers a, fl let max.(a, /?) denote a if a > /? and 0 if 
0 > a, With a variable argument z> 0 form the functions 

m m 

/(a)* n maTi.(l,M) and «(*) “ n tnax.(l, X#). 

t m I i - i 
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Then 


< /W for 2 > 0. (8) 

Indeed set 

gi{z) = 1 for t “ 0 and gi(z) * Xi ... XtZ* for i =« 1» .,., w 

and distinguish the intervals {O}, {l}, {m — l}, {m} as defined by 

Xi2 < 1, Xi2 > 1 > Xa2, , . ., X„~ i2 > 1 > X„s, X„2 > 1. 

Then g(z) = g<(2) for 2 in {t}. But, because of (0), ^<( 2 ) < fi(z) < f(z)t 
hence (8) holds in each of the m + 1 intervals. 

With an increasing function ^( 2 ) one can form the Stieltjes integral 

Jl’" loggiz)-d\l^{z) ( 9 ) 

provided y** log 2 .( 2 ) converges. Here 

V’(X) = log max. (1, \z)-d4'(z) = X jn log (XjK)-d^(0). (10) 

It is clear how (8) by means of (9) and the corresponding formula for 
f(z) leads to (7). 

Set X « eK If ^(X) = G({) is a given function satisfying the conditions 
of the Theorem, it can be expressed by means of a non-decreasing function 
G'(0 in the form 

C({) “ G'itydt » it - i)-dG\t). (11) 

(The integration per partes is justified since 

~t.G'it)< 2.f,‘^*G'{r)-dr 


converges to zero for f — oo.) (10) goes over into (11) by the substitu¬ 

tion 2 « e“'S ^(e) « 

Of the inequalities (2) thus proved, the most important is the last 
w « n, which is independent of any arrangement of the and X<, 

Xi*+ ... +K^<kC+ ... +K/. (2') 


Its application to ... yields the further relations 

fi < n < it 

0 < <* < <1 <T| < it 


(2'0 


( 2"0 


where all the indices »i, it, i .range from 1 to n. Together they state 

that the polynomial Qtiz) ■> n (1 + X*'*) is majorized, coefficient for 

i - i 
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coefficient, by the polynomial P,(a) « II (1 + Ki^z). In the limit for 

I « 1 

,v —► 00 they lead back to the relations (4). 

If A is non-singular, has the eigenvalues and the eigenvalues 
of A*~'^A'”^ coincide with those of A*(A'^^^A^^)A*~^ =« A^'^A'*'^^ ^ 
i.c,, with the Ki~K Hence by application of (1) to A~^ corre¬ 
sponding inequalities 

Z) <pM < Z (m = n, .. 1) 

i * m i •" w 

will result for any decreasing function ^(X) for which <^(X) 0 with X —* w 

and is convex; in particular for ^(X) ~ with a negative exponent 
s. This shows that for a non-singular A the inequalities (20 and also 
(2'0» (i2"0» • • • are valid even for s < 0. 

Facts and proofs, except the last remarks which depend on the con¬ 
sideration of ^ S carry r)ver to completely continuous linear operators 
A in Hilbert space, especially to continuous kernels of integral equations. 

Long ago I. Schur proved (20 for .v L* Recently S. H. Chang 
showed in his thesis® that, in the case of integral equations, convergence 
of implies convergence of Zt^<** These two facts led me to conjecture 
the relation (20, at least fur s < I, After having conceived the simple 
idea for the proof, I discussed the matter with C. L. Siegel and J. von 
Neumann; their remarks have contributed to the final form and generality 
in which the results are presented here/ 

^ For a generalization of this inequality see A. Loewy and R. Brauer, ‘*Ueber einen 
Satz fiir unitare Matrizen,’* Tdhoku Math, Jour., 32, 44-49 (1930), formula (13) on 
p. 48. 

* Schur, I., '‘Ueber die charakteristischen W^urzeln eiiier iinearen Substitution, mit 
eiuer Anwendung auf die Theorie der Integralgleichungeii,’' Math. Ann., 66 , 48H-510 
(1909). 

* Chang, S. H., “Theory of Characteristic Values and vSingular Values of Linear 
Integral Equations,” Thesis, Cambridge, England, 1948; also, “On the Distribution of 
Characteristic Values and Singular Values of L* Kernels,” Trans. Am. Math. Soc, (1949), 

* While this note was in print a result due to J. Karamata, ''Sur une in^galit^ relative 
aux fonctions convex,” Publ. Math. Univ. Belgrade, 1, 146-148 (1932), that comes very 
near to our lemma, was pointed out to me. 
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SEPARATION OF THE VARIABLES IN THE ONE^PARTICLE 
SCHROEDINGER EQUA TION IN S^SPA CE 

By Luther Pfahler Eisekhart 
Fine Hall, Frin^ceton, New Jbrbby 
Commumcated May 7, 1949 

The one-partide Schroediuger equation in Cartesian co5rdinates 
yi(i ~ L 2, 3) of eudidean 3-space is 

+ k\E - 10^ - 0 (*• * 1. 2. 3). (1) 

i Oyi^ 

where E is the energy and V the potential. For any orthogonal system 
Xi in the space the fundamental quadratic form of the space is 

ds^ * S/fi* dxi\ (2) 

i 

where 





2^^ = 0 k). 


For the coordinate system Xi the above equation is 




4 - k^(K - V)4> 


0 , 


( 3 ) 


where H is the product of the Hi’s, that is if “ n//<. If one seeks a solu- 

i 

tion of this equation of the form 

^ (4) 


where is a function of Xt alone, the equation may be written 


hAx> 


, ^ dxt * X 


d 


+ k^{E -- F) « 0. 


( 5 ) 


where the primes indicate derivatives. 

A necessary and sufficient condition that the quantity in parentheses 
involve Xt at most is that 


** (6) 

■»! 

where is a function of Xt alone and 4'i does not involve x,. Multipl)ring 
together the three equations (6) we obtain 

H « (7) 
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and consequently 

Hx^ = = tfistpiMi, Ht* =* ( 8 ) 

If the potential energy in the coordinate system Xt is such that 

h^{E - VO = 2 A (9) 

where /,• is a function of Xi iUone, the equation (5) multiplied by IJ may be 
written in the form 

2: + - ~ + /<) = 0. (10) 

in consequence of (6), Consequently for solutions of the ordinary 
differential equations 


Xx" +'^Xx' 0 (11) 

equation (4) is a solution of equation (3). 

Although equation (3) was assumed to be the equivalent of equation 
(1) expressed in terms of an orthogonal system Xt in euclidean 3-space, 
the procedure following equation (3) applies to any 3-space whose funda¬ 
mental quadric form is given by (2) when the are of the form (8), 

In what follows we derive the forms (8) when the 3-space is euclidean. 
A first requirement is the Riemann tensor equation ® 0(f, j,k 
that is^ 


. d log d log if,® 

g ■ — ■ q-. ■■ —. - '' ■ ■' 

dXjdXk dxj dX/t 


From (8) we have 


d log ff t* d log /// _ 

dXj dXt 

d log d logllk^ 
dxx, dxj 


d» log IIf» 
dxjdxk 


( 12 ) 


so that the condition is 


d log ffi> d log ffj* __ d log //,«dlog/f/ _ d log /fd log gt * ^ 
dxj &*» &*'; 5** itet d«/ 

(13) 


If we put 
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I . aai <xi 2 

h = -, V'2 » .1^'S =-, 

V>l^s 

where a<; is a function of Xi and at most, we have from (8) 

X/ 2 — rr 5 "2Aan a8ia28 

-7/2^ . - » ^^8 “T’- 

V?l w 

For these expressions equations (13) are 

5x2 \ dxa djcj / d^Ca 5^:2 

^ 0^28 / d log a i 2 _ d log ofaA d log afi 2 d log a^i 

dxi \ bxi bxi ) dxi dxs 


/ e> log 

\ £):ri 


0, (16) 


d log asi log 0^23 d log aiaX log af 28 d log tti 2 


l^asi 1?J 
ri ^ V^'d 


5x2 5xi 


If the first and second of these equations are multiplied by and 

dxi 

- —^ respectively and added, we obtain 

5X2 


5 lo g ai 2 5 log an 5 log an 5 log an 5 log a 28 5 log <xzi _ 

5xi 5x2 5x3 ^^2 5x3 5xi 

The same result follows if the first and third of equations (Hi) are multiplied 
5 log Ctzi ^ l^R ^81 

by —::-and —r-respectively and added; also if the second and 

5xi 5xi 

- . ^ 1^8^ ^ ^ log ^28 . • 

third are multiplied by —- and —--— respectively and added, 

0 X 2 0 X 3 

We consider first the case when none of the terms in (17) is zero. When 
the equation is written in the form 

d log an d log g»i d log oiM 
&*i dx, dxt 

. . . '■*'*' .. • . — jsft Q 

d log ai 2 d l og Oil d log « a, ’ 

d«i dxt 


it is seen that the first and second parts of the first term do not involve 
Xt and Xt, respectievly, but combined they involve only Xt and *». If, 
then, we put 
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6 log «ia 

» aizXi, 

d log «« _ 

*—flisyfa, 


dxi 




& log ass 
dxi 

= UzzXiit 

3 log ass 
dx. 

—asfXs, 

(18) 

i> log a<i 
dafg 

= flaiATg, 

5 log an 

-- ISC 

da^i 

^az\Xi, 



where Xi is a function of alone, and of Xi and Xj, equation (17) is 
satisfied. Substituting these expressions in equations (16), we obtain a 
single condition on the quantities which may be written in the form 


aiz (Hz a3i 

Differentiating this equation with respect to xi and ;: 2 » we find that — 

flu 

is the sum of a function of Xi and one of Xt; similarly for the other two terms 

in this equation. Accordingly we have — ~ cr^ — as the solutions of 

this equation. Substituting these expressions in the first two of equations 

X X 

(18), we find as the condition of integrability — ^that \$Xi =« n<Ti\ 

ax a% 

X% =* where » is a constant. For the other two of equations (18) 
we obtain likewise Xz « naz\ Accordingly, the solution of (18) is aij = 
(ai — aj)^t to within a negligible constant factor. From these results 
and (15) we have that by a suitable choice of Xt 

» X,(x, - xj^ix, - x,r m k ^) (19) 


where is a function of Xt alone. 

If in the first two of equations (18) X\ and Xz are interchanged, in the 
second two X% and ATg, and in the third Xz and X\, one again obtains the 
result (19). 

We consider next the case where an is a function of Xx alone. From 
(17) it follows that azi is a function of xi alone or an of Xt alone. We 
investigate these two cases, 

1*^. an =« flu «ii where and n are functions of xi. The first 
of equations (16) is satisfied and the other two reduce to 


d log au - Il\ « 0 

\<ri Ti / 


djog^/ffji' _ tA ^ ^ 
i>X2 \ai u / 


For au * const, we have from (15) by suitable choice of ac. 




(20) 
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For the other solution n — Cffi we have 

^ W - // 8 = - iriaju, 


( 21 ) 


where an is an arbitrary function of Xz and xz. 

2®. an = au an == (Tj. The first and third of equations (16) arc satisfied 
by these values and the second reduces to 


\<ri dxj / (Ta d:x*}, 


of which the solution is 


an — {atri + b(rz)f 


where a and b are constants and / is an arbitrary function of 


Zl 


For 


this case we have 

= (ocr. + bc,)f(^y 




cri<ri. 


( 22 ) 


If we take an ^ (Tz, that is a function of XZf and proceed as above, we 
obtain results equivalent to the above ones. Hence the cases (19), (20), 
(21) and (22) constitute the possibilities. 

We have yet to apply to these cases the requirement « 0, that is* 




&»log// , 


r , log 




d log 


log d HA 1 
bx, dxt^H.O H^dx, dx^ “ ® 


(», j, k 9^). 


For the form (20) by a suitable choice of Xt have „ 

JFfi* = Ht^ =1, • ' //** «» xi*, (20a) 

For (21) we have 

//i* - 1. - //,* - (o*. + ft)*«„, (21a) 

where a and b are arbitrary constants and au is subject to the condition 

(^» + ^,) + 2a*at. - 0. (24) 

For (22) the conditions (23) for ♦ « 2, j «= 1, 3 are 

*6 cVi* + 2d<ri, « — cVj* + (26) 


where c, d and e are constants and / 


d- 6(ri 


Hence we have 
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=*= cci + dazt 

These values satisfy identically equations (23) for i ^ 1, j “ 3. 
For the expressions (19), the equation (23) for t = 1, j ~ 2 is 


(22a) 


{X% 

(-1)"‘^HX2 


W' {(*. - *.)■"' [(>^. - - (-^-“1;’ + ”) + 

«.)■+{(». - - (=^~; + »)!;]} 




When this equation is differentiated with respect to Xs, Xz appears in the 
result either in the form {x\ — Xs)”+^Xs or (xa — X 3 )"^*X 8 , Hence the 
coefficient of Xa"“^^ must be equal to zero. This gives the equation 




+ (w + 3)(xi — Xa) + 2(n + 

[<” + ‘>(*'-'■)(:?,) - + 2)^;] - 0. 


(27) 


Differentiating this equation once with respect to .r* and twice with respect 
to xi, we obtain 


o 



m 


(-l)"+>(« + 1) 



Hence each member of this equation is a'cbnstant, say 12c«. Accordingly 


1 

a; 


-j- ffliXj® H“ 0*^2 ”1“ di, (- 


• !)"+■(«+ 1)^- = 


2(ooJCi* + bixi^ + bid 4- bt). 


where the a’s and b’% are constants. Substituting in (27) we find that 
« •* 1, i, ** a,. Hence, if we put for f «= 1, 2 

/(x,) <= aox,’ + OiX,’ + a%Ki + Oi, ( 28 ) 


we have that \/Xi =■ /(xi) and 17 X 2 = /(jp*), and from (26) I/X 2 » f(xi). 
Consequently (19) is of the form 


m - 


{Xt_ - X/)(x , - X,t) 

7(x,) 


(*.i. v ?«) 


(19a) 


In 1927 Robertson^ considered the equation (5) for an n-space and sought 
the conditions that the //,* must satiirfy in order that there be a solution 
of the form HA', involving « — 1 arbitrary constants other than E such 
that the quantities A', are solutions of ordinary differential equations. 
Assuming equations (8) and that a certain matrix be of rank it he proved 
that it is necessary and sufficient that the quantities Hf* be of the form 
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derived by StSlckel in 1891 in seeking a solution of the form ZXi of the 

Hamilton-Jacobi equation, the quantities //<® being subject to a certain 

/ 

condition and that V be of the form Z ~ where /< is a function of Xi at 

t /// 

most. 

In 1934 I proved that necessary and sufficient conditions that quantities 
//<* be of the Stackel fonn are^ 

log ^ d log d log /// _ ^ 

^ibxj i>Xj dxi 

log 

dx^^Xf^ 


Since the forms (20a), (21a), (22a) subject to (25), and (19a) satisfy 
(12) and (13), the second set of (29) are sativsfied. All of the forms satisfy 
the first set of equations (29) except (21a); in the latter case (21a) is 
replaced by 

» 1, i/j^ »= //j* =w ((ixi 4“ &)(<J^2 + (21b) 

where and are functions of X 2 and Xa respectively. 

In a recent paper* there are given the various Stackel forms of //<“, 
corresponding to suitable choices of x< and of the constants in the above 
forms, and the relations of Xi and cartesian coordinates of the space. In 
particular, (20a) appears as I; (21b) subject to (24) as II“V; (22a) subject 
to (25) as VI-VIII; (19a) as IX, X. 

When 0123 in (21a) is not of the fonn ^2 + <rt but any other solution of 
(^4) the quantities are not of the Stackel form. 

^ Eisenhart, L. P., Hiemannian Geometry^ Princeton University Press, p. 119. 

* Pobertson, H. P., "Beraerkung iiber separierbare Systeme in der Wellenmechanik,*' 
Maih. Am., 98, 749-^762 (1927). 

* Eisenhari, L. P., ^'Separable Systems of Stackel,** Ann. Math., 35, 284-305 (1934). 

* Eisenhart, L, P., '‘Enumeration of Potentials for Which One-Particle Schroedlnger 
Equations Are Separable,*' Phys. Rev., 74, 87-89 (1948). 


dlog d log ^ d log d log 11/ ^ 
dxj dxjt dx; dXf. 

d log d log 






0. (29) 
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PHYSICAL FAMILIES IN CONSERVATIVE FIELDS OF FORCE* 

By Edward Kasner and John De Cicco 

Departments of Mathematics, Columbia University, New York, and Illinois 
Institute of Technology, Chicago 

Communicated May 7, 1949 

J* A system 5* of <»* curves in a field of force, where the force vector 
acting at any point of a given region of the plane depends only on the 
position of the point, consists of curves along which a constrained motion 
is possible such that the pressure P is proportional to the normal com¬ 
ponent N of the force vector. Thus P = kN where k{4~ — 1) is the 
constant factor of proportionality.^ 

There is no loss in generality in assuming that the particle is of unit mass. 
The speed of the particle is denoted by v. The arc length and the radius 
of curvature of a curve C are represented by .v and r. The subscript s 
means total differentiation with respect to .v, whereas subscripts x and y 
signify partial differentiations. Finally primes denote total differentiation 
with respect to x. 

The equations of motion in intrinsic form of a system S^of curves are 
t.2 «= (i + ^)rN, w, = r, (1) 

where T and N are the tangential and normal components of the force vector. 

The important special cases of physical interest of a system 5* are (a) 
dynamical trajectories, = 0; (6) general catenaries, k ^ (c) general¬ 
ized brachistochrones, jfe — 2, (d) velocity curves, ^ , 

In (1), it is assumed that — 1 and ife 4= “. Thus, a velocity syste n 
which is a limiting case of 5jt as k becomes infinite must be given separ A e 
treatment.^ A curve C is a velocity curve corresponding to the speed if 
any particle, projected from any point of C in the direction of C with t e 
speed To, describes a trajectory which is initially osculated by C. Th s 
a velocity system S^ is defined by the equation 

- rN. (2) 

2^ In a conservative field of force, the work done in traversing a path 
C, namely PT = 7c Tds^ is independent of the path. Therefore in a 
conservative field of force, the speed r of a particle at a point {x, y) is given 
by the energy equation 

-■ = W{x, y) + h, (3) 

where h is the constant of energy . 

The components 7' and N are given by the equations 
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Wr J + W, 

as as 


N - W, 


dx 

ds 


w.i}. 

ds 


(4) 


In a conservative field of force, the equations (1) admit a first integral 


« {k+\)rN ^ 2{W + h), (5) , 

Therefore a system 5jt, where k ^ and it ,in a conservative field of 
force, consists of the integral curves of the second order differential equation 


y 


w 


k + 1 Wy - y'W ^ 
2 ~ W + h~ 


(1 +/ =)■ 



By (2), it is found that the system of velocity c-urves in a c^servative 
field of force consists of the integral curves of the second order differential 
equation 


y” *= ,7i - y'w,){i + /»). 

Vo 


(7) 


3. Let a surface X of spacie be mapped conformally upon the given region 
of the plane. The linear element da of Xisda ^ y)ds « y)(dx^ + 
'dy^y^\ where y) > 0. 

The geodesiCvS of X are the extremals of the variation problem 

J^fjds =« min. (8) 

By Euler’s equation, the geodesics of X are the integral curves of the 
second order differential equation 

y^ = ~ iuv — y'M»)(i + y' *). (9) 

The extremals of a variation problem of the form (8) are said to form 
a natural family. Thus any natural family of the plane consists of the 
integral curves of a second order differential equation of the form (9). 

4. A system 5*, where ife 4= —1 and * 4= <», in a conservative field offeree 
can be separated into «> ^ natural families, each defined by the energy constant 
h. These are the extremals of the variation problem 

Xv^'^^ds » min,, or =« min. (10) 

This follows from (6) and (9). 

A velocity system 5„ in a cmservalive field of force can be separated into 
00 J natural families, each defined by the speed Vo, These are the extremals of 
the variation problem 

Xe^^*^^ds min. (11) 

from (7) and (9) 
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5, Assume that ds is the linear element on a surface 21 so that 

ds^ ^ E{x, y)dx^ + 2F{x, y)dxdy + 0{x, y)dy^, (12) 

where K, F, G are defined over a region of the {x, y) plane such that PIG — 
F* >0,E> 0, G > 0. 

If this ds is used, the extremals of (10) define a system on the surface 

and the extremals of (11) define a velocity system on 21. The variation 
problem (8) defines a natural family on 2. 

If a surface Xj is represented on the surface X by a point transfornmtion, 
then all natural families on X| are depicted as natural families on X if and 
only if the representation is conformal. 

The linear element da of Xi is da ^ /u(x, y)ds^ where nix, y) > 0. 

6, A system on the surface X, defined by (10), is represented on the 
surface Xi by the variation problem 

J L;^+T)J 

Hence the ® i related natural families forming a system 5*: on X, found by 
varying A, go over by conformal representation into ^ natural families 
which are not usually related, that is, do not form a whole system 5*1 on 
Xi. 

In the homothetic case, m ^ const., every whole system S* of * curves 
on X becomes a whole system 5* (with the same value of A) of oa» curves 
on Xi. 

In any non-hontoihic conformal representation of a surface Xi upon a 
surface X, there is a unique conservative force whose whole system 5*, {where 
A 4^ — i and k ^ oo)^ on X is converted into a whole system 5* {with the same 
value of k) of same conservative force on Xi. The work functions W and 
W\ on Z and Xi are 

W = Wt = \/W, (14) 

except for constant factors. 

There is no whole system 5* on X which by the non-homothetic con¬ 
formal map becomes a whole system 5*i on Xi with kx 4'- k. 

Similar remarks apply to velocity systems. In any non-homothetic 
conformal representation of a surface Xi upon a surface X, there is a unique 
conservative force whose whole velocity system on X is converted into a 
wAofe velocity system of some conservative force onXi. The work functions 
W and WionX and Xi are 

W ^ Wi ^ log u ^ log do/ds, (15) 

except for constant factors, 

Ilae work function 1^ of (15) in a conformal representation 
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upon another plane is a harmonic function. Thus the fields of force 
obtained are inevitably Laplacian. 

* Presented to the American Mathematical Society, 1949. 

1 Kasner, E., “Differential Geometric Aspects of Dynamics/’ Amer, Math. Soc. Coll. 
Puhl.y 1913, 1934, 1948. See series of papers in Trans. Amer. Math. Soc,, 7-'!!, 1906- 
1910. 

* Kasner, E., “Physical Curves/* PRoc. Nat. Acad. Sci., 33, 24fV-251 (1947); and 
additional papers by Kasner and De Cicco in these Proceruinos. 


Addendum 

Bounds for the Solutions of a Second-Order Linear Differential Equaliort 

It has been brought to the writer’s attention that the first stated result 
of the note published under this title in these Proceedings, 35, 190-191 
(1949), was proved earlier by Z. Butlewski, see “Sur les int^grales d une 
^uation diff^rentielle du second ordre,'’ Matkematica {Cluj), 12, 42 (1936). 

Walter Leighton 
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•Noyes, W. Albert, Jr. (1950) •Wilson, Edwin B. (1953) 

•Wright, F. E. (1951) 


MEMBERS 

The number in parentheses, following year of election, indicates the 
Section to which the member belongs, as follows: 

(1) Mathematics (7) Botany 

(2) Astronomy (8) Zoology and Anatomy 

(3) Physics (9) Physiology and Biochemistry 

(4) Engineering (10) Pathology and Bacteriology 

(5) Chemistry (11) Anthropology 

(8) Geology (12) Psychology 

Abbot, Charles Greeley, 1915 (2), 4604 Haring Lane, Bethesda, Md 
Adams, Comfort Avery, 1930 (4), 417 West Price Street, Philadelphia 44, 
Pa. 

Adams, Leason Heberling, 1943 (3), Geophysical Laboratory, Carnegie 
Institution of Washington, 2801 Upton Street, N. W., Washington 8, 
D. C. 

Adama, Roger, 1929 (5), University of Illiaois, Urbana, Ill. 


Members of the Executive Committee of the CouncU of the Academy. 
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AdamSi Walter Sydney, 1917 (2), Mount Wilson Observatory, Pasadena 
4, Calif. 

Addis, Thomas, 1944 (10), Institute for Medical Research, Cedars of 
Lebanon Hospital, 4751 Fountain Avenue, Los Angeles 27, Calif, 

Adkins, Homer, 1942 (5), 369 Chemistry Building, University of Wis¬ 
consin, Madison 6, Wis. 

Aitken, Robert Grant, 1918 (2), 1109 Spruce Street, Berkeley 7, Calif. 

Albert, Abraham Adxian, 1943 (1), Department of Mathematics, Uni¬ 
versity of Chicago, Chicago 37, 111. 

Alexander, James Waddell, 1930 (1), 29 Cleveland Lane, Princeton, N. J. 

Allen, Charles Elmer, 1924 (7), Room 103, Biology Building, University 
of Wisconsin, Madison 6, Wis. 

Allen, Eugene Thomas, 1930 (6), The Irvington, 135 Pleasant Street, 
Arlington 74, Mass. 

Allison, Samuel King, 1946 (3), Institute for Nuclear Studies, Univer¬ 
sity of Chicago, Chicago 37, Ill. 

Alvarez, Luis Walter, 1947 (3), Radiation Laboratory, University of 
California, Berkeley 4, Calif. 

Anderson, Carl David, 1938 (3), California Institute of Technology, 
Pasadena 4, Calif. 

Anderson, John August, 1928 (2), P. O. Box 332, Pasadena 17, Calif. 

Anderson, Rudolph John, 1946 (9), Department of Chemistry, Yale 
University, New Haven, Conn. 

Armstrong, Charles, 1944 (10), National Institute of Health, Bethesda 14. 
Md. 

Avery, Oswald Theodore, 1933 (10), Hoods Hill Road, Nashville 5, Tenn. 

Babcock, Ernest Brown, 1946 (7), Department of Genetics, University 
of California, Berkeley 4, Calif. 

Babcock, Harold Delos, 1933 (2), Mount Wilson Observatory, Pasadena 
4, Calif. 

Bacher, Robert Fox, 1947 (3), Division of Physics, Mathematics, and 
Astrophysics, California Institute of Technology, Pasadena 4, Calif. 

Bachmann, Werner Emmanuel, 1941 (5), University of Michigan, Ann 
Arbor, Mich. 

Bailey, Irving Widmer, 1929 (7), Biological Laboratories, Harvard Uni¬ 
versity, Cambridge 38, Mass. 

Bailey, Liberty Hyde, 1917 (7), Bailey Hortorium, Ithaca, N. Y. 

Bainbridge, Kenneth Tompkins, 1946 (3), Department of Physics, Har¬ 
vard University, Cambridge 38, Mass. 

Ban, Eric Glendinning, 1948 (9), Department of Biological Chemistry, 
Harvard University Medici School, Boston 15, Mass. 

Bancroft, Wilder Dwight, 1920 (5), 7 East Avenue, Ithaca, N. Y. 

Bard, PhiUp, 1944 (9), Johns Hopkins Medical School, 710 North Wash- 
in^n Street, Bedtimore 5, Md. 

Bartelmez, George William, 1949 (8), Department of Anatomy, Uni¬ 
versity of Chicago, Chicalfo 37, HI. 

Sartiatt, Paul Doughty, 1947 (5), Harvard University, 12 Oxford Street, 
Cambridge 38, Mags. 
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Baxter, Gregory Paul, 1916 (5), T. Jefferson Coolidge Jr. Memorial 
Laboratory, Harvard University, Cambridge 38, Mass. 

Beach, Frank Ambrose, 1949 (12), Department of Psychology, Yale 
University, 333 Cedar Street, New Haven 11, Conn. 

Beadle, George Wells, 1944 (7), Department of Biology, California Insti¬ 
tute of Technology, Pasadena 4, Calif. 

Beams, Jesse Wakefield, 1943 (3), Rouss Physical Laboratory, Univer¬ 
sity of Virginia, Charlottesville, Va. 

Bell, Eric Temple, 1927 (1), California Institute of Technology) Pasadena 
4, Calif. * . 

Berkey, Charles Peter, 1927 (6), Department of Geology, ColiHnbia Uni- 
versity, New York 27, N, Y. 

Berkner, Lloyd Viel, 1948 (3), Carnegie Institution of Washington, De¬ 
partment of Terrestrial Magnetism, 5241 Broad Branch Road, 
N. W., Washington 15, D. C. 

Bethe, Hans Albrecht, 1944 (3), Cornell University, Ithaca, N. Y. 

Bigelow, Henry Bryant, 1931 (8) Museum of Comparative Zoology, 
Harvard University, Cambridge 38, Mass. 

Birge, Rajrmond Thayer, 1932 (3), University of California, Berkeley 4. 
Calif. 

Bjerknes, Jacob, 1947 (3), Department of Meteorology, University of 
California, Los Angeles 24, Calif. 

Blackwelder, Eliot, 1936 (6), P, O. Box N, Stanford University, Calif. 

Blake*, Francis Gilman, 1947 (10), Yale University vSchool of Medicine, 
333 Cedar Street, New Haven 11, Conn. 

Blakeslee, Albert Francis, 1929 (7), Genetics Experiment Station, Smith 
College, Northampton, Mass. 

Blalock, Alfred, 1945 (10), Johns Hopkins Hospital, Baltimore 5, Md. 

Bliss, GUbert Ames, 1916 (1), Flossmoor, Ill. 

Bloch, Felix, 1948 (3), Department of Physics, Stanford University, 
Stanford University, C^if. 

Bogert, Maraton Taylor, 1916 (5), 1158 Fifth Avenue. Apt. 14B. New 
York 29, N. Y, 

Bolton, Elmer K., 1946 (5), Department of Chemistry, E. I. du Pont dc 
Nemours & Company, Wilmington, Del. 

Boring, Edwin Garrigues, 1932 (12), Memorial Hall, Harvard University, 
Cambridge 38, Mass. 

Bowen, Ira Sprague, 1936 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Bowen, Norman Levi, 1935 (6), Geophysical Laboratory, Caniegie Insti- 
^tmn of Washington, 2801 Upton Street, N. W., Washington 8, 

Bowman, Isaiah, 1930 (6). Johns Hopkins University, Baltimore 18, Md. 

Bradley, Wilmot Hyde, 1946 (6), United States Geological Survey, Wash* 
ingtoh 25, D/C. 

Breit, Gregory, 1939 (3), Sloane Physics Laboratory, Yale University, 
New Haven, Conn. 
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Bridgman, Percy Williams, 1918 (3), Lyman Laboratoiy of Physics, 
Harvard University, Cambridge 38. Mass. 

Briggs, Lyman James, 1942 (4), National Bureau of Standards, Washing¬ 
ton 25, D. C. 

Brink, Royal Alexander, 1947 (7), Department of Genetics. University of 
Wisconsin, Madison 6, Wis. 

Brode, Robert Bigham, 1949 (3), Department of Physics, University of 
California, Berkeley 4, Calif. 

Bronk, Detlev Wulf. 1939 (9) Johns Hopkins University,Baltimore lK,Md, 

Bucher, Waiter Hermann, 1938 (6), Department of Geology, Columbia 
University, New York 27, N. Y. 

BucUey, Oliver Ellsworth, 1937 (4), Bell Telephone Laboratories, 463 
West Street, New York 14, N. Y. 

Buddington, Arthur Francis, 1943 (6), Princeton University, Princeton, 
N. J. 

Burkholder, Paul Rufus, 1949 (7), Osborn Botanical Laboratory, Yale 
University, New Haven 11, Conn. 

Bush, Vannevar, 1934 (4), Carnegie Institution of Washington, Washing¬ 
ton 5, D. C. 

^ Byerly, Perry, 1946 (6), Department of Seismology, University of Cali¬ 
fornia, Berkeley 4, Calif. 

Campbell, Douglas Houghton, 1910 (7), Stanford University, Stanford 
University, Calif. 

Cannon, Paul Roberts, 1946 (10), Department of Pathology, University of 
Chicago, Chicago 37, Ill. 

Carlson, Anton Julius, 1920 (9), University of Chicago, Chicago 37, Ill. 

Carmic^el, Leonard, 1943 (12), Tufts College, Medford 55, Mass. 

Castle, William Bosworth, 1939 (10), Boston City Hospital, Boston 18, 
Mass. 

Castle, William Ernest, 1915 (8), 421 Spruce Street, Berkeley 8, Calif. 

Chandler, William Henry, 1943 (7), College of Agriculture, University 
of California, 405 Hilgard Avenue, Los Angeles 24, Calif. 

Chaney, Ralph Works, 1947 (6), Department of Paleontology, Univer¬ 
sity of California, Berkeley 4, Calif. 

Child, Charles Manning, 1935 (8), Jordan Hall, Stanford University, 
Stanford University, Calif. 

Clark, William Mansfield, 1928 (9), Johns Hopkins Medical School, 710 
North Washington Street, Baltimore 5, Md. 

Clarke, Hans Thacher, 1942 (9), College of Physicians and Surgeons, 630 
West 168th Street, New York 32, N. Y. 

Cleland, Ralph Erskine, 1942 (7), Indiana University, Bloomington, Ind. 

Coble, Arthur Byron, 1924 (1), Haverford College, Haverford, Pa. 

Coblentz, WiUiam Weber, 1930 (3), 2737 Macomb Street, N. W„ Wash- 
ington 8, D. C. 

Cochnme, Edward Lull, 1945 (4), Department of Naval Architecture and 
Marine Engineering, Massachusetts Institute of Technology, Cam¬ 
bridge 39, Mass. 
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Coggeshall, Lowell Thelwell, 1949 (10), Division of Biological Sciences, 
University of Chicago, Chicago 37, Ill. 

Cohn, Edwin Joseph, 1943 (9), Harvard Medical School, Boston 15, Mass. 

Cole, Rufus, 1922 (10), Mt. Kisco, N. Y. 

Compton, Arthur Holly, 1927 (3), Washington University, St. Louis 5, Mo. 

Compton, Karl Taylor, 1924 (3), Research & Development Board, Room 
3E600, Pentagon, Washington 25, D. C. 

Conant, James Bryant, 1929 (5), Harvard University, Cambridge 38, 
Mass. 

Condon, Edward Uhler, 1944 (3), National Bureau of Standards, Wash¬ 
ington 25, D. C. 

Conklin, Edwin Grant, 1908 (8), Princeton University, Princeton, N. J. 

CooUdge, William David, 1925 (3), 1480 Lenox Road, Schenectady, N. Y. 

Cope, Arthur Clay, 1947 (5), Department of Chemistry, Massachusetts 
Institute of Technology, Cambridge 39, Mass. 

Cori, Carl Ferdinand, 1940 (9), School of Medicine, Washington Univer¬ 
sity, Euclid Avenue and Kingshighway, St. Louis 10, Mo. 

Cori, Gerty Theresa, 1948 (9), Department of Biological Chemistry, 
School of Medicine, Washington University, Euclid Avenue and 
Kingshighway, St. Louis 10, Mo. 

Comer, George Washington, 1940 (8), Department of Embryology, 
Carnegie Institution of Washington, Wolfe and Madison Streets, 
Baltimore 5, Md. 

Couch, John Nathaniel, 1943 (7), University of North Carolina, Chapel 
Hill, N. C. 

Crew, Henry, 1909 (3), 620 Library Place, Evanston, Ill. 

Curme, George Oliver, Jr,, 1944 (4), Carbide & Carbon Chemical Corpo¬ 
ration, 30 East 42nd Street, New York 11, N. Y. 

Daly, Reginald Aid worth, 1925 (6), 23 Hawthorn Street, Cambridge 38, 
Mass. 

Danforth, Charles Haskell, 1942 (8), Department of Anatomy, Stanford 
University, Stanford University, Calif. 

Daniels, Fanin^^on, 1947 (5), Department of Chemistry, University of 
Wisconsin, Madison 6, Wis. 

Davis, Bergen, 1929 (3), 44 Morningside Drive, New York 25, N. Y. 

Davis, Hallowell, 1948 (9), Central Institute for the Deaf, 818 South 
Kingshighway, St. Louis 10, Mo. 

Davisson, Clinton Joseph, 1929 (3), Department of Physics, University of 
Virginia, Charlottesville, Va. 

Day, Arthur Louis, 1911 (6), 9113 Old Georgetown Road, Bethesda 14, 
Md. 

Debye, Peter, 1947* (5), Baker Laboratory, Cornell University, Ithaca, 
N. y. 

DelbrOch, Max, 1949 (7), Kerckhoif Laboratories of Biology, California 
Institute of Technology, Pasadena 4, Calif. 


* Elected a foreign associate in 1981; became member on naturalbsatior. 
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Demerec^ MUislA?, 1946 (8)» Department of Genetics, Carnegie Institu* 
tion of Washington, Cold Spring Harbor, N. Y. 

Dempster, Arthur Jeffrey, 1937 (3), University of Chicago, Chicago 37, lU* 

Detwiler, Samuel Randall, 1932 (8), College of Physicians and Surgeons, 
630 West 168th Street, New York 32, N. Y. 

Dobzhansky, Theodosius, 1943 (8), Department of Zoology, Columbia 
University, New York 27, N. Y. 

Dochez, Alphonse Raymond, 1933 (10), Columbia University, Presby¬ 
terian Hospital, 620 West 168th Street, New York 32, N. Y. 

Dodge, Bernard Ogilvie, 1933 (7), New York Botanical Garden, Bronx 
Park (Fordham Station), New York 58, N. Y. 

Doisy, Edward Adelbert, 1938 (9), St. Louis University School of Medi¬ 
cine, 1402 South Grand Boulevard, St, Louis 4, Mo. 

Douglas, Jesse, 1946 (1), 2610 Glenwood Road, Brooklyn 10. N. Y. 

Dryden, Hugh Latimer, 1944 (4), National Advisory Committee for 
Aeronautics, 1724 F Street, N. W., Washington 25, D. C. 

DuBois, Eugene Floyd, 1933 (9), Cornell University Medical College, 
1300 York Avenue, New York 21, N. Y. 

Dubos, Rend Jules, 1941 (10), Rockefeller Institute for Medical Research, 
66th Street and York Avenue, New York 21, N. Y. 

DuBridge, Lee Alvin, 1943 (3), California Institute of Technology, Pasa¬ 
dena 4, Calif, 

Duggar^ Benjamin Minge, 1927 (7), Lederle Laboratories, Incorporated, 
Pearl River, N. Y. 

Dunbar, Carl Owen, 1944 (6), Peabody Museum, Yale University, New 
Haven, Conn, 

Dunn, Gano, 1919 (4), 80 Broad Street, New York 4, N. Y. 

Dunn, Leslie Clarence, 1943 (8), Columbia University, New York 27, 
N. Y. 

Dunning, John Ray, 1948 (3), Department of Physics, Columbia Uni¬ 
versity, New York 27, N. Y. 

Durand, William Frederick, 1917 (4)i Stanford University, Stanford Uni¬ 
versity, Calif. 

du Vigneaud, Vincent, 1944 (9), Cornell University Medical College, 
New York 21, N. Y. 

Einstein, Albert, 1942* (3), The Institute for Advanced Study, Princeton, 
N.J. 

Sisenhart, Luther Pfahler, 1922 (1), 25 Alexander Street, Princeton, N. J. 

Elderfield, Robert Cooley, 1049 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 

Etrahjem, Conrad Arnold, 1942 (9), Department oi Biochemistry, Uni¬ 
versity of Wisconsin, Madison 6, Wis. 

Bpstaln, Paul Sophus, 1930 (3), 1484 Oakdale Street, Pasadena 4, Calif. 

IMaogart Jota[^, 1922 (9), Washington University School of Medidna, 
4580 Scott Avenue, St. Louis 10, Mo. 


* Etected a foreign associate in 1922; became mirntber oti naturalizatimi. 
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Evans, Griffith Conrad, 1933 (1), Department of Mathematics, Univer¬ 
sity of California, Berkeley 4, Calif. 

Evans, Herbert McLean, 1927 (9), Institute of Experimental Biology, 
University of California, Berkeley 4, Calif. 

Ewing, William Maurice, 1948 (6), Department of Geology, Columbia 
University, New York 27, N. Y. 

Eyring, Henry, 1945 (5), Graduate School, University of Utah. Salt Lake 
City, Utah 

Fenn, Wallace Osgood, 1943 (9), School of Medicine & Dentistry, 
University of Rochester, 260 Crittenden Boulevard, Rochester 7, 
N. Y. 

Fermi, Enrico, 1945 (3), Institute for Nuclear vStudies, University of 
Chicago, Chicago 37, Ill. 

Fieser, Louis Frederick, 1940 (5), Harvard University, Cambridge 38, 
Mass. 

Fleming, John Adam, 1938 (2), Carnegie Institution of Washington, 
1530 P Street, N. W., Washington 5, D. C. 

Fletcher, Harvey, 1935 (4), Bell Telephone Laboratories, Murray Hill, N. J. 

Folkers, Karl August, 1948 (5), Research &: Development Division, 
Merck and Company, Incorporated, Rahway, N. J. 

Foote, Paul Darwin, 1943 (4), Gulf Research & Development Company, 
P. 0. Drawer, 2038, Pittsburgh 30, Pa. 

Forbes, Alexander, 1936 (9), Harland Street, Milton, Mass. 

Francis, Thomcut, Jr., 1948 (10), Department of Epidemiology, School of 
Public Health, University of Michigan, Ann Arbor, Mich. 

Franck, James, 1944 (3), Department of Chemistry, University of Chi¬ 
cago, Chicago 37, Ill. 

Fred, Edwin Broun, 1931 (7), University of Wisconsin, Madison 6, Wis. 

Fttson, Reynold Clayton, 1944 (6), 263 Noyes Laboratory, University of 
Illinois, Urbana, Ill. 

Gamble, James Lawder, 1945 (10), 33 Edge Hill Road, Brookline, 
Mass. 

Gasser, Herbert Spencer, 1934 (9), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 

GeseU, Arnold, 1947 (12), Clinic of Child Development, Yale University 
School of Medicine, 14 Davenport Avenue, New Haven, Conn. 

Giauque, William Francis, 1936 (5), University of California, Berkeley 4, 
Calif. 

Gibbs, William Francis, 1949 (4), One Broadway, New York, N. Y, 

Gilliland, Edwin Richard, 1948 (4), Department of Chemical Engineer¬ 
ing, Massachusetts Institute of Technology, Cambridge 39, Mass. 

Gilluly, James, 1947 (6), Department of Geology, University of Cali¬ 
fornia, Los Angeles 24, Calif. 

Gilman, Henry, 1945 (6), Department of Chemistry, Iowa State College, 
Ames, Iowa 

Ooldechmidt, Richard Benedikt, 1947 (8), Department of Zoology, Uni¬ 
versity of California, Berkeley 4, Calif. 
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Ooodpa8ture» Ernest William, 1937 (10), Vanderbilt University, Nash¬ 
ville 4, Tenn. 

Goudsmit, Samuel Abraham, 1947 (3), Theoretical Physics Division, 
Brookhaven National Laboratory, Upton, Long Island, N» Y, 

Grahami Clarence Henry, 1946 (12), Department of Psychology, Colum¬ 
bia University, New York 27, N. Y, 

Graham, Evarts Ambrose, 1941 (10), Barnes Hospital, 600 South Kings- 
highway, St. Louis 10, Mo. 

Gregory, William King, 1927 (6), American Museum of Natural History, 
77th Street and Central Park West, New York 24, N. Y. 

Gutenberg, Beno, 1945 (6), Seisniological Laboratory, 220 North San 
Rafael Avenue, Pasadena 2, Calif. 

Hammett, Louis Plack, 1943 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 

Hansen, William Webster, 1949* (3), Department of Physics, Stanford 
University, Stanford, Calif. 

Harkins, William Draper, 1921 (5), University of Chicago, Chicago 37, 
Ill. 

Harrison, Ross Granville, 1913 (8), Osborn 2!k)ological Laboratory, Yale 
University, New Haven, Conn. 

Hart, Edwin Bret, 1944 (9), Biochemistry Building, University of Wis¬ 
consin, Madison 6, Wis. 

Hartline, Haldan Keffer, 1948 (9), Department of Biophysics, Biological 
Laboratories, Johns Hopkins University, Baltimore 18, Md. 

Hartman, Carl Gottfried, 1937 (8), Ortho Research Foundation, Raritan, 
N.J. 

Harvey, Edmund Newton, 1934 (8), Guyot Hall, Princeton University, 
Princeton, N. J. 

Hastings, Albert Baird, 1939 (9), Department of Biological Chemistry, 
Harvard University Medical School, Boston 15, Mass. 

Heidelberger, Michael, 1942 (10), College of Physicians and Surgeons, 
620 West 168th Street, New York 32, N, Y. 

Herrick, Charles Judson, 1918 (8), 236 Morningside Drive, S. E., Grand 
Rapids, Mich. 

Herty, Charles Holmes, Jr., 1947 (4), Bethlehem Steel Company, In¬ 
corporated, Bethlehem, Pa. 

Hewett, Donnel Foster, 1937 (6), 1460 Rose Villa Street, Pasadena 4, 
Calif. 

Hildebrand, Joel Henry, 1929 (6), Gilman Hall, University of Cali¬ 
fornia, Berkeley 4, Calif. 

Hilgard, Ernest Ropiequet, 1948 (12), Department of Psychology, Stan¬ 
ford University, Stanford University, Calif. 

Hisaw, Frederick Lee, 1947 (8), Biological Laboratories, Harvard Uni¬ 
versity, 16 Divinity Avenue, Cambridge 38, Mass. 

Hoagiand, Dennis Robert, 1934 (7), Division of Plant Nutrition, Uni- 
. versity of California, Berkeley 4, Calif. 

•Died May23,1940. 
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Hooton, Earnest Albert, 1935 (11), Peabody Museum, Harvard Univer¬ 
sity, Cambridge 38, Mass. 

Hoover, Herbert Clark, 1922 (4). Waldorf Astoria Towers, New York, 
N. Y. 

Horsfall, Frank Lappin, Jr., 194S (10), Hospital of the Rockefeller Insti¬ 
tute for Medical Research, GOth Street and York Avenue, New York 
21, N. y. 

Houston, William Vermillion, 1943 (3), The Rice Institute, Houston, Tex. 

Hovgaard, William, 1929 (4), Countryside, Summit, N. J. 

Hubble, Edwin Powell, 1927 (2), Mount Wilson Observatory, Pasadena, 
4, Calif. 

Hudson, Claude Silbert, 1927 (5), National Institute of Health, Bethesda 
14, Md. 

Huggins, Charles Bren ton, 1949 (10), Department of Surgery, Uni¬ 
versity of Chicago, 950 East 59th Street, Chicago 37, Ill. 

Hulett, George Augustus, 1922 (5), 44 Washington Road, Princeton, N. J. 

Hull, Albert Wallace, 1929 (3), Research Laboratory, General Electric 
Company, Schenectady 5, N. Y. 

Hull, Clark Leonard, 1936 (12), Institute of Human Relations, Yale 
University, 333 Cedar Street, New Haven, Conn. 

Hunsaker, Jerome Clark, 1935 (4), Massachusetts Institute of Tech¬ 
nology, Cambridge 39, Mass. 

Hunter, Walter Samuel, 1935 (12), Brown University, Providence 12, 
R. I. 

Ipatieff, Vladimir Nikolaevich, 1939 (5), Universal Oil Products Com¬ 
pany, Riverside, Ill. 

Ives, Herbert Eugene, 1933 (3), 32 Laurel Place, Upper Montclair, N. J. 

Jacobs, Merkel Henry, 1939 (8), School of Medicine, University of 

Pennsylvania, Philadelphia 4, Pa. 

Jacobs, Walter Abraham, 1932 (5), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 

Jeffries, Zay, 1939 (4), General Electric Company, 1 Plastics Avenue, 
Pittsfield, Mass. 

Jewett, Frank Baldwin, 1918 (4), 388 Hobart Avenue, Short Hills, N. J. 

Johnson, John Raven, 1948 (5), Department of Chemistry, Cornell Uni¬ 
versity, Ithaca, N. Y. 

Jones, Donald Forsha, 1939 (7), Box 1106, Department of Genetics, Con¬ 
necticut Agricultural Experiment Station, New Haven 4, Conn. 

Joy, Alfred Harrison, 1944 (2), Mount Wilson Observatory, Pasadena 4, 

Calif. 

Kasner, Edward, 1917 (1), 430 West llGth Street, New York 27, N. Y. 

Kdley, Walter Pearson, 1943 (6), 120 Hilgard Hall, University of Cali- 
frn-nia, Berkeley 4, Calif. 

KeUyi Mervin J#, 1M6 (4), Bell Telephone Laboratories, 463 West Street, 
New York 14, N, Y. 

Raymond Alexander, 1948 (10), School of Veterinary Medicine, 
University of Pennsylvania, Philadelphia 4, Pa. 
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Kemble, Edwin Crawford, 1931 (3), Physics Laboratories, Harvard 
University, Cambridge 38, Mass. 

Kettering, Charles Franklin, 1928 (4), General Motors Corporation, De¬ 
troit 2, Mich. 

Keyes, Frederick George, 1930 (5), Massachusetts Institute of Tech¬ 
nology, Cambridge 39, Mass. 

Elharasch, Morris Selig, 1946 (5), Department of Chemistry, Univer¬ 
sity of Chicago, Chicago 37, 111. 

Kidder, Alfred Vincent, 1936 (11), 10 Frisbie Place, Cambridge 38, Mass. 

King, Arthur Scott, 1941 (2), Mount Wilson Observatory, Pasadena 4, 
Calif, 

Kirkwood, John Gamble, 1942 (5), Division of Chemistry, California 
Institute of Technology, Pasadena 4, Calif. 

Kistiakowsky, George Bogdan, 1939 (5), Department of Chemistry, 12 
Oxford Street, Harvard University, Cambridge 38, Mass. 

Knopf, Adolph, 1931 (6), Yale University, New Haven, Conn. 

Kdhler, Wolfgang, 1947 (12), Swarthmore College, Swarthmore, Pa. 

Kraus, Charles August, 192.5 (5), Brown University, Providence 12, 
R. I. 

Kroeber, Alfred L., 1928 (11), Department of Anthropology, Columbia 
University, New York 27, N. Y. 

Kunkel, Louis Otto, 1932, (7), Rockefeller Institute for Medical Re¬ 
search, 66th Street and York Avenue, New York 21, N. Y. 

Lamb, Arthur Becket, 1924 (5), Chemical Laboratory, Harvard Uni¬ 
versity, Cambridge 38, Mass. 

Lambert, Walter Davis, 1949 (2), P. O. Box 687, Canaan, Conn. 

LaMer, Victor Kuhn, 1945 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 

Langmuir, Irving, 1918 (5), General Electric Company, Schenectady 5, 
N. Y. 

Larsen, Esper S., Jr., 1944 (6), Geological Museum, Oxford Street, Cam¬ 
bridge 38, Mass. 

Lashley, Karl Spencer, 1930 (12), Yerkes Laboratories of Primate Biol¬ 
ogy, Orange Park, Fla. 

Latimer, Wendell Mitchell, 1940 (5), University of California, Berkeley 4, 
Calif. 

Lauritsen, Charles Christian, 1941 (3), California Institute of Tech¬ 
nology, Pasadena 4, Calif. 

Lawrence, Ernest Orlando, 1934 (3), Radiation Laboratory, University 
of California, Berkeley 4, Calif. 

Lawson, Andrew Cowper, 1924 (6), University of California, Berkeley 4, 
CaUf. 

Lefschetz, Solomon, 1925 (1), Fine Hall, 129 Broadmead Street, Prince¬ 
ton, N. J. 

Leith, Charles Kenneth, 1920 (6),^ Wardman Park Hot^, Washington 8, 
D. C. 

Leuschner, Amain Otto, 1913 (2). 1816 Scenic Avenue, Berkley 9, Calif. 
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LewiSf Howard Bishop, 1949 (9), Department of Biological Chemistry, 
Medical School, University of Michigan, Ann Arbor, Mich. 

Lewis, Warren Harmon, 1936 (8), The Wistar Institute of Anatomy and 
Biology, Philadelphia 4, Pa. 

Lewis, Warren Kendall, 1938 (4), Massachusetts Institute of Technology, 
Cambridge 39, Mass. 

Lind, Samuel Colville, 1930 (5), P. O. Box P, Oak Ridge, Temi. 

Link, Klarl Paul, 1946 (9), Department of Biochemistry, Agricultural Ex¬ 
periment Station, University of Wisconsin, Madison, Wis. 

Linton, Ralph, 1945 (11), Institute of Human Relations, 333 Cedar Street, 
New Haven 11, Conn. 

Little, Clarence Cook, 1945 (10), Roscoe B. Jackson Memorial Labora¬ 
tory, Bar Harbor, Me. 

Loeb, Leo, 1937 (10), 40 Crestwood Drive, St. Louis 5, Mo. 

Loeb, Robert Frederick, 1946 (9), College of Physicians and Surgeons, 
620 West 168th Street, New York 32, N. Y. 

Long, Cyril Nornian Hugh, 1948 (9), Yale University School of Medicine, 
333 Cedar Street, New Haven 11, Conn. 

Long, Esmond Ray, 1946 (10), Henry Phipps Institute, 7th and Lombard 
Streets, Philadelphia 47, Pa. 

Longcope, Warfield Theobald, 1943 (10), Cornhill Farm, Lee, Mass. 

Longsworth, Lewis Gibson, 1947 (5), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 

Longweil, Chester Ray, 1935 (6). Kirtland Hall, Yale University, New 
Haven, Conn. 

Loomis, Alfred Lee, 1941 (4), The Loomis Laboratory, Room 

2420, 14 Wall St„ New York 5, N. Y. 
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France 

Cartan, Elie, 1949 (A), University of Paris, Paris, France 
Case, Alfonso, 1943 (K), Secretaria de Bienes Nadonales e Inspeccion 
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Winge, Ojvind, 1949 (I), Department of Physiology, Carlsberg Labora¬ 
tory, Copenhagen (Valby), Denmark 
Yukawa, Hideki, 1949 (C), The Institute for Advanced Study, Princeton, 
N, J. After Oct. 1, 1949: Department of Physics, Columbia Uni¬ 
versity, New York 27, N. Y. (U. S. A.) 

Number of Foreign Associates July 1, 1949: 45. 

If a foreign associate becomes a member of the Academy his name is not counted in 
the limit of 50 foreign associates. 


SECTIONS 


(1) Mathematics —27 members 

Zariski, Oscar, Chair¬ 

Kasner, Edward 

Smith, Paul A. 

man (1952) 

Lefschetz, Solomon 

Stone, M. H. 

Albert, A. A. 

MeShane, E. J. 

Thomas, T. Y. 

Alexander, J. W. 

Mac Lane, Saunders 

Vandiver, H. S. 

Bell, E. T. 

Miller, G. A. 

Veblen, Oswald 

Bliss, G. A. 

Moore, R. L. 

von Neumann, John 

Coble, A. B. 

Morse, Marston 

Walsh, J. L. 

Douglas, Jesse 

Murnaghan, F. D, 

Weyl, Hermann 

Eisenhart, L. P. 
Evans, G. C. 

Ritt, J. F. Whitney, Hassler 

(2) Astronomy—27 members 

Mitchell, S. A., Chair¬ 

Joy, A. H. 

Ross, F. E. 

man (1950) 

King, A. S. 

Russell, H. N. 

Abbot, C. G. 

Lambert, W. D. 

Seares, F. H. 

Adams, W. S. 

Leuschner, A. 0. 

Shapley, Harlow 

Aitken, R. G. 

Mayall, N. U. 

Slipher, V. M. 

Anderson, J. A. 

Menzel, D. H. 

Stebbins, Joel 

Babcock, H. D. 

Merrill. P. W. 

Struve, Otto 

Bowen, I. S. 

Moulton, F. R. 

Trumpler, R. J, 

Fleming, J. A. 
Hubble, E. P. 

Nicholson, S. B. 

(3) Physics —65 members 

W^right, W. H. 

Beams, J. W., Chair 

Birge, R. T. 

Condon, E. U, 

man (1951) 

Bjerknes, Jacob 

Coolidge, W. E. 

Allison, S. K. 

Bloch, Felix 

Crew, Henry 

Alvarez, L. W. 

Breit, Gregory 

Davis, Bergen 

Anderson, C. D. 

Bridgman, P. W. 

Davisson, C. J. 

Bacher, R. F. 

Erode, R. B. 

Dempster, A. J, 

Bainbridge, K. T. 

Coblentz, W. W. 

DuBridge, L. A. 

Berkner, L. V. 

Compton, A. H. 

Dunning, J. R. 

Bethe, H. A. 

Compton, K. T. 

Einstein^ Albert 
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Epstein, P. S. 

Mason, Max 

Slichter, L. B. 

Fenni, Enrico 

Millikan, R, A. 

Stem, Otto 

Franck, James 

Mulliken, R. S. 

Stewart, G, W. 

Goudsmit, S. A, 

Oppenheimer. J. R. 

Sverdmp, H. U* 

Houston, W. V. 

Pegrain, G, B. 

Tate, J. T. 

Hull, A. W. 

Pierce, G. W. 

Teller, Edward 

Ives, H. E. 

Piggot, C. S. 

Tuve, M. A. 

Kemble, E. C, 

Rabi. 1. L 

Van Vleck, J, H. 

Lauritsen, C. C. 

Reichelderfer, F. W. 

Webster, D, L. 

Lawrence, E. 0. 

Rossby, C.-G. 

Wigiier, E. P. 

Loomis, F. W. 

vSaunders, F. A. 

Wilson, Edwin B. 

Lyman, Theodore 

Schwinger, Julian 

Wood, R, W, 

McMillan, E. M. 

Slater, J* C. 

Zachariasen, W. H. 

(4) 

Engineering —35 members 

Dryden, H. L., Chair¬ 

Gibbs, W. F. 

Merica, P. D, 

man (1950) 

Gilliland, E/R. 

Savage, J. L. 

Adams, C. A. 

Herty, C, H., Jr. 

Slepian, Joseph 

Briggs, L. J. 

Hoover, Herbert 

Soderberg, C. R. 

Buckley, 0, E. 

Hovgaard, William 

Suits, C* G. 

Bush, V^nevar 

Hunsaker, J. C. 

Terman, F. E. 

Cochrane, E. L. 

Jeffries, Zay 

Thomas, C. A. 

Curme, G. 0., Jr. 

Jewett, F, B. 

Timoshenko, Stephen 

Dunn, Gano 

Kelly, M. J. 

von Kamian, T. 

Durand, W. F. 

Kettering, C. F. 

Whitehead, J. B. 

Fletcher, Harvey 

Lewis, W. K. 

Wilson, R, E. 

Foote, P. D. 

Loomis, A, L. 

Zworykin, V. K. 

(5) 

Chemistry —G2 members 

Latimer, W. M., Chair¬ 

P'ieser, L. F. 

Kraus, C. A. 

man (1950) 

Folkers, Karl 

La Mer, V. K. 

Adams, L. H. 

Fuson, R. C. 

Lamb, A, B, 

Adams, Roger 

Giauque, W. F, 

Langmuir, Irving 

Adkins, Homer 

Gilman, Henry 

Lind, S. C. 

Bachmann, W. E. 

Hammett, L. P. 

Longsworth, L. G, 

Bancroft, W. D. 

Harkins, W. D. 

McElvain, S. M. 

Bartlett, P. D. 

Hildebrand, J. H. 

Macinnes, D. A. 

Baxter, O. P. 

Hudson, C. S. 

Marvel, C. S. 

Bogert, M. T. 

Hulett, G. A. 

Mayer, J. E* 

Bolton, E. K. 

Ipatieff, V. N. 

Noyes, W. A,, Jr. 

Conaot, J. B. 

Jacobs, W. A. 

Onsager, Lars 

Cope, A. C, 

Johnson, J. R. 

Pauling, Linus 

Danins, Parrinifton 

Keyes, F. G. 

PiUer, K. S. 

Debye, Peter 

Kharasch, M. S. 

Rodeimsh, W. H. 

Elderfidd, R. C;. 

Kirkwood, J. G. 

Scatchard, G^rge 

l^nring, Henry 

Kistiakowsky, G. B. 

Schlesinger, H. L 
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Seaborg, G. T 
Small, L. F. 
Smith, L. I. 
Sumner, J. B. 


Rubey, W. W., Chair¬ 
man (1951) 

Allen, E. T. 

Berkey, C. P. 
Blackwelder, Eliot 
Bowen, N. L. 
Bowman, Isaiah 
Bradley, W. H. 
Bucher, W. H. 
Buddington, A, F. 
Byerly, Perry 
Chaney, R. W. 

Daly, R. A. 


Clelaud, R. E., Chair¬ 
man (1950) 

Allen, C. E. 

Babcock, E. B. 

Bailey, 1. W. 

Bailey, L. H. 

Beadle. G. W. 
Blakeslee, A. F. 

Brink, R. A. 
Burkholder, P. R. 
Campbell, D. H. 
Chandler. W. H. 
Couch, J. N. 


Urey, H. C, 
Whitney, W. R. 
Williams, Robert R. 
Williams, Roger J. 


Wilson, E. Bright, Jr, 
W'ulf, O. R, 

Wyckoff, R. W. 

Yost, D. M. 


(6) Geology —37 members 


Day, A. L. 

Lovering, T. S, 

Dunbar, C. 0. 

Macelwane, J. B. 

Ewing, Maurice 

Mead, W, J. 

Gilluly, James 

Mendenhall, W, C. 

Gregory, W. K. 

Palache, Charles 

Gutenberg, Beno 

Reeside, J, B., Jr. 

Hewett, D. F. 

Ruedemann, Rudolf 

Kelley, W^ P. 

Simpson, G. G. 

Knopf, Adolph 

Stuck, Chester 

Larsen, E. S., Jr. 

Vaughan, T. W. 

Lawson, A. C. 

Woodring, W. P. 

Leith, C. K. 

Longwell, C. R. 

Wright, F. E. 

(7) Botany —37 members 

Delbruck, Max 

Robbins, W^ J. 

Dodge, B. 0. 

Sax, Karl 

Duggar, B. M. 

Sinnott, E. W. 

Fred, E. B. 

vSmith, Gilbert M. 

Hoagland, D. R. 

Stadler, L. J. 

Jones, D. F. 

Stakmau, E. C. 

Kunkel, L. 0. 

Thimann, K. V. 

McClintock, Barbara 

Thom, Charles 

Mangelsdorf, P. C. 

Van Niel, C, B. 

Merrill, E. D. 

Waksman, S. A. 

Osterhout, W. J. V. 

Walker, J. C. 

Raper, K. B. 

Rhoades, M. M. 

W^ent, F. W. 


(8) Zoology and Anatomy —39 members 

Romer, Alfred S., Dobzhansky, Theo- Metz, C. W. 

Chairman (1952) dosius Moore, C. R. 

Bartelmez, G. W, Dmm, L. C. Muller, H. J. 

Bigelow, H. B. Goldschmidt. R. B. Nicholas, J, S, 

Castle, W. E. Harrison, R* G, Painter, T. S. 

Child, C*.M. Hartman, C. G. Parker, G. H. 

Conklin, E. G. Harvey, E. N. Patterson, J. T, 

Comer, G. W. Herrick, C, J. Riddle. O^ar 

Dauforth, C. H. Hisaw, F, L» Schmitt, F, O. 

Demerec. Mili^v Jacobs, M. H. Smith, Philip E. 

Detwiler, S. R. Lewis, W. H. Soniiebom, T. M. 
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Stem, Curt 

Weiss, Paul 

Wislocki, G. B. 

Sturtevant, A. H. 

Wetmore, Alexander 

Wright, Sewall 

Taliaferro, W. H. 

Willier, B. H. 

(9) Physiology and Biochemistry— members 

Doisy, E. A., Chair¬ 

Evans, H. M. 

Meyerhof, Otto 

man (3951) 

Fenn, W. 0, 

Michaelis, Leonor 

Anderson, R. J. 

Forbes, Alexander 

Northrop, J. H. 

Ball, E. G. 

Gasser, H. S. 

Oncley, J. L. 

Bard, Philip 

Hart, E. B. 

Peters, J. P. 

Bronk, D. W. 

Hartline, H. K. 

Richards, A. N. 

Carlson, A. J. 

Hastings, A. B. 

Rose, W. C, 

Clark, W. M. 

Lewis, H. B. 

Schmidt, C. F. 

Clarke, H. T. 

Link, K. P. 

Shaffer, P. A. 

Cohn, E. J. 

Locb, K. F. 

Sherman, H. C. 

Cori, Carl F. 

Long, C. N. H. 

Smith, Homer W. 

Cori, Gerty T. 

McCollum, E, V. 

Stadie, W. C. 

Davis, Hallowell 

MacNider, W. deB. 

Stanley, W. M. 

DuBois, E. F. 

Marshall, E. K., Jr. 

Van Slyke, D. D. 

du Vigneaud, Vincent 

Maynard, L. A. 

Vickery, H. B. 

Elvehjeni, C, A. 

Meek, W. J. 

Werkman, C. H. 

Erlanger, Joseph 

(10) Pathology and Bacteriology —38 members 

Dochez, A. R., Chair¬ 

Gamble, J. L. 

Mueller, J. Howard 

man (1951) 

Goodpasture, E. W. 

Murphy, J. B. 

Addis, Thomas 

Graham, E. A. * 

Novy, F. G. 

Armstrong, Charles 

Heidelberger, Michael 

Opie, E. L. 

Avery, 0. T. 

Horsfall, F. L., Jr. 

Paul, J. R. 

Blake, F. G. 

Huggins, C. B. 

Rivers, T. M. 

Blalock, Alfred 

Kelser, R. A. 

Robertson, 0. H. 

Cannon, P. R. 

Little, C. C. 

Rous, Peyton 

Castle, W. B. 

Loeb, Leo 

Sabin, Florence R. 

Coggeshall, L. T. 

Long, E. R. 

Shope, R. E. 

Cole, Rufus 

Longcope, W. T. 

Tyzzer, E. E. 

Dubos, R. J. 

Meyer, K. F. 

Whipple, G. H, 

Francis, Thomas, Jr. 

Minot, G. R. 

Wolbach, S. B. 

(11) 

Anthropology— -\Q members 

Linton, Ralph, Chair¬ 

Kroeber, A. L. 

Spier, Leslie 

man (1951) 

Lowie, R. H. 

Swanton, J. R. 

Hooton, B. A. 

Schultz, A. H< 

Tozzer, A. M. 

Kidder, A. V. 

Shapiro, H. L. 
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(12) Psychology —23 members 


Boring, E. G., Chair¬ 
man (1950) 

Beach, F, A, 
Camiichael, Leonard 
Geaell, Arnold 
Graham, C. H. 
Hilgard, JL R. 

Hull, C. L. 


Hunter, W. S. 
Kdhler, Wolfgang 
Lashley, K. S. 
Miles, W. R. 
Pillsbury, W. B. 
Richter, C. P. 
Seashore, C. E. 
vStevens, S. S. 


Stone, C. P* 
Terman, L. M. 
Thorndike, E. L. 
Thurstonc, L, L. 
Tolman, E. C. 
Wever, E. G, 
Woodworth, R. vS. 
Yerkes, R. M. 


Temporary Nominating Group on Geophysics —1942-51 
30 members 

John A, Fleming, Chairman 
Mathematics: F. D. Murnaghan, 

Astronomy: C. G. Abbot, J. A. Fleming, Walter D. Lambert, Harlow 
Shapley. 

Physics: L. V. Berkner, Jacob Bjerknes, P. W. Bridgman, A. H, Compton, 
C. S. Piggot, F. W. Reichelderfer, C.-G, Rossby, L. B. Slichter, H, U. 
Sverdrup. 

Engineering: L. J. Briggs, J, C. Hunsaker. 

Chemistry: L, H. Adams, S. C. Lind, Oliver R. Wulf. 

Geology: Isaiah Bowman, Perry Byerly, Arthur L. Day, Maurice Ewing, 
Beno Gutenberg, Adolph Knopf, J. B* Macelwane, T. Wayland Vaughan, 
F. E. Wright. 

Botany: S. A, Waksman. 

Zoology and Anatomy: H, B. Bigelow. 


Temporary Nominating Group on Medicine —1949 
23 members 

Warfield T. Longcope, Chairman 

Zoology and Anatomy: George W. Corner, William H, Taliaferro, George 
B. Wislocki. 

Physiology and Biochemistry: A. J. Carlson, Eugene F. DuBois, Wallace 
0. Fenn, Herbert $. Gasser, C. N. H. Long, W. de)B. MacNider, 
Walter J. Meek, Homer W. Smith, William C. Stadie. 

Pathology and Bacteriology: Francis G. Blake, W. B, Castle, L. T. 
Coggeshall, Evarts A. Graham, Michael Hcidelberger, Charles Hug¬ 
gins, Warfield T. Longcope, Thomas M. Rivers, 0. H. Robertson, 
Peyton Rous, George H. Whipple. 
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COMMITTEES 

Auditing 

John B, Reeside, Jr., Chairman; Charles S. Piggot, Merle A. Tuve. 

Biographical Memoirs 

Alfred N. Richards, Chairman, ex officio, President of the Academy. 
Chairmen of Sections of the Academy. 

Buildings and Grounds Advisory CommiUee 

(Joint Committee of the Academy and Research Council) 

G. D. Mdd, Chairman; Detlev W. Bronk (NAS), R. C. Gibbs (NRC), 
L. H. Weed (NRC), F. E. Wright (NAS). 

Exhibits 

(Joint Committee of the Academy and Research Council) 

F. E, Wright, Chairman; Harlow Shapley, member-at-largc. 

Chairmen of Sections of the Academy. 

Chairmen of Divisions of the National Research Council. 

Raymund L. Zwemer, Secretary, 


Finance 

W. J. Robbins, Chairman, ex officio, Treasurer of the Academy, 

Alfred N. Richards, ex ojfficio, President of the Academy. 

Detlev W. Bronk, ex officio, Chairman of the National Research Council. 
Vannevar Bush, L. P. Eisenhart, J. C. Hunsaker. 

Financial Advisory 

Lindsay Bradford, Walter S. Gifford, Henry Morgan. 

Horace Ford, Financial Adviser, 


Library 

G. W. Comer, Chairman; Lloyd V. Berkner, Hugh L. Dryden, James L. 
Gamble. 


Standing Committee on Meetings 

F, E. Wright, Chairman (1950); Edwin G. Boring (1951), Ralph E. 
Cleland (1951), John A, Fleming (1950), Harvey Fletcher (1952), Ernest 
W* Goodpasture (1952), Joel H. Hildebrand (1951), Duncan A. Mac- 
Innes (1952), Edwin B. Wilson (1950). 

Advisory QmmUtee on Membership 

Members of the Council of the Academy, Chairmen of Sections of the 
* Academy. 
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Publications of the Academy 

Alfred N. Richards, ex officio^ President of the Academy; F. E, Wright, 
ex officio t Home Secretary of the Academy; E. G. Conklin. 

Retirement Pension Trust Agreement 

Pension Committee: Alfred N. Richards, President of the Academy 
William J. Robbins, Treasvirer of the Academy 
F. E. Wright, Home Secretary of the Academy 
Detlev W. Bronk, Chairman of National Research 
Council 

Trustees: G. D. Meid, Alfred N. Richards. 

* 

Revision of the Constitution 

Edwin B. Wilson, Chairman; Eugene F. DuBois, William J. Robbins. 

Weights, Measures, and Coinage 
Gano Dunn, Chairman; G. P. Baxter, R. W. Wood. 


TRUST FUNDS 

Alexander Dallas Bache Fund 

Researches in physical and natural science. $60,000. 

Board of Directors: Edwin B. Wilson, Chairman; W. J. V, Osterhout, 
Sewall Wright. 

Barnard Medal for Meritorious Service to Science 

Discoveries in physical, or astronomical science or novel application of 
science to purposes beneficial to the human race. (Every five years the 
committee recommends the person whom they consider the most deserving 
of the medal, and upon approval by the Academy, the name of the nominee 
is forwarded to the trustees of Columbia University, who administer the 
Barnard Medal Fund.) 

Committee: Edwin Hubble, Chairman; Bergen Davis, Ernest O. I^w- 
rcnce, V. M. vSlipher, W. R. Whitney. 

John J. Cariy Fund 

Medal and monetary award, not oftener than once in every two 3 ^ars, to 
an individual for noteworthy and distinguished accomplishment in any 
field of science coming within the scope of the charter of the Academy. 
$25,000. 

Committee: Herbert Gasser, Chairman (1952); Roger Adams (1954), 
Vannevar Bush (1950), Harvey Fletcher (1951), Robert E. Wilson (1953), 
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Cyrus B. Comstock Fund 

Prize awarded every five years for most important discovery or investiga¬ 
tion in electricity, magnetism, and radiant energy; or to aid worthy in¬ 
vestigation in those subjects. $15,000. 

Committee: I. I. Rabi, Chairman (1952); J. W. Beams (1951), Arthur 
H. Compton (1954), Lee A, DuBridge (1950), Enrico Fermi (1953). 

Henry Draper Fund 

Medal and investigations in astnjnomical physics, $10,000. 

Committee: I. S. Bowen, Chairman (1952); W. S. Adams (1950), J. A. 
Fleming (1951), P. W. Merrill (1953), Henry Norris Russell (1954). 

Daniel Giraud lUliot Fund 

Medal and honorarium for most meritorious work in zoology or paleon¬ 
tology published each year. $8,000. 

Committee: Alexander Wetmore, Chairman (as Secretary, Smithsonian 
Institution); Albert E. Parr (as Scientific Director, American Museum of 
Natural History); Alfred S. Romer (1950), A. H. vSturtevant. 

Wolcott Gibbs Fund 

Chemical research. $10,545.50. 

Board of Directors: G. P. Baxter, Chairman; Roger Adams, C. A. Kraus. 

Benjamin Apthorp Gould Fund 

Researches in astronomy. $30,000. 

Board of Directors: F. R. Moulton, Chairman; W. S. Adams, Joel 
Stebbins. 


MarcMus Hartley Fund 

Medal for eminence in the application of science to the public welfare* 

$ 1 , 200 . 

Committee: W. V. Houston, Chairman (1950); Isaiah Bowman (1951), 
Oliver E, Buckley (1952), Lee A. DuBridge (1951), H. J‘. Muller (1950), 
J, R. Oppenheimer (1952). 

* 

Joseph Henry Fund 

To assist meritorious investigators, especially in the direction of original 
research. $47,163.50. 

Committee: W. S. Hunter, Chairman (1960); G. W. Comer (1952), E. 
B. Fred (19.53), A. Baird Hastings (19.54), Joel H. Hildebrand (1951). 

Marsh Fund 

Original re,search in tbe natural sciences. $20,000. 

Committee: Edmund W. Sinnott, Chairman (1950); A. F. Buddington 
(1951), C. S. Marvel (1954), W. M. Stanley (1953), W. H. Taliaferro (1952). 
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Murray Fund 

Agas^ Medal for original contribution in the science of oceanography. 

110 , 000 . 

Committee: C. S* Piggot, Cfiairman (1950); Maurice Ewing (1952), W. 
W. Rubey (1951). 

J. Lawrence Smith Fund 

Medal and investigations of meteoric bodies. $10,000. 

Committee: John A. Fleming, Chairman (1952), Harlow vShapley (1953) 
V. M. Slipher (1950), Joel Stebbins (1954), R. J. Trumpler (1951). 

Mary Clark Thompson Fund 

Medal for most important services to geology and paleontology. $10,000. 

Committee: A. F. Buddington, Chairman^ Ralph W. Chaney 

(1952), G. G. Simpson (1951). 

Charles Doolittle Walcott Fund 

Medal and honorarium to stimulate research in pre-Cambrian or Cam¬ 
brian life. $5,000. 

Board of Trustees: Carl O. Dunbar, Chairman; Alexander Wetmore, ex 
officio t Secretary, Smithsonian Institution; Pierre Pruvost, representing 
the Institut dc France (1952); C. J. Stubblefield, representing The Royal 
Society of London (1952); John B. Reesidc, Jr. 

James Craig Watson Fund 

Medal and tlie promotion of astronomical research. $25,000. 

Trustees: A. 0. Leuschner, Chairman; F. E. Ross, R. J. Trumpler. 



PROCEEDINGS 

■ or THE 

NATIONAL ACADEMY OF SCIENCES 

Volimw 35 August 15, 1949 Number 8 


A METHOD OF EFFECTING ZYGOSPORE GERMINATION IN 
CERTAIN CHLOROPHYCEAE 

By Richard C. Starr 
Department op Biology, Vanderbilt University 
Communicated by E. W. Simiott, June 11, 1949 

Introduction, —The potential advantajjes of genetical studies of haplobi- 
ontic Chlorophyceae having 2 y go tic meiosis have in many cases not been real¬ 
ized due to the difficulty of obtaining consistently high percentages of zy¬ 
gospore germination. There are comparatively few reports in the litera¬ 
ture in which successful methods of germination are reported. Bold^ sum¬ 
marized the efforts of those investigators who achieved some success by 
simulating in culture the environmental conditions which algal zygospores 
normally encounter in nature. Among these were included the transfer of 
zygospores to fresh media, alternate drying and wetting and other methods. 
Rowan,^ using arsenic, strychnine and indole acetic acid, had considerable 
success with the germination of the zygospores of Hydrodictyon, Pocock* 
was able to germinate the zygospores of Volvox five or six months after 
their formation by placing them in dilute culture solution in direct sunlight. 
She concluded that direct sunlight was easential for germination, and that 
complete drying of the zygospores before introducing them into the culture 
medium was beneficial though not necessary. Lewin,^ working with a 
strain of CUamydomonaSt has achieved up to 30% germination of the zygo¬ 
spores by using a method of metabolic starvation. He also concluded that 
complete darkness and not sunlight was essential for successful germination 
of the zygospores of his organism. Moewus* secured excellent results with 
Cldamydomonas mgametm zygospores by using a soil solution prepared with- 
otft heat. Metzner* was able to secure only 10% germination of the 
obspores of Vohox Cartm using Moewus’ cold water extract, but was able 
to secure 00% germination using the synthetic medium of Uspenski and 
ITspenskaja.^ Metzner was able to germinate only moist spores, although 
Pocock had reported previously that drying was beneficial in germinating 
the b&spores of anoth^ species of Volvox. 
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Experimenial. Inasmuch as the writer has obtained consistently high 
percentages of zygospore gemiinatioii in a hcmiothallic organism,** similar to 
Chlorococcumy and also with Chlamydomonas chlamydogama Bold, by a sim¬ 
ple technique, the following notes as to the method used are reported here¬ 
with in the hope that they tnay prove effective for the zygospores of other 
Chlorophyceae. 

SllC-6 is a homothallic ChlorococcnmAWfit alga producing gametes which 
fuse in pairs to form small spherical zygotes usually about 7.5 microns in 
diameter. After formation these zygotes grow for a period of time varying 
from 5 to 14 days during which they may increase up to 25 microns in diam¬ 
eter. After this growth period they secrete a thick, reticulate, outer wall. 
As the zygospores age, they seem to become filled with large oil droplets, 
however, they retain their green color. 

TAin.K 1 

Zygospore Germination in Relation to Incubation at Various Temperatures 


lkmcth tm 

RXIHIRURR 

I'lCKCBNTAOH 

OK r.KR Ml NATION AT 
TISMPRKATVJRKS UP: 

INCURATION 

IN HOUHSi 

37'•C. 

4r,''c. 


72 

70% 



60 

90% 



48 

90% 



36 

30% 



24 

30% 



20 

20% 



16 

20% 



12 

0 



8 

0 



4 

0 

0 

0 

3 

0 

0 

0 

2 

0 

0 

0 

1 

0 

30% 

30% 


0 

0 

0 

0 

0 

0 

0 


The alga was grown in 50-ml. Erlcnmeyer flasks containing 30 ml. of a 
modified sterile Bristol’s solution** to which 0.03 ml. of Armour’s crude liver 
liquid extract had been added. Although the alga will grow in the purely 
inorganic Bristol’s solution, the growth rate is definitely increased with the 
addition of the liver extract. The cultures were illuminated by a fluorescent 
light of approximately 50 foot-candle intensity. 

In preliminary attempts to obtain germination, zygospores from a 
month-old culture were transferred to eight small Petri dishes containing 
Bristol’s agar with 0.15% Difeo yeast extract. No germination had occurred 
16 days later at which time one of the dishes was transferred to a 37^C. 
incubator for 48 hours. Forty-eight hours after the removal of the Petri 
dish from the incubahir approximately 70% germination was observed in 
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'; jthc dish which had been incubated, but no evidence of gennination was ob¬ 
served in the unincubated dishes. The above procedure was repeated with 
another of the reniaining dishes and the same results were obtained* No 
genninition of the zygospores was observed in the uniucubated dishes until 
35 days aftei^ their transfer to the fresh medium when an occasional one 
could be fouiiii|,germinating. 

In order to these results, a series of Petri dish cultures was pre¬ 

pared using the zygospores from the same culture of SI IC-(i, now how¬ 
ever, approximately fiO days old. Zygospores were again transferred to 
Bristol’s yeast agar in small Petri dishes and incubated for various juTiods. 
The results arc summarized in table 1. Percentages arc approximate and 
rejiresent estimates based on microscopic examination. 

Maximum germination of the (iO day old zygospt)res occurred within 48- 
72 hours after exposure of the zygospores to a temperature of 37^C. for 48- 
00 hours. 

Results comparable to the best previously achieved were also obtained 
using zygospores from a 15-day old culture. Zygospores from younger 
cultures are difficult to secure in quantity, inasmuch as they do not appear 
in abundance with their characteristic thick walls until several weeks after 
the culture has been started, and until these walls appear, it is difficult to 
distinguish the zygospores from vegetative cells. 

Experiments have also been conducted to determine if heat had a similar 
effect on the zygospores of Chlnmydomona.^ chalmydogama Bold. I'hc cul¬ 
tures were grown in a variety of liquid media including Knop’s and Volvox 
solutions. Zygospores were obtained by mixing the heterothallic strains of 
the alga in hanging drops. Zygospores of various ages were transferred to 
Petri dishes containing Bristol’s agar and incubated at 37” C. for 48 hours. 
Approximately 90% germination was observed in all cultures within 48-00 
hours after the heat treatment. 

Discussion, —No attempt is made here to speculate as to the relation of 
the heat treatment to the physiology of the zygospores or as to its r61e in 
germination. This stimulatory effect of high teinperattire suggests the work 
of Shear and Dodge, who have shown that the ascospores of Neurospora 
tetrasperma can be induced to germinate by a short period of heating. 
Goddard/^ working with Neurospora, found evidence pennting to the pres¬ 
ence of three phases in the rate of respiration of ascospores, corresponding 
to the stages of dormancy, activation and germination. Goddard and 
Smith,’* investigating further the respiration of the ascospores of Neuro¬ 
spora, obtained results showing that the marked increase in the respiratory 
rate and then subsequent germination of the heat-treated ascospores was 
probably due to the activation of carboxylase by the heat. 

Notwithstanding the fact that these investigations of the relation be¬ 
tween high temperature and zygospore germination are perhaps not ex- 
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tensive enough to make many conclusive statements as to the exact condi¬ 
tions under which the zygospores of vSllC-t) and Chlamydomonas chtamy- 
dogama Bold will germinate, the writer is of the opinion that the method 
may form a useful point of departure for other investigators who may be 
confronted with the problem of zygospore germination. It is hoped that 
this method of inducing germination may prove especially useful to those 
concerned with genetical problems in which it would be decidedly advanta¬ 
geous to effect zygospore germination in the shortest possible time and with 
the greatest possible frequency, 

» Bold, H, C., Bot, Rev,, 8, 69 (1942). 

* Rowan, M., Unpublished Thesis, Columbia Univ. (1937). 

» Pocock, M. A.. Ann, So. Afr. Mus„ 16, 623 (1933). 

* Lewin, R. A., Unpublished manuscript. 

* Moewus, F., Zeit, Ind. Abst, Ver., 78, 418 (1940). 

« Metzner, J., Bull. Torrey Club, 72, 86 (1945). 

^ Uspenski, E. E., and Uspeuskaja, W. J., Zeiis. Bot., 17, 273 (1926). 

* This organism will be referred to ill this report as “SllC-O," inasmuch as no final 
conclusion as to its identity has yet been reached. It was isolated from the soil of 
San MarcelUno, Luzon, Philippine Islands, by Dr. Harold C. Bold of Vanderbilt Uni¬ 
versity. 

»Bold, H. C., Bull. Torrey Club, 76, 101 (1949). 

Shear, C. L., and Dodge, B. O., J. Agr, Res., 54, 1019 (1927). 

Goddard, D. R., J. Gen, Physiol, 19, 45 (1936). 

1* Goddard, D. R., and Smith. P. E., Plant Physiol, 13, 241 (1938). 


STUDIES ON THE BIOCHEMICAL GEINETICS OF YEAST^ 

By Seymour PoMPERt and P. R. Burkholder 
Osborn Botanical Laboratory, Yale University 
Communicated June 21, 1949 

The mechanism of inheritance in SaccharomycesS cerevisiae Hansen has 
been a subject of controversy, for it has not been clear whether, in this 
yeast, the characteristic mode of inheritance is Mendelian or non-Men- 
delian. 

The work of Lindegren and Lindegren,^ and Spiegelman,’* on the in¬ 
heritance of adaptive enzyme systems, has pointed to a mechanism of 
inheritance mediated by cytoplasmic, self-duplicating units. Lindegren 
and Lindegren® have recently presented evidence which was interpreted 
as a gene-to-gene transfer of components, and for which the concept of a 
^'depletion mutation” was proposed. In the face of hypotheses of such an 
unusual nature, it becomes worth while to examine the possibility of devis¬ 
ing critical experiments to determine what the basic mechanism of in¬ 
heritance isin this organism. 
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It is of prime importance in such studies that characters controlled by 
single genes be studied as criteria by which to judge the genetic process. 
The technique first used by Beadle and Tatum^ in Neurosporay viz., the 
induction of biochemically deficient tnutants by irradiation, seemed well- 
suited to this purpose. That such mutants can be produced in yeast has 
been shown by Reaurae and Tatum,® who recovered mutants after treat¬ 
ment with nitrogen mustard. It has been amply demonstrated in other 
organisms, such as Neurosporay^ Ophiostomay'^ and Escherichia coliy"^ that 
the mutant characters, i.e., the biochemical deficiencies, are inherited as 
though controlled by single genes. Accordingly, haploid strains of 5. 
cerevisiae (very generously supplied by Dr, C. C. Lindegren) were treated 
with ultra-violet irradiation, and mutants were recovered by an api)ro- 
priately modified screening'* and detection''* technique. The mutants 
that were obtained are listed in table 1," They may be characterized, 
in general, as being unable to grow in the absence of the required metab¬ 
olites for at least 72 hours at 


TABU? 1 

Biochemically Deficient Mutants of S. cerevisiae Produced nv Ultra-violet 
Irradiation of Haploid Strains 


Ctn.TlfKK IR«Al>IATKn 


NtTMUUM AND KINDS OF MUTANTS 


a* 


Tryptopbanless af 


Methionineless oct 


1 yeast nucleic acid 

2 methionine 
1 tryptophan 
1 adenine 

1 methionine, adenine, histidine 
1 unknown factor 
1 adenine 
1 uracil 

3 methionine 

3 pantothenicless 
3 adenine 
1 uracil 


* Cultures kindly supplied by Dr. C. C. Lindegren. 
t Tryptophanless mutant from irradiation of a. 

t Mutant obtained following mustard gas treatment* and kindly supplied by Mr. 
S. E, Reaume, who also gave us a pink, adentneless a haploid. 


Lindegren and Lindegren^’ were the first to report a heterothallic condi¬ 
tion in 5. cerevisiae. The symbols "a” and “a” were given to the major 
allelic gene pair controlling mating type. These authors*’ devised a mass 
crossing procedure based on the stability of the heterothallic condition. 
Winge and Roberts'* have criticized this procedure on the grounds that 
aberrant results may be obtained due to selfing. To obviate their objec- 
tiems, we adopted the following procedure: complementarily deficient 
mutants of oi^aosite mating type were crossed as suggested by Lindegren 
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and Lindegren/^ and after incubation for 72 hours at 25®C., the cell 
suspension was plated on agar containing none of the factors that the 
deficient haploids required. By this means, one recovers only hetero¬ 
zygous, “prototrophic,”’^ diploids, which resemble the wild-type diploid 
in nutritional requirements. Using mutants deficient for 2 to 3 metab¬ 
olites, it was possible to rule out statistically the probability of recovering 
a reverted haploid clone. Since it was possible that a “prototrophic” 

TABI.E 2 

Skgreoation of Characters m Ascosporbs from the Cross a Th“Uri“Ur«^Mei X 

a Th+Un+UrrMer^ 


AacOAPORR 

MT 

Th 

Mei 

Ur 

Un, Ur« DiaTRiauTiON 

A61.1 

ot 


4- 

— 

Ur,-Ur,+ 

A61.2 

a 

+ 

4- 

... 

Uri+Ur,- 

A61.3 

a 

— 

— 

— 

Ur,-Ur,- 

A61.4 

a 

+ 

- 

+ 

Ur,+Ur,+ 

A67.1 

a 

•f 

-- 

— 

Ur,-UT,+ 

A67.2 

a 

— 

— 


Ur,+Ur,“ 

A67.3 

a 

-f 

4" 

— 

Uri“Ur,~ 

A67.4 

a 

- 

4- 

4“ 

Ur,+Ur.+ 

A08.1 

a 


— 

— 

Ur.+Urr 

A68.2 

a 

+ 

— 

-- 

Ur,+Ur,- 

A68.3 

a 

+ 

-f 

— 

Uri-Ur,+ 

A68.4 

a 

— 

4- 

- 

Ur,-Ur,+ 

A69.1 

a 

— 


4- 

Uri*Ur,+ 

A09,2 

a 

-h 

4- 

— 

UrrUrj- 

A69.3 

a 

4- 



Ur,+Ur,+ 

A69.4 

a 

-* 

+ 


Ur,-Ur,- 

A70.1 

a 


4- 

— 

tJr,+Ur,- 

A70.2 

a 

■4 

— 


Ur,+Urr 

A70.3 

a 


— 

— 

Ur,-Urj+ 

A7().4 

a 

4* 

•f 

- 

Ur,-Urj+ 


The numbering system used for identification of ascospores is as follows: the letter 
“A'* prefixes the ascua number; a '^period** follows the ascus number, and after the 
“period’* comes the ascospore number. Thus A61.1, A61.2, A61.3 and Afii.4 refer to 
the four ascospores of ascus 61. The ascospore numbers are only identification numbers, 
and have no significance with regard to the sequence of isolation. 

colony might represent a synergistic association of haploids and diploids, 
a population analysis was carried out on a prototroph isolate from the 
cross aTh“Tr“Uri“Mei'*' X a Th'’Tr'^Uri*^Mei“ t The population, 
was homogeneously independent as regards nutritional requirements 
indicating that the single colony isolate represents a pure diploid done. 
The final proof was the demonstration of heterozygosity in the segregating 
ascospores. This overfall mating procedure preserves the advantages of 
the mass crossing technique, and insures that the material to be examined 
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genetically has arisen from heterothallic conjugation. This would render 
unnecessary the precautions of Winge and Laustsen,^* who carried out 
crosses of single spores in hanging drop preparations under continual 
microscopic observation. 

Sporulation of prototrophic diploids was induced by the Lindegren 
and Lindegren^^ modification of the gypsum slant^* method, and by the 
procedure of Stantial.^* The asci analyzed, in all cases here reported, 
were taken from gypsum slants. The four ascospores of individual asci 
were separated by microdissection using a modified Fitz micromanip- 
ulator,^® They were then allowed to germinate at 30*^0. in hanging drops. 
The medium (Lindegren, Personal Communication) used was as follows: 
liquid yeast extract (Anheuser Busch No. 3), 6 ml.; peptone, 5 g.; MgSO^ • 
7 H 2 O, 1 g.; KH 2 PO 4 , 2 g.; sodium lactate (50%), 7.2 g.; dextrose, 40 g.; 
and water to make 1000 ml. After incubation for 24 hours in hanging drop 
cultures> the individual haploid clones were transferred, for purposes of 
further multiplication, to tubes containing nutrient broth, and from these 
to agar slants, to produce stock cultures. 


TABLB 3 


KEtATiON Between Genotype and Phenotype in Segregations Involving Two 
Non-Allelic Genes with the Same Apparent Phenotypic Expression (Uracil 

Requirement) 


PHQNOTVPIC aKOMBOATION 

(XNPBFKNDBNT: BBPMNDKNT) OKNOTVPK8 


0:4 

1:3 

2:2 


Ur,-Ur,+ Ur,-Ur,+ Un+Ur,-, Ur,-^Ur,- 
Ur,+Ur.+, UrrUr,-, Un+Urj-, Ur,“Ur,* 
Ur,+Ur,+, Uri+Ur,+ Ur,-Ur,". Ur,-Urr 


Using’^this over-all procedure, analyses of several crosses have been 
carried out. In those cases where only three out of four spores survived, 
the practice has been followed, for linkage calculations, of assigning the 
genetic character of the fourth spore by "difference,” based on a 2:2 
segregation for each single character. This seemed justified in view of the 
regular results obtained when all four spores survived. In some crosses, 
the characters of "disperse" and "non-disperse" have been included in 
the analysis. "Disperse” (D+) refers to homogeneous growth in liquid 
shake cultures with dextrose as a carbon source in a synthetic medium,^' 
and "oon-diapet8e",(D~) signifies flocculence under the same conditions. 
“Disperse” appears to be deminant over “non-disperse,” since the proto¬ 
trophic di}>loid arising from the cross “disperse” X "non-disperse” is 
generally “disperse.” However, with sucrose or fructose serving as a 
carbon source, the normally “disperse” diploid grew flocculently, indicating 
that caution must exercised in evaluating this character, Pending fur¬ 
ther study, this character is included in the analyses only tentatively. 
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To determine whether phenotypicahy similar mutants were genetically 
allelic, the following procedure was used: two mutants of opposite mating 
type, deficient for the same metabolite, were mixed in broth to permit 
copulation^* and incubated at 25®C. for 72 hours. The cells were then 
centrifuged, washed and plated on synthetic agar*^ lacking the metabolite 
for which the common requirement existed. If growth of the diploid cells 
occurred in 48 hours at 30^C., the mutants were considered as being non¬ 
allelic. If there were no growth, then they were taken to be allelic. The 
test was confirmed genetically in an analysis of two uracilless mutants 
(Uri* and Ura”). The results are shown in table 2. The fact that uracil- 
independent ascospores are segregated out proves that the genes are non¬ 
allelic. The analysis in the last column in table 2 is based on the theoretical 
genetic segregations shown in table 3, 

By back-crossiiig the haploid segregants to the two parental uracilless 
types, and carrying the diploids through a prototroph-recovery procedure, 
it was possible to assign the appropriate genetic constitution in those 
cases where it was not readily apparent by inspection. The reasoning 
behind the genotype-phenotype relation in table 3 is as follows: if Uri 
and Urj are two separate genes concerned in the biosynthesis of uracil, 
and falling either in a single biosynthetic chain of reactions, or in two sepa¬ 
rate series neither of which alone can support growth, then assuming 
the non-function of either gene in a haploid, it should be unable to grow 
without an appropriate exogenous metabolite. The genetic tests which 
were made witli the marked strains confirmed the basic reasoning, in that 
heterozygosity could be demonstrated where theory demanded it should 
exist. It should also be noted in table 2 that mating type, and the re¬ 
quirements for thiamin (Th) and methionine (Mci) segregated regularly. 

The two uracilless mutants were tested by the auxanogram technique 
for their responses to various compounds. Both Uri~ and Ura”* were 
found to be capable of using uridine, but neither could use cytidilic or 
guanylic acids. However, Uri~ responded to thymine, while Urj^ did 
not. Loring and Pierce*^ have reported a p 3 nrimidine mntmi of Nmro- 
spora which was able to utilize either thymine or uracil, but which could 
also utilize cytidilic acid. Both of our uracilleas yeast mutants appear 
to differ from these Neurospora mutants. 

The prototroph-allelism test was also applied to the methionineless and 
adenineless mutants. At least two classes of methionineless and 5 dosses 
of odcnineless mutants were uncovered. The methionineless mutants are 
unable to utilize the P-isomer, in contrast to reported results in £. coM,** 
The methionineless yeasts are able to use cysteine partially, but cannot 
use cystine (since in the original screening procedure, cystine was present 
but could not replace the methionme requirement). All of the addiineless 
mutants can use hypoxanthine as well as adenine. They grow to varying 
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extents on adenosine, but only one can use adenylic acid and adenosine 
triphosphate (a, adenineless, pink strain of Reaume and Tatum*). Work 
is in progress to characterize these mutants further. 

To illustrate the genetic results obtained, the analysis of the cross 
a D'^Th“Tr"Uri X a r)”Th+Tr+Uri+Mei“ is presented in table 4. 

Other characteristics included in this cross were growth rate and drug 
resistance, but these do not appear to segregate as single factors, and will 
be discussed elsewhere. As is readily apparent from the data in table 4, 
the clones derived from single ascospores showed considerable regularity 
(there being only one questionable rc siit). Mendelian principles of segre¬ 
gation and independent assortment certainly appear applicable to this 
material. (Chi-square) analysis was carried out for all possible combi¬ 
nations of genes, and there was evidence of linkage between two of the 
characters, D and Uri (X^ == 7.2, one degree of freedom, p — 0.007). 
The range of X® values for the other characters was from X® = 0 (MT:D, 
D:Tr, and Th:Mei) to X® = 3.7 (MT:Tr). Of outstanding significance is 
the complete confirmation of Lindcgren’s obvServation*^ of two stable mating 
types in this strain of S, cerevisiae. Although the strength of the mating 
reaction varies with each clone, as reflected by the frequency of appearance 
of conjugating cells in microscopic examination of crosses of segregants X 
tester stocks, the heterothalHc status of this strain seems clear. These re¬ 
sults, and those obtained with other crosses, indicate that, for the char¬ 
acters studied, inheritance is Mendelian and completely analogous to that 
in higher organisms. 

Discussion .—The problem posed at the outset of this work was to devise 
means whereby the inheritance of characters controlled by single genes 
could be studied under controlled conditions. The stability of the haploid 
mating types^* allows considerable latitude in the manipulations to which 
they can be subjected, and still retain their mating ability. Thus, it was 
relatively simple to produce stable mutants which possessed the power to 
conjugate with mutants of the opposite mating type. The prototroph- 
recovery procedure insures the isolation of diploids arising from hetero- 
thallic conjugation. In addition, it is a very effective procedure in re¬ 
covering diploids where conjugation is poor. Thus, for example, if only 2 
out of 10** cells were able to conjugate, the diploid heterozygote could 
readily be recovered from a heavily seeded plate of minimal agar. The 
dispatch and sureness with which this procedure also screens for allelism 
is of great potential importance in studies of biochemical genetics with this 
organism. The ability of 5. cerevisiae to survive either as a haploid or a 
diploid makes it a very flexible tool for different types of genetic investiga¬ 
tions. 

It seems reasonable to conclude that the characters studied in these 
crosses segregated according to Mendelian principles. One cannot state 
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that all of the genes of this yeast segregate regularly, although it seems not 
unlikely that the same basic pattern should be found in most cases where 
single genes are being studied. With regard to the inheritance of adaptive 
enzymes, little can be said. In order to decide whether the mechanism 
of inheritance is through cytoplasmic genetic units as suggested by Linde- 
gren and Lindegren* and Spiegelman,^ or by genes controlling rapid and 
slow fermentation, as reported by Winge and Roberts,*^ requires further 
experimental evidence. It would appear worth while to determine how 
many processes are actually being measured in the course of adaptation, 
and then to try to follow the inheritance of a single reaction instead of an 
entire complex, for the purpose of clarifying the inheritance of this type of 
reaction. 

Stmmary .—Biochemically deficient mutants of Sdccharomyces cerevisiae 
Hansen were obtained after ultra-violet irradiation of haploid mating 
strains. Various mutants were crossed, and heterozygous diploids ob¬ 
tained by a prototroph-recovery procedure. The same procedure was 
used in studying allelism between phenotypically similar mutants. Genetic 
analyses indicated that the characters studied segregated independently 
and regularly according to Mendelian principles. 

* This material was abstracted from a dissertation, presented by the senior author for 
the deifree of Doctor of Philosophy in Yale University. 

t This work was done while the senior author was the recipient of a Standard Brands, 
Inc., Fellowship in Microbiology at Yale. 

X The symbols used to represent genetic characters are as follows: a and a « mating 
type (MT); Ur uracil; Me «« methionine; and Ad * adenine. Superscripts ^ 
and “ refer to nutritional status independent, “ « dependent), and independence 
<+) is dominant over dependence Subscripts refer to different alleles with the 
same apparent phenotypic expression. Thus, a Th^Tr' Un^Mea « Th +Tr "*'Ur‘ 

refers to a cross between a thiaminless, tryptophanless, uraciUess (locus 1), and a 
methionineless (locus 1). -f and — in the body of a table refer to genetic constitution, 
i.e., independence and dependence, respectively. 

* Lindegren, C. C., and Lindegren, G., CM Spring Harbor Symposia, Quant. BioU, 
n, X15-129 (1946). 

* SpiegeUnan, S., Ibid., IX, 266-277 (1946). 

* Lindegren, C. C., and I.indegren, G., these Procb»dinos, 33, 3X4-318 (1947). 

< Beadle, G. W., and Tatum, E. L., Jtid., 27,499-506 (1941). 

® Reaume, S. E., and Tatum, E. L., in press (1949), 
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VARIATION IN THE AMOUNT OF DESOXYRIBOSE NUCLEIC 
ACID IN DIFFERENT TISSUES OF TRADESCANTIA 

Bv Franz Schrader and Cecilir Leuchtenberger 
Department of Zoology, Columbia University 
Communicated by L, C. Dunn, June 3, 1949 

It has become a text book generalization that all cells of an organism have 
the same chromosomal constitution. To the cytogeneticist such a general¬ 
ization offers little hope for a solution of the great problem of differentiation, 
though the outlook is not quite so discouraging on the chemical level. The 
biochemical analyses of Chargaff and others*^ have established that the 
composition of desox3n‘ibose nucleic acid (DNA), which forms so important 
a constituent of the chromosome, is not always the same and may thus fur¬ 
nish a basis for variation. Further, it has recently been shown (Pollister and 
Leuchtenberger,® and Leuchtenberger^) that physical differences resting on 
various degrees of polymerization may underlie further variations of DNA, 
and therewith some very important steps in the analysis of differentiation 
have been initiated. 

Indeed, the cytological investigations of Geitler and a few other workers 
have furnished evidence that the initial generalization was altogether too 
sweeping in its claims. In many organisms there are tissues whose cells 
have higher numbers of chromosomes than are encountered in the diploid 
complement. The recent work of Geitler and of Huskins has made it clear 
that polyploidy or polysomaty is characteristic of many fully differentiated 
tissues, and, as Huskins points out, such “data on endopolyploidy permit us 
to assume quantitatively different gene action in different tissues" (Husk¬ 
ins).* 

But, though the cytologist was prone to accept an identity ot cbxomom- 
mal number for all normal cells in an organism prior to these discoveries, 
he could not possibly escape the fact that the chromosomes in the cleaving 
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egg are often larger than those of the blastula and gastrula, and that in la¬ 
ter stages the chromosomes of some tissues are uniformly larger than those 
of others. Here is a quantitative difference which, oddly enough, was 
rarely considered. Possibly this was due to a recognition of the possibility 
that in such instances the larger chromosomes have their materials in a more 
diluted condition than the small ones, and that their essential constituents 
therefore did not differ in amount. To be sure, visual comparison under the 
microscope seems, in at least some cases, to speak against such an explana¬ 
tion, but it may well be recognized that there is involved such a multiplicity 
of factors in the optical and staining properties of chromosomes that a final 
decision would be very difficult to obtain. 

The recent findings of Boivin, Vendrely and Vendrely,^ Vendrely and 
Vendrely and Mirsky and Ris,® would seem to suggest that such caution is 
indeed warranted. Working on tissues in vertebrates, they arrived at the 
conclusion that all the diploid cells of an organism carry identical amounts 
of DNA. Their conclusions were based on a gross biochemical analysis of 
nuclei separated from the cytoplasmic constituents of the cell. In evaluat¬ 
ing these results it should be noted that the amount of DNA determined for 
the nuclei of certain tissues by the Vendrelys differs from the amount re¬ 
ported for the same tissues by Mirsky and Ris. Indeed, in their values for 
bull sj)erms the foregoing authors differ not only from each other but also 
from Zittle and O’Dell. Any attempt to generalize on these findings must 
therefore await the results of further analyses. 

The question at issue is so important that an investigation of completely 
different material seemed warranted. For this purpose the plant Trades- 
cantia paludosa was used, all material coming from plants of the same 
clone.^ The tissues tested were root tips, the petals of small unopened 
buds, the basal parts of leaves and certain meiotie stages. All were fixed in 
Carnoy’s acetic alcohol (1:3) and sectioned at 15 m- Staining was always 
done in exactly the same way under standardized conditions and to further 
assure an identity of treatment, sections of root and bud tissue and, in other 
cases, bud and leaf tissue were mounted on the same slides. Both the root 
and bud tissues studied showed only metaphases with the diploid number of 
12 chromosomes; in the leaf tissue almost no mitoses were encountered. 

The Feulgen reaction, which is known to have a high specificity for DNA 
(Stowell,*^ DiStefano*), was used throughout. Its reproducibility has re¬ 
cently been shown by Leuchtenberger in animal material. In order to 
meastxre the amounts of Feulgen dye in individual nuclei, we used the pho¬ 
tometric, microscopic method of Pollister and Ris^^ which permits the estima¬ 
tion of relative amounts of colored precipitates in the nuclei of fixed and 
stained sections. The Feulgen reaction was measured in terms of the ab¬ 
sorption of the green light isolated from a zirconium lamp by a Farrand in¬ 
terference filter with a peak transmission in parallel light at 557 millimi- 
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crons. The photo tube was an R. C. A, Photomultiplier, Type 031 A. The 
mean extinctions (mean of 10-20 nuclei) obtained appear in the Table as 
Ewo. For a better evaluation of the absorption data, extinction values were 
considered in terms of nuclear sizes and this was done by using Esw X as 
an arbitrary unit (see Column 6 in table 1). For the absorption measure¬ 
ments of the Feulgen dye in root, bud and leaf tissues, nuclei of the same 
mesm nuclear diameter (8.6 microns) were selected; similarly, comparisons 
between prophases in root tips and meiotic pachytene stages were made in 
nuclei with a mean diameter of 10.8 microns. The DNA per nucleus was 
computed as described by DiStefano and, since such computations involve 
several assumptions and are subject to some errors (Leuchtenberger’), it 
must be considered that these DNA values are relative and not absolute. 

TABI.E 1 

Comparison op Dbsoxvriuosrnuclbic Acid (Fkulgen) in Different Tissues of 

Tradescantia Paludosa 

RKLATIVK 

VBAN AHinrNT t)r 

NUCLEAR NimBRR DNA IN lO 

TVPK OF DIAMETRR OF NT/CI.KI M<;.* FMK 


STA<iE 

TtSSUK 

IN MlCXQNa ACBARVRBt) 


Uth) X wr* 

NUCtEDR 

Interphase 

Root tip 

8.6 

20 

0.443 * 0.014 

25.7 * 0.78 

5.5 

Early prnphase 

Root tip 

10.8 

!0 

0.570 ix 0.025 

61,4 * 2.40 

U.O 

Interphasv 

Leaf 

8.0 

17 

0,736 0,02 

42.7 1.29 

9.0 

Interphasc 

Btid tape- 
turn 

8.6 

20 

0.060 ai 0.02 

60.3 * 1.68 

12.0 

Mdoaid pachytene 

Bud anther 

10.8 

10 

0.039 * 0.02 

84.7 * 2.4 

18.0 

Meiosl* micro«porc 
inter phase 

Bud anther 

7.0 

10 

0.733 0.08 

25.7 * 2.9 

6.0 


• Values in these columns involve several assuniption.s and therefore are only relative. 


On the basis of measurements such as are tabulated here, it appears that 
interphase nuclei of different somatic tissues of Tradescantia (root, bud and 
leaf) do not carry identical amounts of DNA even though, in bud and root 
tissue at least, the same (diploid) chromosome number is involved. So large 
are the differences involved that there would seem to be no escape from this 
conclusion. 

It should further be noted that pachytene nuclei of meiotic cells show con¬ 
siderably more DNA than equally sized somatic prophase nuclei. Also, 
such pachytene nuclei carry three times as much DNA as the interphase nu¬ 
clei after the second division (microspores). It is likely that the actual ra¬ 
tio is the theoretically expected 4:1 and that the values obtained for the 
pach 5 rtene nuclei appear low because of the uneven distribution of chromo¬ 
some material at that stage. Especially striking is the fact that the micro¬ 
spore carries an amount of DNA corresponding very closely to that of the 
root tip nucleus. This is a coincidence which in itself demonstrates that 
haploid nuclei resulting from two meiotic diviriems do not necessarily carry 
only half the DNA contained in diploid, somatic cells. 
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It is of interest that if Tradescantia tissues are fixed in 20% Formalin, 
absorption measurements of Fuelgen-stained nuclei give extinction values 
about twice as great as after Camoy fixation. In spite of this increase the 
ratios of relative amounts of DNA in different tissues (for instance, between 
bud and root) are essentially the same for both types of fixation. 

The unavoidable conclflsion is that the amount of DNA carried in a given 
chromosome may vary in different tissues. The explanation of such varia¬ 
tion may involve one of two basic conceptions. Thus, it is possible that the 
DNA has no exact quantitative relation to the basic structure of the chromo¬ 
some and may vary according to the age or other physiological conditions 
of the nucleus or its surroundings. An interpretation of this sort has been 
made by several cytologists and is implied in such terms as “nucleic acid 
starvation" and “supercharging of nucleic acid." As long as the structural 
and chemical composition of the chromosome is not better known, such a 
possibility must be considered. Another interpretation rests on the cyto- 
logical concept that each chromosome is composed of a number of threads or 
chromonemata. If each of such threads is associated with a definite and 
identical quantity of DNA, then the total amount of DNA in a chromosome 
depends on tlie number of chromonemata of which it is composed, A 
chromosome with a large number of chromonemata- -that is, of a high degree 
of polyteny—would therefore contain more DNA than an otherwise homolo¬ 
gous chromosome of a lower degree of polyteny. 

On the whole, this second interpretation is at present the most acceptable, 
if only because we already know definitely that polyteny exists. On such a 
basis the haploid chromosome complement of the Tradescantia microspore 
carries practically as much DNA as the diploid root tip because each of its 
chromosomes is composed of twice as many chromonemata. It is a strong 
argument for the claim that reorientation in some of our cytogenetic con¬ 
cepts is called for—especially with respect to the numerical relation of the 
chromonemata to the chromosomes. 

The fact that the different amounts of DNA in Tradescantia do not show 
any obvidbs multiple relation to each other may be due to several causes. 
First of all is the possibility that, for mechanical reasons, the photometric 
determinations are still subject to a certain degree of error, as we have al¬ 
ready stated. But it is also conceivable that, as Huskins and Steinitz* have 
pointed out in their analysis of various types of endomitosis in Rhoeo, cer¬ 
tain chromosomes may divide prior to others of the same complement. 
This may also obtain in the internal replication involved in polyteny, with 
the result that in tennediate values are obtained for some tissues. 

If DNA has the exact quantitative relation to the individual chromo- 
nema that has been considered in the foregoing, the recent conclusions of 
Boivin and the Vendrelys are not surprising. They mean only that the 
vertebrate tissues analyzed all have nuclei in which the same degree of poly- 
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teny obtains. Such data do not necessarily give final infonnation on the 
number of chromosomes in such tissues for, as our findings in Tradescantia 
show, the quantity of DNA contained in a nucleus is probably dependent 
on the grade of polyteny in its chromosomes. 

5MWwary.—Contrary to the findings of several workers for the tissues of 
vertebrates, the nuclei in different tissues of the ^lant Tradescantia carry 
different amounts of DNA, This is not attributable to various degrees of 
polyploidy in this case but may be due to different degrees of polyteny 
that obtain in the various tissues. 

^ We are greatly indebted to Professor C. L. Huskins, of the Univesrsity of Wisconsin, 
who selected and fixed the various types of tissue that we required. 

* Boivin, A., Vendrely, R., and Vendrely, C., C R. Acad. Sci., Paris, 226, 106 (1948). 

« Chargaff, E., and Saidel, H. F., /. BioL Chem., 177. 417^-428 (1949). 

t DiStefano, H. S., Chromosomal 3, 282-292 (1948). 

* Huskins, C. L , Am. Nat., 81, 401-4.34 (1947). 

« Huskins, C. L., and Steinitx, L., /. Hered., 39, .34-43 (1948). 

’ Leuchtenberger. C., Chromosonia in press (1949), 

8 Mirsky, A. E„ and Ris, H., Nature, 163, 666^-667 (1949). 

8 Pol lister, A. W., and Leuchtenberger, C., Proc. Natl.. Acad. Sci., 35 111-116 
(1949). 

10 PolUster, A. W., and Ris, H., Cold Spring Harbor Symp., Xll 117-157 (1947). 

‘I Stowell, R. E., Stain Tech., 20, 45-48 (1945), 

^8 Vendrely, R., and Vendrely, C., Experientia, 4, 434-436 (1948). 

^8 \3scher, E., Zamenhoff, S., and Chargaff, E., J, Biol. Chem., 177, 429-438 (1949). 

i^Zittle, C. A., and O’Dell, R. A., J. Biol. Chem., 140, 899-907 (1941), 


CHROMOSOMES OF A FOX HYBRID (Alopex-Vulpes)* 

By Louise WipfI and Richard M. Shackelkord$ 

Department of Genetics, University op Wisconsin 
Communicated by C, E. Allen, June 1,1949 

Numerous attempts have been made to obtain offspring by mating ani¬ 
mals classified as belonging to different species or even different genera. 
When young have been the result of such matings, they often prove to be 
semisterile or completely sterile in matings inter se or back to either of the 
parental groups. The mule has long been regarded as the classical example 
of an intergeneric hybrid which falls into this category. From time to time 
since the red fox ( Vulpes vulpes h.-V.fuloa species) and the arctic fox (Alo- 
pex lagopus L.) have been brought under domestication, breeders have pro¬ 
duced hybrids from the two species with the idea that, by back-crossing, 
the size of the arctics could be increased and their higher productivity in¬ 
troduced into the color phases of the red fox. This objective has not met 
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with success to date, however, apparently as a result of the complete steril¬ 
ity of this intergeneric hybrid. 

Cole and Shackelford^ have described Alopex-Vulpes hybrids and dis¬ 
cussed their breeding behavior in detail. One of the males from the group 
designated as Case 8 by these workers furnished material for the chromo¬ 
some studies reported in this paper. Tissues from the black (silver) color 
phase of the red fox came from the University of Wisconsin ranch and those 
from the arctic fox were collected through the courtesy of Messrs. John A. 
Fromm and Loyal Wells of Fromm Bros., Nienian and Co., Inc., Thiens- 
ville, Wis. 

Individuals of the two parental species and the hybrid were castrated dur¬ 
ing the breeding season (1945) in order to obtain meiotic as well as mitotic 
divisions. Although the breeding seasons of the two species overlap, that of 
the arctic fox averages a later date than that of the red fox in this locality, 
Consequently, the testes from the arctic fox were taken March 21, and those 
from the red fox February 10. It was assumed that the height of the 
breeding season for the hybrid was probably betwceti those for the parent 
species, so one testis was removed March 7, 1945. Studies of this material 
suggested that the testis of the hybrid might have been removed too early 
in the breeding season, so the next year (1946) the remaining testis was 
taken at approximately the date found satisfactory for the arctic fox, 
namely March 19. 

Seminiferous tubules were teased from the testes directly into Carnoy’s 
alcohol-acetic acid-cliloroform fixative (7:2:1). An hour Jater the material 
was transferred to 80% alcohol for storage. Temporary aceto-cannine 
smears were made and the desired division figures observed. 

Andres^ and Wipf and Shackelford* reported 34 as the diploid chromosome 
number for Vulpes. The material of the red fox used in this study came 
from a different animal from any of those used in the 1942 report,* and con¬ 
firmed 34 as the chromosome number for V, vulpes (figure 1 ^4). The pres¬ 
ent stiigiy is also in agreement with Andres’^ count of 52 for Alopex (figure 
3 A). Wodsedalek^ gave 42 as the number for the red fox, Bishop® 32 and 
Makino® 38. 

Considerable differences can be noted in size and shape between the 
chromosomes of the two parent species at mitosis; the chromosomes of the 
red fox are much larger and longer, the largest being more than twice the 
length of the largest in the arctic. Both species show satellite attach¬ 
ments in one pair. No sex chromosomes can be distinguished on the ba¬ 
sis of heteropycnosis, differences in size or other morphological charac¬ 
ters. Within each species it is relatively e.asy to pair a chromosome with 
another which appears to be its homologue (figures 1 B and 3 S). At the 
first reduction division the chromosomes of Vtdpes (figure 4) are larger than 
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FIGURE 1 (A) 

Vulpes chromosomes on a mitotic equatorial plate. 2n » 84. 

FIGURE J (B) 

Chromosomes from hg^ure I (A) arranged as homologous pairs. 

FIGURE 2 <i4) 

Mitotic equatorial plate from an Vulpes hybrid showing a chromosome number 

of 43. 
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those of Alopex (figure 6) as was the case in mitotic divisions* and chromo¬ 
somes that appear morphologically similar are paired in both species. 

Polar views of the equatorial plate stage of mitotic figures from the Alo- 
pex~Vulpes hybrid show 43 chromosomes (figure 2 A), Some of the chro¬ 
mosomes are large and can readily be recognized as coming from the Vulpes 
parent; others are smaller and more closely resemble those of Alopex 
(figure 2 jB). At the first reduction division a mixture of paired and 
single chromosomes is found on the equatorial plate (figure 5). vSide views 
of equatorial plates, anaphases and telophases show no abnormalities such 
as precocity or lagging in either mitotic or meiotic divisions. 

It is doubtful that mature sperms are formed in the hybrid. The cell 
type which comes nearest resembling a sperm is large and irregular in out¬ 
line and lacks the compact appearance of Alopex and Vulpes sperm heads. 
Whatever may be the causative element, it is possible that the sterility 
of the Alopex-Vulpes hybrid, at least in the male, stems from the inability 
to produce mature gametes. 

Other workers have reported irregularities of various kinds in the forma¬ 
tion of gametes in a number of interspecific crosses in mammals. Wodse- 
dalek^ noted that in the mule, chromosomes were often scattered on the 
spindle as well as in the cytoplasm at the metaphase stage and multiple 
and distorted spindles were often seen. Dice®, working on dog-coyote 
hybrids, reported that '‘the maturation divisions seem to be highly ab¬ 
normal.He found no divisions at any stage later than early anaphase 
of the first reduction division. In cattle-bison hybrids (Peakin, Muir 
and Smith®), the seminiferous tubules were found to be in a degenerative 
state with no germinal epithelium. There were indications of active mi¬ 
tosis and a degree of differentiation of spermatids toward spermatozoa in 
some of the tubules. 

* Joint contribution from the Wisconsin Conservation Department*s Experimental 
Came and Fur Farm, Poynette, and the Department of Genetics (Paper No. 401), 
Agricultural Experiment Station, University of Wisconsin. Published with the approval 
of the Dilator of the Station. 

t Genetics Department, University of Wisconsin. 


FIGURE 2 (3) 

Chromosomes from figure 2 (.4) placed in a linear arrangement. 

FIGURE 8 (4) 

Alopex chromosomes on a mitotic equatorial plate. » 62. 

FIGURE a <3) 

Chromoflomes from figure 3 (4) arranged as homologous pairs. 

FIGURES 4-6 

PoUu views of equatorial plates at the first meiotic dwision. Figure 4, Vulpes; 
figure 6, Alopex^ Vulpes hybrid; figure 6, Alopex. All figures X 1800, 
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CONTINUED FRACTIONS, ALGEBRAIC FUNCTIONS AND THE 

pad£ table 

By Richard Bellman and Ernst G. Straus 

Dbpartmbnt of Mathematics, Stanford University, and Department of 
Mathematics, University of California at Los Angeles 

Cotninunicated by S. Lefschetz, June 22, 1949 

i. IniroducMon .—Given a function J{x) possessing a power series de¬ 
velopment in the neighborhood of the origin, the problem, first posed by 
Pad^, which we wish to consider is that of determining the polynomials 
Pm, ni Qm, n the first of degree m, the second of degree n, having the 
property that 

Pm. + f{x)Q„, „(x) = + . . .. (J) 

The sets (P„_ Qn. »). (P». »-i; Qn, n-t) are obtained from the continued 
fraction expansion 

/(x)»£ (2) 

n-o 1+ 1 + 

associated with/(*), cf. Perron.* 

In general, the problem posed above is difficult despite the fact that the 
coefficients of the unknown polynomials P*. » may be obtained 

formally by solving the w + » 4- 1 linear equations equivalent to (1). 
In this way necessary and sufficient conditions may be obtained for the 
existence of a unique solution to (1). However, this mode of procedure 
is unsatisfactory in many respects, since it is virtually impossible to apply 
the criteria found in this way, and the structure of the coefficients bn, 
and the polynomials P„, , remains hidden. 
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For these reasons, various artifices have been employed to find the con¬ 
tinued fraction expansion of f{x) and the elements Pm,«; Qm, n of the 
Pad4 table. These depend, naturally, upon the particular functional 
properties of the function under consideration. Thus there are techniques 
available for functions associated with the hyper-geometric function, for 
functions satisfying linear differential equations with polynomial coeffi¬ 
cients, for functions of the form da{t)/ (x — /) and so on, cf. Perron.^ 

The primary purpose of this paper is to present a method applicable, in 
principle, to the class of all algebraic functions; in practice, difficulties of 
various types occur. Nevertheless, using this method we are able to 
obtain many new continued fraction expansions quite easily. Some 
examples will be given below. 

We also present a method applicable only to algebraic functions defined 
by equations of the form 

y« + pi(x)y^-^ + ... + Pn{x) - 0 (3) 

where the pt{x) are linear polynomials in x. The most interesting functions 
of this class are those satisfying the simple equations, y** — (1 + = 0. 

Let us now sketch the first method. Turning to (1), we note that if 
fix) is algebraic, so also is the left-hand side of (1). According to the 
right-hand side of the equation, this algebraic function must have a zero 
of order w-fw+latjc==0. Furthermore, the set of poles of this alge¬ 
braic function is easily determined, consisting of the poles of f(x), which 
may be found by reference to the defining equation, and the point x — , 

Since an algebraic function is completely determined, apart from a multi¬ 
plying constant, once its zeroes and poles are known together with their 
multiplicities, the expression Pm, »(x) + Qm, nix)fix) will be theoretically 
known provided that we can extract enough information from (1), the 
general result for all algebraic functions that the number of zeroes is equal 
to the number of poles, and the further relations, depending upon the 
genus of the defining curve, that must hold between the zeroes and the 
poles. 

In some cases, a count of the zeroes and poles is sufficient to fix the 
left-hand side of (1). In order to furnish an explicit expression, we intro¬ 
duce the transcendental functions which uniformize the curve, e.g., for 
curves of genus zero, the trigonometric functions, for curves of genus one, 
the elliptic functions, and so on. One of the practical difficulties is that 
the transcendental functions, required in general for the uniformization of 
curves of genus greater than or equal to two, are not readily accessible. 

If the initial argument on the zeroes and poles does not suffice, we must 
utilize the specific form of the left-hand side of (1). An example is given 
below. 



474 


MATHEMATICS: BELLMAN AND STRA US Pttoc. N, A. S. 


Proofs of the results stated here, and further results, will be published 
separately. 

2. Emmples of the First Method.—Consider the curve defined by 
w oo:® + bx^ + cx d, a 9 ^ 0, Let us impose the condition that 
ax^ 4* bx^ cx d ^ 0 have no double root. In this case, the equation 
of the curve may be written in the form 

y* - 4(cia: + Cj)" - giidx + d) - gs, gii‘ 9^ 27g»*, Ci 0, (1) 

and has the parametrization, 

+ Ca = P(u), y = -P'(m) (2) 

where P{u) is the Weierstrassian elliptic function. Let 2wu 2tt>2 be a set 
of primitive periods of Pin)* and a, —a be the roots of p{u) — t :2 0. 

Then 

Theorem. The necessary and suficient condition for the existence of a 
unique sequence of polynomials Pn of degree w, Qn-\ of degree 

n — 1, satisfying 

Pn{x) + Var® + bx^ + cx + d Qn~i(x) = jc*” + ... (3) 

i$ that 


a 9^ 


miWi + W2Wa 

I 

n 


mu W2 =* 0, =*=1, =<»2, .. .; 


» = 1, 2, .... (4) 


If this condition is satisfied, we have 

Ci-*’'/>'(a)®V(«)”‘+V(M + 2na)aiu - a)**" 

<r((2« + l)a)<r(«)»»+> ' 

From this relatio n, the elements of the continued fraction expansion for 
y/ax* + hx* + cjc + d may be derived. 

Sketch of Proof; If we introduce the parametrization (2) then equation 
(3) becomes 

P. (to) + (to). (to)” +,. 

llie left-hand side of the above equation is an elliptic function with a 
pole of order 2n 4- 1 at « « 0, and, by virtue of the li^t-hand side, with 
a zero of order 2« at « » a. Although p(u) - c» =« 0 has two zeroes, at 
M ■» * a, only one is a zero of the left-hand side, the other being a zero of 
the conjugate. Since the sum of the zero points must be congruent to the 
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sum of the points at which the function has poles, multiple points counted 
multiply, we are led to the expression 

Pn 4- p'iu)Qn-l = d„ff{u — a)*V(M + 

2na)/a(tt)2”+i. (7) 

The constant is now easily obtained from the normalization condition that 
the coefficient of in (3) be unity. 

Once the sequence {P„, On-ijhas been obtained, an elementary result 
from the theory of continued fractions permits us to deduce the analogous 
sequence where both polynomials have the same degree, and thence the 
elements of the continued fraction. 

As a simple illUvStration of the case where a count of the zeroes and poles 
is not sufficient, let us consider the function y =» (1 -t- Using 

obvious parametric representation, the problem takes the form of 
de^rmining the trigonometric polynomials P«, such that 

J®^ 3 in 6) + Qn*,i(sm 0)(1 + sin ^)cos 6 = (sin + .. * • (8) 

Here the left side of the equation is a trigonometric polynomial of degree 
n + U possessing, in consequence, 2« + 2 zeroes, of which only 2n are 
determined by the equation. Therefore, 

Ptt(sin B) + Qn-i(sin ^)(1 + sin 0)cos B ^ (1 — cos (9) 

where v4i(^) is a trigonometric polynomial of the first degree. From this 
we obtain, via the substitution B w -- B 

P„(sin B) =* [(1 cos + (1 + cos B)^Ai{w — B)]/2, 

(1 + sin 6i)(3«™i(sin B) f: [(1 -- cos B^AiiB) - (1 + cos 0)Mi(7r - B )]/2 

cos B. (10) 

The unknown linear polynomial is now readily found. 

We remark, however, that the sequence { ,P„, Qn^ n-sj can be de¬ 

termined by the first method. In general, for every algebraic function 
there is an integer k such that the sequence of polynomials {P„, } 

is determined by the first method. 

A similar, but more complicated investigation is required to derive 
the continued fraction associated with y® » ox^ + bx^ cx^ + dx + e. 
This method is applicable to the treatment of iV-ditnensional continued 
fractions, but lack of space does not permit any example of this here. 

3. An Example of the Second Method .—We seek to determine the 
polynomials P^, u i =* I» 2, S, each of degree », satisfying the equation 

. K , + p., ,<i ++ p,. •(! + - *»-+* +.... (1) 
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It can be shown that these polynomials are unique. Choose Au a linear 
polynomial and -42,-43 constants, so that 

Ax + . 42(1 + x)'^’ + . 4,(1 +*)•/• = *»+.... ( 2 ) 

Multiplying (1) and (2), and taking account of the uniqueness of the 
4 we obtain the set of linear difference equations, 

Fn+l, 1 = AiPn, 1 + 43(1 + x)Pn^ 2 + 42(1 + x)P„^ $ 

2 - 42Pn, I + 4iP„. 2 + 43(1 + x)Pn, 8 (3) 

-P«+l,8 ~ 43pB I + 42 Pm. 2 4iPn, j. 

Since the initial polynomials, Po. <, are easily found, the Pn, t are deter¬ 
mined once the characteristic roots of the coefficient matrix 

/4i 43(1 + x ) 42(1 + x )\ 

4 = (42 4i 43(1 + x )\ (4) 

\4a 42 Aj ) 

are known. This matrix resembles a circulaut, and it is easy tb verify 
that the characteristic roots arc given by 

Xi = A\ + 42^/1 *4* af + 48'V^(1 "f* x)'® 

X 2 « 4, + wAt</r+x + w®48^(TT^ (5) 

Xs — 4i + + X + w43^(1 + xy» 

where w is a primitive cubic root of unity. 

These results generalize inunediately to the iV-dimensional case. The 
above formulas exhibit the known correspondence between the three- 
dimensional continued fraction and the decomposable cubic form 

ir® -f y’ + s* + *Sxyz — {x + y + z){x 4- wy + + w®y + wz) 

( 6 ) 

cf. Daus.^ 

The method sketched here for the three-dimensional case applies to those 
algebraic functions satisfying (3) of section 1. 

* Daus, P. H., '"Normal Ternary Continued Fraction Expansions for the Cube Roots 
of Integers/' Am. J. Math.^ 44, 279 (1922). 

* Perron, 0„ Die Lehre von den Kettenbriichen, Chap. X, Leipzig, 1929. 

* Whittaker, E. T., and Watson, G. N., A Course of Modem Analysis^ chapters VIII, 
IX and X. 
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ON THE NUMBER OF SOLUTIONS OF SOME TRINOMIAL 
EQUATIONS IN A FINITE FIELD 

By Loo-Keng Hua and H. S. Vandiver 

Department of Mathematics, University of Illinois, and Department of Applied 
Mathematics, University op Texas 

Communicated July 1, 1949 

In the present paper we shall use the results in two previous papers^ 
by the authors to obtain (Theorem I) the exact number, explicitly in terms 
of p, n, ki and k 2 t of solutions of the equation, if 0 < 1, 

ai) = ki, t = 1, 2; 


CiXi"' + C 2 X 2 ** + ^3 = 0, (1) 

in Xi and X 2 t non-zero elements of a finite field F(p*^) of order p sin odd 
prime with Cu given elements of CiC 2 Cz ^ 0, in certain special 

cases. Secondly, we shall find limits (Theorem II) for the number of 
solutions of (J) which are better than those given in C for the solutions of 
this particular equation, and which have the unusual property that they 
agree with the exact values found for the number of solutions in the special 
cases treated in Theorem L We shall employ the notation used in H 
(defined in (9b) just below relation (14) of that paper). 

Let a be a primitive (<i5i52)-th root of unity, m = dsis^ where dsi =*= ^ 1 , 
ds% « kt where (Ai, ^ 2 ) == di whence (su S 2 ) = 1. Let x*, be a special ki- 
character and Xk% a special fe 2 -character in F{p^) and write, if K stands 
for F(/)*), 

r(x2;) - 

atK 

and 

a Tic 

where tr{a) is the trace of a in F{p") with respect to F{p), and is 

defined by 

«•> = a 

in Fip"), g being a primitive root of F(p*) and we define ind (0) as zero. 
Hence, as is known, provided xHlxK ^ 1» 

r(x{;!)r(xg) ^ mi* ind («) + ind (I — a) 

r(xSl XS) a 

Also, setting (.—at) for (a) we obtain 
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iod (a) 4* J*«ji ind (1 ■“ a) 

a « iC 

. *t»d (-oi) 4- mmi ind (i 4- at) 

ai f A'^ 


= La' 

at« K 


li\si iod ( —1) 


ind (ai) 4* ind (1 4- ai) 


Let n = 2ni, then p^"' —1 — 0 (mod 4) and if imstip*"' — l))/2 = e so 
that = (-1)' = 1, 


TCxr XxP ^ Mi« ind (o) 4- MW* ind (a 4- 1) 

r(x{:;xO 


iA(«) 


( 2 ) 


Now MitchelP showed that if mi ^2 ^ 0 (mod m), jua^i ^ 0 (mod m) and 
^*''2 + ^ 0 (mod m) then 

^(a) - (~ir-y*, ( 3 ) 


where p belongs to the exponent 2t, modulo m and «i = r/ with ^ — 1 
(mod nt). We now employ (18) of H, which may be written as follows; 


N-P--2 -'i' xs (- fj -*’e xs (- -?) - t'xir (- s) 

- 0 \ Cl/ * 0 \ C^' V » I V ^1/ 


where in the last term Xk\^ 1> X^I 5^ li xfxS’ ^ 1^ and divide the discus¬ 
sion into seven cases in order to express s in terms of integers only. Be¬ 
cause of (3) and x(«) - --1 for Ati — 0, Ma ^ 0, also for yn 0, fjt^ ^ 0, this 
is always possible. 

The cases are: 


L cn C2 — Cj. II. Cs = Cl, Ca 9^ Ci with ind Ca ind Ci (mod d). 
III. Ca — Cl, ind C2 9^ ind Cj (mod d), IV, Cs = cs, Ci 9^^ Ca, ind Ca 2s 
ind Cl (mod d), V. cs «= ca, ca ^ Ci (mod d), VI. c» 9^ Ca, Cs 9^ cu ind c* 
^ ind Cl (mod d). VII, C3 9^ Cu Cs 9^ ca, Cj ca (mod d). Write 


(ii, Ml \ Cl/ \ Cj/ r(x5;; xS.) 


where x*! 5^ 1, xS ^ 1. x?lxS| s** 1- 
In case I, we find 



( 5 ) 
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To reduce A in this case, we take all the terms in which x21 Xkl ^ 1 
and then subtract all the terms from the result in which xt\xt\ = ^ with 
xltl 5^ Xk\ ^ 1 and employ (3). The terms of the first type give 

(*i - \){k^ - 

As in the proof of (18) of s there are (d — 1) terms of the second type just 
mentioned. Hence (4) reduces to 

pn ^ d+ {{ki - l)(fe ^ 1) ~ (d “ y*. 

( 6 ) 

For case II, we find the same value for the first summation in (4) but 
for the second, we have the value 0 since Cz ^ Cz, In reducing A for this 
case and separating the summation in the same way it was separated in 
case I, we have for the first part (ki — and for the second part 

(d — 1)^- Hence, we have for case II the value, if denotes the 

number of solutions in case f, f *= I, II, ..., VII. 


N% *= p” -f" ] — d 

Similarly for cases III, IV, 

- fe, + (jfei + (I - 2)p”%-iy. 

etc., we have 

(7) 

iV, = ^>" + 1 

-h + (A, - 2)/>-(-l)^ 

(8) 

- jb“ + 1 - 

-h + {h + d- 2)p”\-\r. 

(9) 

A^6 = #>" + 1 

- *2 + (*2 - 2)/.“‘(-l)^ 

(10) 

M = P" + 1 

- + - 2). 

(11) 

iV, » p" 

+ 1 + {-\)'-^2p”\ 

(12) 


Theorem I. If Ni is the number of solutions of the equation 

Cja:?’ -f* — 0 


in Xi and Xz, non-zero elements of a finite field F{p^) of order p an odd 
prime, with Cu Cz given non-zero elements of F(/?") with Ni,i ^ 1, 2, ..., 
7, the number of solutions in the corresponding seven cases numbered /, II, 
..., VIIt gfven just above the relation (5); 0 < < />** — i, (a,-, p” — i) “ 

ki, i ^ 1,2; w ss dsi ^ 2 , dsx «= ds% =« hz, {hi, k^) - d; n - 2ni, p belongs 
to the exponent 2i modulo m, ni rt with p^ ^ —1 {mod m), then the values 
of Ni are given by the relations {6)-^{12), inclusive, 

Mitchell^ obtained these results for the special case when ki = by a 
more complicated method. 
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We now use (4) to find closer limits for N in the special case when 5 = 2^ 
than those found in C for equation (1) of that paper. Set 


M - p‘ZyS\ (- f) - e'xK (- ;)- s’x."' (- f)- 

\ C\/ \ (j**l \ Cl/ 


Now every term on the right of (4) is real so that we may write ^ Af + 
1^1 and g A/ — 1-4] and using the known result 


we have, if 


(x)| = X 5^ xo, 

(13) 

- 1) {k, - 1) - (rf - 

(13a) 

N£ M + D, 

(14) 

N M ~ D. 

(15) 


To obtain limits in terms of rational integers only, divide the discussion 
into the seven cases I- VI I defined in the proof of Theorem 1. Then we 
can evaluate M exactly as in the determination of N in Theorem I in each 
of the seven cases. ’ 

Write N^; i = 3,2, .. ., 7 for the value of N corresponding to each of 
the seven cases referred to in Theorem I, respectively. Then from (14) 
and (15) we have the 

Theorem II. // 

C\xf^ + + rg ~ 0,. 

where Cu rg, fa are given elements in a finite fields F{p”) of order p prime, 
C\CTiC% 9 ^ 0, then we have the following limits for Nu the number of solutions 
in the x's, neither zero, of the above equation, 

M\ - + D, (10) 

where Mi = />"* + 1 — iti “ Aa — d; = P” + 1 — — kx\ » 

p" + 1 “ ifexi Mi ^ p*^ + \ - d - h\ A/fi = p” + 1 - h\ A/e ^ p” + 
1 - d; « p” +1; hi - (p” — 1, af), ^2 = (p” - 1 , ag), d « {ku k%) 
and D is defined in {13a), M^; i ^ 1,2, .. .,7, is the value of M corresponding 
to each of the seven cases, I, II, ..., VII, of Theorem I, respectively. 

For the case when n — 1 and ki = kz is an odd prime, Hurwitz® by a 
different method proved the above theorem using rational integers only. 
His argument is much longer than ours. For the particular cases treated 
in Theorem I the exact value for N agrees with the limits found in Theorem 
II, when 6*1 « rs " cg, with the superior limit when r is odd> and the inferior 
limit uken r is even. For the case « « 1, Ji?i == ifeg an odd prime, this fact 
WES noted by Mitchell,® who also stated that Hurwitz*s method could be 
extended so as to obtain limits for the case when n is general, which had a 
similar property, 
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* These Pkocbbdings, 35, 94“09 (1949), this will be referred to as C; 35, 451-457 
(1949), this will be referred to as H. 

Mnn. Math,, II, 18, 120 (1917). 

« CrelU, 136, 272-292 (1909). 

* As a check on the accuracy of our work, the present problem was discussed in a 
mathematical seminar, using a different method of proof. During the resulting discus¬ 
sion, Mr. Olin B. Faircioth made a suggestion, which, when used in connection with the 
method employed in this paper yielded a better superior limit for N, than that which 
we originally had. 


ON THE NATURE OF THE SOLUTIONS OF CERTAIN 
EQUATIONS IN A FINITE FIELD 

By L. K. Hua and H. S. Vandiver 

Department ok Mathematics, University of Illinois, and Department of 
Applied Mathematics, University of Texas 

Communicated May 23, 1949 

In two recent papers^ the authors considered the equation 

CiXi"' + + . . . + + C,+ i ^ 0 (1) 

in the where the a's are integers such that 0 < a < p'* — 1 ; st ^ 2 for 
^ 0 , and s > 2 for Cs+i 0 the c's being given elements of a finite 
field of order p an odd prime, which will be designated by F{p ^); and 

CiC% . . . C^iXi ... Xf 9^ 0 (2) 

in F(p'*). Limits were found for the number of solutions of (1) and it 
was proved that for p^ sufficiently large ( 1 ) always had solutions under the 
restriction (2). In the statement above concerning (1) we made the 
provision that 5 ^ 2 for c,+i 0. If we consider the case where r =* 1, 
( 1 ) reduces to the equation 

+ Cs * 0, (3) 

with C 1 C 3 5 *^ 0. Since any finite field can be represented by means of the 
residue classes with respect to some prime ideal in an algebraic field, then 
examination of the solutions of (3) is included in the theory of the con¬ 
gruence 

^ a (mod p), (4) 

where a is an integer in an algebraic field iiC, p is a prime ideal in that field 
and or 56 0 (mod p). The study of the last relation led to the theoiy of 
the dass field and the laws of reciprocity for nth powers.® 
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We ttdsh to point out the sharp distinction between this problem and the 
problem of finding the solutions or the number of solutions of the equation {!) 
and when 5 & 2 for Cg^\ ^ 0. 

In addition to this, we shall also obtain an expression (Theorem I) for 
the number of solutions of (1) when 0 and ^ 2, which leads to 

the proof of Theorem I and which we shall also have occasion to make use 
of in another paper. Also we obtain Theorem II, which gives the exact 
number of solutions of (1) when the ^*s are prime each to each, Cf+i « 0 
and (Uit />*“!)=* kii f — 1, 2, .. 

We consider equation (4) and confine ourselves to the case where K is 
an algebraic field which contains a primitive /th root of unity with I prime. 
Then 


a ^ 0 (mod p) (5) 

if and only if the Ith power character of a, modulo p is imity, or 

« 1 . 

However, by a known theorem* 

1 

for an infinity of distinct prime ideals p provided a does not equal an /th 
power of an integer in AT. Now the last statement is contrary to what we 
have for r > 1 in (1) with Crhi 9^ 0, For, as we have shown in E (p. 262) 
the congruence 

+ aaXj*** + ... + + an-i ^ 0 (mod p), (6) 

with 

O'!as .., a,xi ^2 ... Xf 9^ 0 (mod p) 

for 5^2 with i pS 0 (mod p) always has solutions if the norm of p 
exceeds a certain limit, in fact (6) always has at least k solutions in the 
x's for k any positive integer if the norm of p exceeds a certain limit. In 
particular when we consider the case where there are no solutions it is 
knoMm* that + 1 3® 0 (mod p) ha^^no solutions in integers prime 

to p for just four primes p, namely 29, 71, 113, 491, but has solutions for 
all the other primes p. As for x* + y* + 1 0 (mod p) it has no solutions 

for ^ « 11, 41, 71, 101, Also a:* + y* + 1 0 (mod p) has no solutions 
only for p « 7 and 13. It is also known* that for m < 10/, and 1 + w/ 
and h{l) is the number of primes p tor which 

+ y + 1 « 0 (mod/>) (7) 

has no solutions for xy vA 0 (mod p) then 4(11) « 3, A(13) « 4, A(17) ** 4^ 
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A(19) 6. In view of these facts it may happen that A(/) increases as 

I increases. Note also from the cases 3, 5 and 7 that there is a range of 
values for p in which the corresponding congruences may or may not have 
solutions. 

From the above considerations we may say that associated with any 
fonn of the type given by the left-hand member of (4) there is an integer 
e{k) such that there are exactly e{k) values of p such that (4) has k solutions. 
Even in the case where k is zero, the class of forms satisfying the condition 
may be rather general. For example.® it was shown that if ^ is a prime and 
m is an integer such that — 1 + me with p prime then 

UiXj” -f + • . • + ^ 0 (mod p) 

has only the solutions x\ ^ a:, 0 (mod p) provided c — 2, 

the sum of no n of the a’s is hs 0 (mod />) 0 < w g .s, and 

(|«i| + |aal + ... + 

where <t>{c) is the indicator of c. >Select ai =« as = ... = — 1 and 

a, = — .Y. and also an m and p with = 1 + me with c fixed and satisfying 
the other conditions just mentioned then it is evident that 

+ jcs” + ... + ~ sxs"^ 2 SS 0 (mod p) 

has no primitive solutions. (Incidentally, in view of Theorem III of the 
article just referred to, the equation 

+ X2^ + ... + — sxg^ =» 0 


has no solutions in rational integers unless each x is zero, if there is a prime 
p with p ^ I + me and (25 — < p,) 

We now recur to the subject of the number of solutions of equation (1). 
treated in E and C. The case 5*2 with Ca 9 ^ 0, has received considerable 
attention in the literature.’ Let us examine 


with 


+ Cs * 0, 


XrXtCiC^$ 5 ^ 0 . 


( 8 ) 

(8a) 


Theorem I of C, we see will give, if N is the number of solutions of (8) in 
Xi and X 2 under the conditions (8a), 



(9) 


where we may write T in the form, if kt «» (ai, p — 1), mi ranges over 0, 
1, 1, ^over 0, 1, - 


E E (9a) 

0 # K Mij .#1 
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where Xjti is a special character defined by or as we shall say, a ^i-charac- 
ter, and similarly x** is a special character defined by h and where, if we 
write K for F{p^)t 

rix, f) = r(x) = E (9b) 

htK 

with x(0) = 0. This is obtained from the fact that if a is a primitive 
(^« — l)th root of unity then ", where a ranges over all elements of 
F{p^), 0, gives a character as defined in C where ind a is given by 

" « a, 

and where g is a primitive root in F{p^), so we obtain all characters by 
taking ^ = 0, 1, ..p" ~ 2. We have from C the relations, if xo is the 
principal character, 

I T-(x) I = X ^ Xo 
’•(xo) = — 1 

To reduce (9a) we divide the discussion into four cases. 

First Case. Xn'" - 1. Xtj"* = 1- In this event xti^X®"*) * Xta^Co"') = 
1. Xti^Cci"') = XM^'{Ci-^) = 1. which reduces (9a), using (10), to 

a 

Second Case. x*i'“ “= 1; Xta” ^ 1. This gives from (9a) and (10), 

- ET(Xt,'")x*.'‘’(c*-'0-')f"^“‘^ “ E - r(x*,)x*.(C2-‘)(X*,(a))-'f'''“*\ 

o a 

and setting aca « — ai, using Cs 9 ^ 0, this reduces to 

-Er(x*.'‘*)x*,'“(-cr'c,)(xn'‘’(ai))->r"‘’‘ - -Et(x».)^)x».(- 

* fli \ ^ ' 

and using the known relation 



rix^rHx^n “ P\ (lla) 

this is seen to equal 

-rExta^’f-”)- (12) 

Also, if x*)"' 1 and xn,"' =“ 1 we find in a similar way that the result is 

-F"Ex».'“(-|)- (13) 


Third Case, xt/'x*."’ 


1 with xti**' ^ 1> x*."' ^ 1. (9a) reduces to 
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a m 

Now 

rCx*.""'. f) = f-‘)x*.(-i) 

=*= 7-(x»,'‘')xt.'‘'(—!)• 

Hence for the admissible values of a«i, (9a) reduces to 

Now we must determine the possible values of from* 

Let a be a primitive (dsiS 2 )th root of unity where dsi = ds 2 = ^2 and 
where (ku whence (si, 52 ) = 1. Then = 1 gives integers 

Ml and M 2 such that «= 1 or 52 mi + (mod (^ 5152 )) so that 

Ml = ViSit = V 2 ^ 2 - Hence the possible values of mi are $iVi; Vi = 1, 2, 
..., — 1, as the case i>i = 0 was excepted. Hence (Qa) reduces to, for 

this case, 

-'Ex*/'"’(-■-)/>*. (15) 


Fourth Case. Here Xiti'*' ^ L X*,*** ^ L X^i'^X^*^’ ^ L Consider such 
terms in •(9a). They may be written in the form 

E E r(x*:‘)r{xt.'‘’)Xt.'‘‘x*.'‘*(o-‘)r'''*‘*^-Xt.'‘'(cr*)x*.'"(c.->). (16) 

Mil ^3 0 e K ^ 

Write ai » aca, then »= and using cz ^ 0, 


E x*.'“x*.'‘’(o-') 

ai.K 

0ii»* 0 


E xkrxk,'‘'{c») (x,rxtr(a))-^^'^‘‘'^ 

a,tK 

= E xt:'xt,'“(c,)(x*rx».'"(«i))-’xt.'‘’x*.'"(-i)r'^‘‘’'’ 

at « iC 


Hence using (11a), we find from (9a) that the terms in case 4 in T may 
be written as 




lenten, 

r(x».'“x*.'") 


(17) 


Xk!"' 1. Xk,^' 9^ 1, Xk^'Xk^ M 1. Using (9), (9a), (11), (12), (13), (14), 

(16) and (17), we find 


w - f -‘'f:'x.r(- fj - 'f'x.;- (- ‘A 

ftimQ \ C\l \ C%f V 1 \ Cxt 

+ S. X..-. (-1) X.." (-5) 

Mt. »»l \ Cl/ \ Oil 


rhCkT'Xkn 


where, in the last term, x*.**’ 1. x*.**’ ^ 1. xt^x*,” 1. 


(18) 
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Whence we have the (cf. Davenport-Hasse®) 

Theorem I. If N is the number of solutions in xi and of 

+ ^^3 *= 0, 

vnih Cl, Ca, cg, x^ in a finite field F{p^) of order p” with p an odd prime, 
cic^CsXiX 2 9^ Oin ; [au — 1) — ku 0 < ki< -- 1, {at, — i) « 
kt, 0 < h< — 1, Xkx ^ special ki-character, Xk, is a special kfcharacter, 
d ^ (^ 1 , h), dsx ®= ^ 1 , r(x) is defined as in {9b), then the relation {18) holds. 

We shall now obtain N explicitly in terms oi p,n and s, for special values 
of ki when c,+i = 0. By the remark immediately following (9b), we may 
write 

Xkffa-^) - (19) 

for any i in the set 0, 1, ..— 1, and where is a primitive ^<th root 
of unity. Set in Theorem I of C, Cg^i ~ 0 then for this case we have 

7'=*'z* LCar®/’ ••• n «/'*“•*( 20 ) 

M» « 0 ci « K * 1 

Assume that the k's are prime each to each and carry out the summation 
with respect to a we obtain 

Theorem II. If Ns is the number of solutions of {1) in x\s tinder the 
conditions {2) and the other conditions stated in connection with {!), and also 
ku k 2 , kg are prime each to each with c,-fi 0, then 

{{p" - + i-iy). ( 21 ) 

P 

This result may be proved in a simpler way as we shall now show. 
Consider the equation 

CixC + ... 4- C.x,*” « 0, {ku k,) * I, i 9^ j, (22) 

and A ^ kih ,,, ki dividing p^ — 1. Since {ku k 2 , :. i fe,) =» 1, we have 
integers X and u such that 

X^i + ^^8 ... /r, *s 1, (X, — 1) « 1* 

Putting 

*1 - *» “ Si- 

Then we have 

i.e., 

+ C2yi*'+ ... 4-c»y»^ » 0 
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Since, for given elements of y%» ...» y, such that 

+ . . . + CayJ^* 3 ^ 0 

we have a unique yi, therefore, we have 

N, * (p” - 1)"“^ - 

Consequently 

N. « (pn ^ 1)-1 « (pn ^ l)*-2 + . . . + (»-ir(P" 1) 


= ((p” -1)*-‘ + (-m. 

P 

We also have, since the residue classes with respect to a rational prime 
modulus p form a finite field of order p, the 
Corollary I. If N is the number of incongruent solutions in the y*s of 
the congruence, with p an odd prime, 

diyi^^ + (hy^^ + ... + rf,y/' ss 0 (mod p) 

where did^ ... da 0 {mod p), yiys ,.. ya ^ 0 {mod p); ki, h, ..., ka, prime 
each to each with (a<, p -- 1) ^ ku 0 < kt< p — l,i ^ 1, 2, ..s then 

N - {{p - l)*-i + (-1)0. 

P 


It may also be noted that the procedure used in the second proof of 
theorem II gives us a method for determining the solutions of (22). 


1 These Proceedings, 34, 268-263 (1948). this will be referred to as E; 35, 94-99 
(1949), this will be referred to as C. 

* Hasse, H.. Ber. DeuL Math. Verein., 35, 1-56 (1926); 36, 233-311 (1927); Ergan- 
zungsband, VI (1930). 

* Takagi, T., J. Coll. Sd., Imp. Unit. Tokyo, 42, 16 (1920). 

* Dickson, L. E.. Messenger Math., 38, 14-33 (1908). 

* These results are due to N. G. W. H. Beeger, unpublished. 

•Vandiver, H. S., these Proceedings, 32, 101-106 (1946). 

* Cf, footnote 1 of E, 

* The proof of this theorem we gave as a direct application of our general theorem I 

of C to the special case s m 2. Another proof may be obtained by using the result of 
Davenport and Hasse, Jour.fUr Math. (Crellc) 172, p, 174 relation (6.6) which gives the 
number of solutions of aac” -f c, abc 4= 0 in P{p”), where x and y are not restricted, 
as they were in our work, to non-zero values in To do this we consider the 

possible solutions invt^ving zero and subtract the number of them frewn the right-hand 
member of the relation (6.5) just referred to. We note that the number of solutions 
of ojc” » c and * c are, respectively, 


w—i 


MMO 



which when taken in connection with (6.6) yields a formula equivalent to our relation 
(18). 



488 


PHYSICS: E. U. CONDON 


pROc. N. A* S. 


SUPERCONDUCTIVITY AND THE BOHR MAGNETON 
By E. U, Condon 

National Bureau of vStandards, Washington, D. C. 

Comtiiuuicatcd June 15, 1949 

Each superconducting metal is characterized by a function Hc(T) where 
He is a magnetic field in gauss and T is absolute temperature, which de¬ 
termines the boundary between those states in which the material shows 
superconducting properties and the region where the properties are normal. 
That is, for each T, the magnetic field II must be less than HdT) for the 
metal to be in the superconducting state. 

This functional relation plays an important r61e in the thermodynamics 
of superconductivity. If is the Gibbs free energy of unit volume of 
the metal in its normal state and Gs is that in the superconducting state, 
but in zero magnetic field, then the Gibbs free energy of the superconductor 
in a magnetic field II is Gs + IP/^ r. At the field H = Ih the normal 
and superconducting phases are. in equilibrium so Gm = Gjf + 

This relation is the starting point of the Keesora-Rutgers-Gorter analysis 
of thermodynamic properties of superconductors, which has been so 
extraordinarily fruitful in the last decade. 

The general form of IldT) is usually that given by the formula 

HciT) - - D 

which forms a basis for extrapolation of the observational data to T — 0. 
There is a nice graph of the data in figure 23 of Schoenberg’s book on Super¬ 
conductivity.' Aside from the question of the exact validity of this 
particular formula, the boundary curve has two particularly interesting 
parameters, namely, the critical field at absolute zero, /ie(0), and the 
temperature Tq for which He is zero. 

If a long cylinder of superconducting material is magnetized by a field 
parallel to its axis it is known to behave as a perfect diamagnetic so that 

= 0 inside it except for a skin layer of the order of 10*^** cm. thickness 
in which B drops from the external H down to zero in virtue of the building 
up of a 4 IT / oppositely directed to H and equal to it in magnitude when 
one gets below the skin depth. From this point of view, Ic = He/4. ir is 
the maximum amount of magnetic moment per unit volume which can 
be set up in the superconductor without destruction of the superconducting 
state. 

When one focusses attention on /c « He/4 r as a limiting magnetic 
moment per unit volume it is natural to inquire whether empirically there 
is any relation between this number and the product N0 where N is the 
number of atoms per unit volume of the metal and is the Bohr magneton. 
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No reason at all is offered for doing this except that these are of like di¬ 
mensions and are both related to fundamental magnetic properties. 

The results are shown in the table, the values of 77c(0) having been read 
by rough extrapolation of the curves in Schoenberg’s book and the values 
of N being calculated from standard density and atomic weight data. 

TAllLK 1 


BLBMBNr 

h - N& 

/«(0) - /fc(0)/4 r 

- h/h 

Pb 

306 

63 

4.8 

Ta 

513 

92 

5.6 

Sn 

271 

26 

10.4 

Hg 

376 

36.8 

10.5 

In 

366 

23.1 

15,4 

T1 

324 

15.9 

20.4 

Cb 

506 

207 

2.5 

Zr 

393 

17.9 

21.9 

Cd* 

430 

4 

117 

A\* 

559 

14 

40 


♦ Tlie data for the last two, Cd and Al, are so uncertain that it is doubtful whether 
they should be included. 


It seems remarkable that in all cases the quantities, Iq and /c, are of 
the same general order of magnitude. It is also striking that the values 
of /o//c are roughly close to being an integral multiple of 5 (except colum- 
bium which requires a half quantutn number!) so that the data here pre¬ 
sented points roughly to a possible empirical relation, 


7,(0) - Km. (1) 

in which, approximately, K where n is an integer (except that 

w = columbium) characteristic of the metal. Whether this integer 

rule will stand up to a more critical study of the data remains to be seen. 

It is interesting to compare the relation of Ic to Nji with the relation be¬ 
tween mass transport of electrons by the superconducting electrons and 
Planck’s angular momentum unit which was discovered by F. London.^ 
London remarks that tlie electromagnetic measure of current per unit 
length of the cylinder wall, integrated through the skin depth is equal to 
77/4 If abamp./cm, where H is in gauss. To find the maximum mass 
transport in gram/cm. sec,, He/4: r must therefore be multiplied by mc/e. 
London next remarks that this has the same dimensions as nji where h 
is the Planck unit of angular momentum and is the number of super¬ 
conducting electrons in unit volume, and then proceeds to present some 
evidence that these are of the same order of magnitude. 

X/»ndon’s relation is thus 

fncH/4ve ^ K'nji 
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where Tv' is an empirical coefficient which he finds to be of the order of 
unity on the basis of some scanty data for lead and tin. 

In view of the fact that the Bohr magneton, is related to the funda¬ 
mental constants by /S — e%/2mc, London^s relation can be written 

U - iTc/4 7r =- 2K'n,f^ (2) 

so that it is very closely similar to the relation given in equation (1), The 
two relations can be put together in such a way as to give an expression 
for the atomic concentration of superconducting electrons as follows: 

nJN - K/2K\ (3) 

Of course it is not really necessary to go through these relations to get 
a value of nJN. Basically, one finds in terms of Ltindon’s theory, by 
making some kind of experimental determination of the skin-depth param¬ 
eter, X, from which is calculated by the relation, — (wrV«^)/4'7rX^. 
The real difficulty lies in experimental measurement of X. For this the 
available data are sparse and uncertain. 

In Ivondon’s paper'^ he only presents rough data for mercury and tin 
which lead Iiim to say that K' 1 for llg and K' ^ for Sn. Taking 
these values in combination with the values of K given in table 1, one gets 
w, = Vao T^/g and nJN — Va for Sn. 

These are rather larger values than are usually supposed to be applicable, 
which may indicate that the experimental values for X used by London 
are rather too small. 

These considerations strongly point to the desirability of obtaining more 
accurate measurements of X and of //c(0) for as many superconductors 
as possible. 

^ Schoenberg, D., Superconductivity^ Cambridge University Press, 193B. 

* London, F., Rev. Mod. Phys.^ 17, 310 (1945), 


SEPARATION OF THE VARJABLE:S OF TFIE TWO^PARTICLE 

WAVE EQUATION 

By Luther Pfahler Eisenhart 


Fine Hall. Prin<A;ton, N. J. 

Commutiicated July 1, 1949 

The wave equation of two particles at points P{Xy y, z) and Pity y, I), 
where x, y, z and x, y, z are rectangular-cartesian coordinates in euclidean 
3-spacc is 


\dx^ 


52 5a 2^2 52 5a > 

q-L — -1. ™ J- 4 — 

dy^ ^ dz^ ^ ^ i>r 


^ ^ « 0, 
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where V is the potential. The distances and r 2 of the particles from the 
origin and their mutual distance from one another u are given by 

~ x'^ + y- 4 * x' + y- + - J^(x — x)^. ( 1 ) 

Hylleraas^ showed that for a solution \(^(ru ^*21 ^ 3 ) the above equation 
reduces to 


L. 4.4 . 4 r?iz ay 


r^r, dridr» 

2 d\f^ 2 4 b<P 

Ti dr) fi bti rz brz 


Hrz drzdrz 
+ (E - F)^ = 0. (2) 


If we put 


X, ~ i?i, Xz = Rz, at* = f(r,, r., rz). 


(3) 


where Ri and Rz are functions of rj and rz respectively, in the coordinates 
Xt the above equation is 




+ 


z./?“ 

rirj dri drz r.ra drz draJdAfs® 


+ 


+ 


— r 2 "’ + rz~ df 
2rirz dr 

~ III."'". 




0r2 

. 4 . 0 V. 4 ?/ 4 . 

drz/ djcidara *" ^ \dr« 


rz/z drz/ dxzdxz 


(/?/ + ^ rA + (rz" 

^2/^3 V^3/ WA2W.ta \ I\ / OXl \ 

i«,) + (!’/ + H. 2 ^ 

/ d;c 2 0 ^ 2 ^ drs drjdf 


.2 


nra dfidrs 

4 2 ^ 4 ^ 4 1 4 

^2^3 clradrs ri dri r 2 dr^ dr$/ dxz 


+ 

+ 




where primes denote derivatives. 

In order that the coordinate system be orthogonal / must satisfy the 
equations 


dri 2rjr3 drs ' dn 2r2r^ 

(5) 

and there is no restriction ujx>n Ri and jRa. Eliminating df/dn from these 
equations we have 
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+ rs® S/ . W 

S".■'■ 57 ,+ VT Si 


A solution of this equation is 


/ = 


rifi 


r.* 


( 6 ) 


and any function of this solution is also a solution. Equations (5) are 
satisfied identically by this value of /. Substituting it in equation (4) 
we obtain 


M + fa* 

Ri ^- + Ri '•* ^ H- j-j- [2(ri^ + r,®)r8* - (n* - r*’)* - r,<] X 

djci® oxi^ riVs'‘ 


&V 


By means of 


+ 


(r/ + rA ^ + (/?/ + - rA — X 
\ ri / Oxi \ n / 0 X 2 nrt 




. riln 

r,“ r*= 




5X9 


X 8 * 


ra’ - - ra^ 

nr* 


+ (£ - F)^ = 0 . 


(7) 


this equation may be written 


y r^V . + 2 nail , . 2 1 W-] 

La*i’ V^i'' n Ri/ a^c J * La*a* \Ri '' r* /?j7 a»:a. 


+ 


+ >* 8 * 
riW 


(4 - ^Ca*) 


2 ** iyt>\ 


For a particular choice of Ri and in (3) we write as the inverses of 
these equations 


n = ft “ ht{xt). 

(9) 

If we put 


V = Ri' ^Mxi) + R,' %{xt) + (4 - 

f 1 f* 

- (10) 

where is an arbitrary function of and 



(11) 


where is a function of alone, equation (8) may be written 
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+ 2 *, X,' E ,, .T 

^ (4 _ 4 .- + “ - Mx») * 

riW LAa Xi^-4Xt 3 J 


fi’ + 


(4 - x,^) 


^ 2x, X,’ ^ E 

+ +3 


« 0 * 


Hence the functions X^, Xz such that ^ = XiX^Xn is a solution of 
equation ( 8 ) are solutions of the ordinary differential equations obtained 
by equating to zero the expressions in parentheses in ( 12 ). 

From (1) and (7) it follows that, if 6 is the angle between the vectors 
OP and OP, 

Xi = ““2cos^. 

Consequently V as given in ( 10 ) may be written 

V - Pi(r,) + F 2 (r 2 ) + 4 sin’^ 0fi{-2 cos 6), ( 10 a) 

where Fi and Pj are 

F, - R^^ F, « i?2' Wi) 

and consequently can be given arbitrary values by suitable choice of 

Rh Riifi(Ri)t and/2(i?a)- 

Another orthogonal coordinate system is given by 
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f/ 5 ^ j ^ I M n ^ ^ I ^ It 

- _ 1 ) ..|--+ (1 “7 + *-^ p + 

riTiU^ ^ L oxi^ Xi^ “ 1 o:iC2^ \ J 


If then we put 

ri^ + 


V = 


rifin 




(15) 


where the functions/< are arbitrary, a solution of (14) is given by 

i . 

^{xi^ - 1)(1 - a:,*) 


where 


(a:,^ - DA'." + -Mxi)^ A, = 0. 

(1 - x,‘0A/ + - /*(**)) X, = 0. 

A," + ~ A»' + (ii + -- - /(x/)) A, = 0. 


‘ HylleraAS, E, A., Neue Berechnujig der Knergie des Heliums im grundzustande, 
sowie des tiefsten Terms von Ortho-Helium, Z. Physik., 54 , 347-366 (1929). 

* Oronwail. T. H., A special conformally euclidean 8i>ace of three dimensions occurring 
in wave mechanics, Ann, Math., Ser. 2, 34 , 279-293 (1932). 


ERRATUM 

In Table 2 of the article *‘Aggregation Phenomena in Polyvinyl Alco¬ 
hol-Acetate Solutions” on page 367 of the July issue, 1949, the headings 
of columns two and four should be interchanged. F. F. Nord 
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ON THE STABILITY OF THE Sn MOLECULE AND THE STRUC^ 
TURE OF FIBROUS SULFUR 

By Linus Pauling 

California Institute op Technology, Pasadena* 

Communicated June 15, 1940 

Sulfur is unique among the elements in consisting in its standard state of 
octatomic molecules. It is interesting that the stability of the Sg molecule 
can be understood by consideration of the forces determining the orienta¬ 
tion around the sulfur-sulfur single bond. 

Let us consider a molecule such as H 2 S 2 , in which each sulfur atom forms 
a single bond with the other sulfur atom and a single bond with another 
atom (hydrogen), and has in addition two unshared electron pairs in its 
outer shell. The bonds formed by the sulfur atoms involve mainly 3/? orbi¬ 
tals, and one of the two unshared outer electron pairs ticcupies the third 3/> 
orbital, the other unshared pair occupying essentially the 45 * orbital. (A 
rough theoretical treatment which will be communicated later indicates that 
the bond orbitals have only about 1% 5 character.) The dihedral angle be¬ 
tween the planes H—S—S and S—vS—H is determined principally by the 
repulsion of pir electrons. The repulsion between pv electrons is at a maxi¬ 
mum when the pv orbitals of the two sulfur atoms are in the same plane, and 
falls to’ zero when these orbitals are in orthogonal planes. The energy of in¬ 
teraction of an unshared pair of ptr electrons on one atom and the similar 
unshared pair on the other atom in a coplanar />«• orbital is equal to — 2a (the 
negative sign corresponding to repulsion, because a, the exchange integral 
fKJCurring in the electron-pair bond theory, is itself negative), that between 
art unshared pair on one atom and a single bonding electron on another is 
— or, and that between two bonding electrons is — Hence the total in¬ 

teraction energy of the pr electrons in varies from — for a planar 
configuration of the molecule (dihedral angle 7 equal to 0 ^ or 180°) to a 
minimum of for 7 «« 90°. It is then to be predicted that the molecule 
HiSs has a skew configuration, with the dihedral angle 7 equal to approxi- 
tnately 90°. The configuration of this molecule has not been precisely de- 
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tcrmined, although it is known not to be planar/ but the similar molecule 
hydrogen peroxide, H 2 O 2 , has been shown to have 7 equal to approximately 
10 ()° in the crystal formed by hydrogen peroxide and urea^ and a similar 
value in the pure substance.® (An explanation essentially equivalent to 
that given above was advanced by Penney and Sutherland to account for 
the skew configuration of hydrogen peroxide.Moreover^ Guthrie has 
found, from u careful ekctron-dilTraction investigation of sulfur rnonochlo- 
ride, vSaCb, that the dihedral angle in this molecule is equal to =*= 12 ®,^ 
and the value of 7 in dimethyltrisulfide has been found® to be approxi¬ 
mately 106°. We accordingly conclude that the tionnal value of the dihe¬ 
dral angle 7 for the sulfur-sulfur bond is in the neighborhood of 100°. The 
increase over the value 00 ° given by the simple theoretical treatment may 
be due to van der Waals repulsion of the non-bonded atoms and to other in- 

TABLE 1 

Values of the Diheural Ancle in Staggered Ring Molecules 

NUMHfift OP 

ATOMS IN ^-— — UOND ANOLIi-----—. 


«INC 


95 

iOO® 

105* 

110* 

IK'S* 

120* 

4 


. < . - . 






6 



77 ".52' 

89"34' 

58"41' 

42°13' 

0" 

8 

114 "28' 

111 V 

106"60' 

102"6' 

96"18' 

89 ■'10' 

80 "7' 

10 

128°10' 

125"34' 

122°32' 

118°59' 

114°48' 

109“47' 

103°39' 

12 

137"4' 

134"57' 

132°31' 

129 "41' 

126 °2l' 

122"24' 

117“39' 


teractions, such as the electrostatic interactions of inultipoles discussed re¬ 
cently by Lassettre and Dean ^ 

In themolecule S?, which has the staggered configuration, the S--vS—S bond 
angle has been found to be equal to 105° both in the orthorhombic crystal* 
and in the vapor,® The dihedral angle 7 is not independently variable, but 
is determined by /?; its value is 102°. This value is, according to the hire- 
going argument, close to the normal value, which minimizes the energy of 
the X—S—S—X group; and it is our thesis that the Ss molecule rs stable 
(relative to S^, with x 8 ) because its configuration leads to this value. 

The relation between 7 and P for symmetrical staggered rings (with 
point-group symmetry containing n atoms (n even) is 

y <-*0® (2ir/«) + cos/? ,,, 

2 —r+iir«—■ 

In table 1 there are given values of y for values of ^ between 90° and 120° 
and for n between 4 and 12. It is seen that for »= 105°, the value observed 
for sulfur, the minimum deviation from the normal value of 7 , which we 
may take as 100 °, occurs at « « 8 , and amounts to about 2 ° as compared 
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with 10*^ for n = 10 and 30® for w = 6 * Since the staggered configurations 
of the ring provide better approximation to the normal value of y than do 
other configurations, this calculation gives an explanation of the stability of 
Sa relative to other sulfur molecules. At higher temperatures sulfur vapor 
contains vS« and S 2 as well as Sg, There is little doubt that the Sb molecule is 
a staggered hexagonal ring. The difference in heat content of Sb and Sg has 
been evaluated from thermochemical data by Bichowsky and Rossini/** and 
found to be equal to 1.25 kcal./mole per sulfur-sulfur bond. The interac¬ 
tion energy of the electrons is according to simple theory proportional to 
sin^ 7 . On this assumption, and the assumptions that the bond angle jC? is 
the same in Sb as in Sg and that the normal value of y is 100°, a can be evalu¬ 
ated as —0.8 kcal./mole. This value for a. can be considered to be only a 
very rough one, inasmuch as other structural factors also without doubt 
contribute to the difference in energy of Sb and Sg, but it is worth pointing 
out that the value is not unreasonable. 

The standard state of selenium is a hexagonal crystalline state in which 
there are infinite spiral molecules of selenium atoms, with Se—Se—Se bond 
angle 0 105°. There also exists a less stable red crystalline state of sele¬ 

nium containing Scs molecules, and the vapor of selenium consistsof Seginole- 
cules, See molecules, and, at higher temperatures, Seg molecules. Bichowsky 
and Rossini give for the difference in energy of Scb and Seg the value 1.07 
kcal./mole of Se—Se bonds, which corrCvSponds to —8.4 kcal./molc for the 
resonance integral ck. 

The spiral molecules in the hexagonal crystals of selenium, and also those 
representing the standard state of tellurium, have a threefold axis. The re¬ 
lation between the dihedral angle y and the bond angle ^ for a threefold 
spiral molecule is sin'-^ 7 - V 2 (1 **” 2 cos 0)/{\ — cos /3), corresponding for 
the values 90°, 95°, 100°, 105°, 1 10 °, 115° and 120° for to the values 90°. 
94°3(y. 08°3110r52'. 104°46'. 107°17' and 109°28' for 7. It is seen that 
for ^ “ 105°, as observed for sulfur and selenium, the value of 7 is nearly 
the same for the threefold spiral as for the 8 -membered staggered ring. The 
greater stability of the crystals containing the threefold spiral for selenium 
and tellurium is presumably due to the strong interaction between neighbor¬ 
ing molecules which is made evident in the semi-metallic properties of the 
crystals. For tellurium, with bond angle 102°, the value of 7 is 100°. 

The failure of oxygen to form a molecule such as Og is of course due to the 
greater stability of the multiple bonds in the Os molecule; this greater sta¬ 
bility of multiple bonds over single bonds is characteristic of the first-row 
dements. 

It is interesting that fibrous sulfur, made by stretching the rubbery form 
of sulfur obtained on cooling liquid sulfur-^, seems not to contain spirals 
with a threefold axis, like the spirals in sdenium and tdlurium, but to have 
another structure. Meyer and have reported that the unit of struc- 
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true of fibrous sulfur is monoclinic, withoo *= 20.4 A, 6 o — 9.26 A, Co =» 12.32 
A and p « 79^15', and that it contains 112 atoms. The b axis is the fiber 
axis. These authors suggested that there are 14 chains mth a repeating 
unit of eight atoms each in the unit, and proposed two alternative planar 
configurations for the chains. These planar configurations are, however, to 
be rejected, because they make the S—S—S—S dihedral angle equal to 0 °, 



FIOURfi 1 

The 9even*atom two-turn spiral proposed as the repeating unit in 
the chains of fibrous sulfur* 


which corresponds to the minimum stability. It might indeed be expected 
that the sulfur atoms are arranged in a simple threefold spitah wi^ two 
turns in the unit distance h, as was tentatively suggested by Huggins^^^ 
This, however, leads to the value 109® 

unsatisfactory, and, moreover, the reported number of atoms in tte unit is 
not a multiple of 6. 
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A conclusion about the probable structure can be reached from the as¬ 
sumption that the S — S distance and the S—S—S bond angle have the same 
values (2*08 A and 105®) as in Sa. It is fotmd that no spiral making a single 
turn in the identity distance io is acceptable. A spiral making two turns in 
6 o would be predicted, with the above parameters, to have h =« 8*89 A for 
six atoms, 9.12 A for seven and 8.49 A for eight. Only the second of these is 
close enough to the observed value 9.26 A to be indicated as correct; in¬ 
deed, increasing the bond angle to 106® leads for the seven-atom two-tum 
spiral to exactly bo » 9.26 A. The dihedral angle for this spiral is 76®, 
which is intermediate between the value for vSs and that for Se, and, through 
its derivation from the value corresponding to maximum stability, is com¬ 
patible with the ease of conversion of fibrous sulfur into orthorhombic sul¬ 
fur. The seven-atom chain unit explains the unusual occurrence of a mul¬ 
tiple of seven atoms (112) in the unit of structure; the packing of chains is 
such as to lead to sixteen chains, parallel to 5, per unit. Moreover, the fact 
that bo is 9.26 A rather than approximately half so large is explained by the 
seven-atom spiral, which repeats only after seven atoms, whereas the six- 
atom and eight-atom spirals (with two turns) would repeat after a single 
turn. It is accordingly very likely that the structural unit of fibrous sulfur 
is the seven-atom two-turn spiral, shown in figure 1. The geometrical prop¬ 
erties of the spiral are such that the distances bo « 9.26 =*= 0.05 A and S—S 
« 2.08 0.02 A determine the bond angle to be 106® Va^* 

* Contribution No. 1296 from the Gates and Crellin Laboratories of Chemistry. 

^ Badger, R, M., private communication. 

» Lu, C.-S., Hughes, E, W., and Gigu^rc, P. A., /. Ant, Chem. Soc,. 53,1607 (1941). 

* Zumwalt, L. R., and Gigu4re, P. A., J. Ckem, Pkys,, 9 , 468 (1941). 

* Penney, W* G., and Sutherland, O. B. B. M., Ibid,, 2, 492 (1934). 

® Guthrie, G. B., Jr., Dissertation, California Institute of Technology, 1949 . 

« Donohue, J., and Schomaker, V., /. Chem, Phys,, 16, 92 (1948). 

’ I^ssettre, E. N., and Dean, L, B., Jr., Ibid,, 17, 317 (1949). 

® Warren, B. E., and Bunvell, J. T., Ibid., 3, 6 (1935). 

* Lu, C.-S., and Donohue, J,, /. Am, Ckm. Soc,, 66, 818 (1944). 

Bicbowsky, F. R., and Rossini, F. D., “The Thermochemistry of the Chemical 
Substances,*' Reinhold Publishing CorpcMration, New York, 1936, 

»» Meyer, K, H., and Go, Y., Helv, Mm, Acta, 17, 1081 (1934). 

« Huggins, M. L„ Chem, Phys,, 13, 87 (1945). 
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EVIDENCE FOR A TRYPTOPHANE CYCLE IN NEUROSPORA^ 

By Francis A. Haskins and Herscuel K. Mitchell 

The Kerckhoff Laboratories of Biologv, California Institute of Technologv 

Pasadena, California 

Comtnunicated by G. W. Beadle, July 15, 1949 

The work of Snell ^ on lactic acid bacteria provided the first evidence that 
anthranilic acid may act as a precursor to tryptophane in vivo. Since the 
strains of bacteria which utilize anthranilic acid in tlie place of trypto¬ 
phane also use indole, it was not possible to establish the order in which 
these two precursors occurred. In 1943 Tatum, Bonner and Beadle^ found 
that anthranilic acid was accumulated in the culture medium by a Neuro* 
spora crassa mutant, strain 10575, which required either tryptophane or 
indole for growth. It was therefore indicated that anthranilic acid is a 
precursor to indole in Neurospora. 

It has recently been observed in this laboratory that when a medium con¬ 
taining tryptophane is inoculated with wild type or any one of a number of 
trj'^ptophane-utilizing strains of Neurospora, a blue fluorescence, resembling 
that of an anthranilic acid solution, is produced. The fluorescence is de¬ 
tectable within a few hours after inoculation, reaches a maximum intensity 
at 24 to 30 hours and then diminishes until, at 72 hours, the medium dis¬ 
plays essentially no fluorescence except in the case of the mutants which are 
able to use tryptophane but cannot utilize anthranilic acid. Earlier work 
has already demonstrated that anthranilic acid is formed by the degrada¬ 
tion of tryptophane by bacteria*^ ^ and in the rat and other animals.® Thus 
the appearance and subsequent disappearance of fluorescence in Neurospora 
medium suggested that in Neurospora some of the reactions by which 
tryptophane is degraded and synthesized may constitute a metabolic cycle. 
The present experimental evidence supports this conclusion. 

An earlier ajmmunication* from this laboratory postulated 3-hydroxy- 
Icynurenine as an intermediate in the conversion of tryptophane to nicotinic 
acid in Neurospora. Through the generosity of Dr. W. Weidel, of the 
Kaiser Wilhelm Institut ftir Biochemie, a sample of this compound was 
made available to the authors and it became possible to establi^ its rela¬ 
tion to the tryptophane cycle in Neurospora. The substance was isolated 
by Weidel in 1949 from larvae of Calliphora erythrocephala as the cn+ sub¬ 
stance (precursor of eye pigments in insects). 

Experimental,—Mut^int- Strains.—Tht qualitative growth responses of 
the various Neurospora strains considered in this investigation are listed in 
table I, Previbus descriptions have been made of strains E5212/ C8(>/' ® 
10575,* C83*' »and 

IHsappearance of Tryptapitane from the Culture Meditm. —^Erlenmeyer 
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flasks (125 ml.) containing 20 ml. of minimal medium^^ Supplemented with 
400 y of L-tryptophane were inoculated with conidia from Neurospora 
strain B1312 and were incubated at 25*^C. Absorption spectra of the me¬ 
dium before inoculation and at 8 -hour intervals thereafter were determined 
with a Beckman spectrophotometer. These spectra are shown in Figure 1 . 
Dry weights of mold per flask at the different times were as follows: 16 
hours, 0.6 mg.; 24 hours, 3.0 mg.; 32 hours, 9.1 mg. The subsequent dry 
weight attained at 96 hours was 55 mg. On the basis of the spectra at 280 
m^ (the absorption maximum for the indole ring of tryptophane), it is 
obvious that at least 100 7 of the tryptophane are gone when the growth of 
mold is only 0.6 mg. By the time 3 mg. of growth has been produced, at 
least half of the tryptophane has disappeared, and the shape of the absorp¬ 
tion spectrum suggests that actually much more than half is gone. 

In order to eliminate the possibility that the tryptophane was not simply 
absorbed from the medium by the small amount of mold present in the 
early stages of growth, the mold was removed from 32- and 96-hour cultures, 

TABLE 1 

llTfLIZATIOK OF VARIOUS COMK)UNnS BY NcUfOSpora MUTAKTS 
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hydrolyzed with 1 N NaOH, and the tryptophane content was determined 
by bioassay with 5. lactis i?.' A control sample of tryptophane was sub¬ 
jected to the same treatment. The tryptophane content of the 32-hour 
culture on a dry-weight basis was found to be 0.3% and that of the 96-hour 
culture 0.2%. After 32 hours the mold therefore contains approximately 
27 7 of tryptophane as opposed to a disappearance of at least 200 7 . Thus 
it is clearly demonstrated that the tryptophane has not been taken up as 
such by the mold, but has actually been converted to other compounds. 

Products of Tryptophane Degradation ,—Flasks of medium supplemented 
with 400 7 of L-tryptophane per 20 ml. were inoculated with conidia from 
wild-type strain 8a and from mutants B1312, C86 and 10575, respectively. 
After 32 hours' incubation at 25® the mold was removed from Idle flasks, 
the medium was filtered, the pH was adjusted to 2.5 and the medium was 
extracted four times with an equal volume of ether. The ether was evap¬ 
orated on a warm water bath. With each strain the absorption spectrum of 
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the material in the ether phase was found to be nearly the same as the ab¬ 
sorption spectrum of the unextracted medium. Measurements of fluores¬ 
cence using a Coleman photofluorometer disclosed that approximately 80% 
*of the fluorescence originally present in the unextracted medium went to 
the ether phase. The residual aqueous phase had an absorption spectrum 
corresponding to a maximum of 50 -y of tryptophane. Bioassays» using 
strains of C86 and B1312, showed that from the original 400 7 of tryptophane 
there remained in the medium after 32 hours’ growth the biological equiva¬ 
lent of approximately 250 7 * Of this, approximately 180 7 were extracted 
with ether. With the unextracted medium, strains 10575 and C83 which 



Absorption spectra of Neurospora medium at vari¬ 
ous times after inoculation. 

do not use anthranilic add gave growth which was equivalent to that 
obtained on about 50 7 of tryptophane, but neither of these strains grew on 
the ether extract. All four of the strains tested gave the same general 
qualitative and quantitative results as determined by measurements of ab¬ 
sorption spectra, fluorescence and biological activity. 

Filter paper strip chromatograms were run on the ether extract with 
water-saturated butanol as the solvent. After devdopment, the cbromatoi- 
grams were examined under ultm-violet light to detect fluorescent areas, 
and were then cut into sections, the sections were extracted with 0.1 
KHsPOi (pH 3.5), and the biok^cal activities of the restfltit^; solutions 
were determined using lor the amys. It was found that approxi- 
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activity of a chromatogram band which resembled an anthranilic acid band 
in its position and fluorescence. 

In order to obtain enough material for isolation of some of the degrada¬ 
tion products, 8 liters of culture medium containing 8 g. of L-tryptophane 
was inoculated with a heavy inoculum of conidia from wild-type strain 8 a. 
The culture was incubated with forced aeration in a 35® water bath for 19 
hours. The mycelium was then filtered off, the pH of the filtrate was ad¬ 
justed to 2.5, the filtrate was divided into two portions and each was ex¬ 
tracted with seven 500-ml. portions of ether. Following evaporation of the 
ether, the residual solution was absorbed on 29 sheets of filter paper and 
these sheets were incorporated into a chromatopile^* consisting of 600 
sheets of 9-cm. Whatman No. 1 filter paper. Water-saturated butanol was 
used as the developer. After 15 hours, every twentieth sheet was removed 
from tlie pile and the location of autliranilic acid was determined by absorp¬ 
tion spectra of extracts of the sample sheets. The desired section was then 
removed from the chromatopile, dried in a vacuum desiccator over CaCIa 
and extracted with ether in a Soxhlet. The residue from evaporation of the 
ether was sublimed at 100® in vacuo (20 microns Hg). The sublimate was 
crystallized from water and further purified by resublimation in a tempera¬ 
ture gradient at 20 microns pressure. The material obtained in this way 
melted at 143-144® (cor.). A known sample of anthranilic acid melted at 
144-145® (cor.) and a mixture of the two melted at 144-145® (cor.). The 
neutralization equivalent of the isolated compound was 137 (calculated for 
anthranilic acid—137). The absorption spectrum, fluorescence and 
biological activity were identical with that of antliranilic acid, furnishing 
further proof that the isolated com|X)und was indeed anthranilic acid. 

Chromatographic examination of the products of tryptophane degrada¬ 
tion by germinating Neurospora has demonstrated the existence of at least 
two biologically active substances besides anthranilic acid. In addition 
bio-assay with L, arabinosus has shown the production of 4 7 of nicotinic 
acid from 400 7 of tryptophane in 32 hours. 

A number of compounds other than tryptophane were tested to deter¬ 
mine whether they were able to give rise to fluorescent degradation products 
in the medium. Strain C 86 was used as the test strain. It was fomid that 
strain C 86 produced the typical blue fluorescence in the medium when sup¬ 
plied with phenylalanine, indole or kynurenine. No appreciable fluores¬ 
cence was produced when the medium was supplemented with trans-cin- 
namic acid, tjTOsine. 3-hydfoxykynurenme or nicotinamide. A test on 3- 
hydroxyanthranilic add appeared also negative but inasmuch as the com¬ 
pound itself had some blue fluorescence the test was not critical. In the 
cases where fluorescence was produced it was not permanent but reached a ^ 
maximum and then disappear^, as did the fluorescence produced when C 86 
was suppUed with tiyptopha^^ 
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Discussion .—The evidence reported here establishes the fact that 
tryptophane disappears rapidly from culture medium which has been in¬ 
oculated with wild-type Neurospora strain 8a or mutant strains C86, 
B1312 or 10575. A large part of the tryptophane is gone before appreciable 
growth of the mold has occurred. It is also established that anthranilic 
acid is one of the products of tryptophane breakdown in Neurospora. 

The accumulated evidence points clearly to the existence in Neurospora 
of a metabolic cycle involving, among other compounds, tryptophane and 
anthranilic acid. A schematic representation of such a cycle is shown iti 
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FIGURE 2 

Schematic representation of a tryptophane cycle in Neurospora. 


figure 2. Since strain B1312 is able to utilize anthranilic acid or kynurenine, 
but not 3-hydroxykynurenine, it is apparent that kynurenine is an inter¬ 
mediate in the formation of anthranilic add from tryptophane and that 3- 
hydroxykynurenine is not. In addition the mold will produce blue fluores¬ 
cence in the medium when supplied with kynurenine, but not when supplied 
with the hydroxy compound. The reactions by which anthranilic add is 
formed from tryptophane must indude at least one essentially irreversible 
step, for strains 10575 and C83 cannot utiUze anthranilic add dthough they 
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are able to make it ftt>m tryptophane. This is in agreement with the finding 
by Kotake*^ that rats can make anthranilic add from tryptophane, but are 
evidently unable to use anthranilic acid to satisfy their tryptophane re¬ 
quirement. 

As previously reported^® the carboxyl carbon atom of anthranilic add is 
lost as CO 2 during metabolism of this substance by Neurospora. It seems 
most probable that this occurs in the conversion of anthranilic acid to indole 
since Heidelberger has traced the corresponding carbon of the indole ring of 
tryptophane to kynurenine and nicotinic acid in rats.^** For this 
reason anthranilic acid has tentatively been exduded as an intermediate 
between phenylalanine and indole in the diagram in figure 2. The accumu¬ 
lation of anthranilic add by strain 10575® is not suffident reason for placing 
anthranilic acid immediately before indole since strain CS3 also accumulates 
this substance. It seems more likely that the accumulation of anthranilic 
add is due to a reversible reaction between this compound and an unknown 
intermediate with anthranilic acid formation being favored as shown in the 
diagram. The accumulation of anthranilic acid during tryptophane degra¬ 
dation by wild type is in agreement with this conclusion. This problem re¬ 
quires further elucidation before the position of anthranilic acid in the cycle 
can be established with certainty. The number or nature of all the inter¬ 
mediates in the cycle is not known, but as stated above, there are at least 
three biologically active substances other than anthranilic acid produced as 
tlie result of tryptophane degradation. The task of isolating and identify¬ 
ing these intermediates and side products is in progress. 

It is clear from the experimental evidence that at least one-fourth of the 
tryptophane degraded by the mold is converted to substances lacking 
biological activity for the tryptophane series of mutants. It is not yet 
clear, however, whether or not these compounds or the cycle reactions play 
essential roles in the metabolism of the mold. It is to be noted that the 
mutants which cannot carry out reactions within the cyde (10575 and 
C83) grow poorly, as compared to all the other mutants of the series, even 
with an excess of tryptophane. This fact suggests a special metabolic 
significance to turnover in the cycle. 

Stmfmry. —1, Tryptophane is shown to disappear rapidly from culture 
medium which is inoculated with any one of the Neurospora strains tested. 
One of the products of tryptophane breakdown has been isolated and 
identified as anthranilic acid. 

2. Evidence is presented which suggests that in Neurospora trypto¬ 
phane, anthranilic acid and several other compounds are involved in a 
metaboUc ( 9 ^de. 

3. The evidence demonstrates that 3-hydrQxykynurcnine is an inter¬ 
mediate in ti^tofdiane metabolism in Neurospora, but indicate that it is 
not dimctly invol^ in the 
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THE CORRELATION IN SHAPE AND SIZE BETWEEN 
EPIDERMAL AND SUBBPIDERMAL CELLS 

By Frederic T, Lewis 

Department of Anatomy, Harvard Medical School, Boston, Massachusetts 
Communicated by G. B. Wislocki, July 21, 1949 

In these Proceedings in 1945, Matzke^ published his remarkable tabula¬ 
tion showing that in a foam of bubbles of equal volume 400 of those at the 
periphery had an average of 10.99 facets. An average close to 11 was not 
unexpected, but the precision of his result is impressive. The general shape 
which such bubbles, or comparable simple vegetable cells, could take uni¬ 
formly has recently been figured by the writer,® using a conventional model. 
Each peripheral cell has a free surface which is hexagonal; six lateral sur¬ 
faces, four of which are pentagons, and the other two, on opposite sides^ 
are quadrilateral; and four basal facets, two quadrilateral and two hex¬ 
agonal. 11 is immediately apparent that this shape does not depend on uni¬ 
formity in volume with the cells beneath, since all the conditions may be 
met by tall prismatic ll-hedral cells of relatively large volume, or by flat 
hexagonal plates like a thin tiling. But the area of the periph^al or epider¬ 
mal cell in a tangential section of a cylindrical stem should be the same as 
that of the underlying or subepidermal edt Then this pattern may be 
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recognized thougli, through cell division, the 11-hedron has beanne an 
average of diverse shapes and sizes, or, as in bubbles, it is imperfectly pre- 
seated through casual irregularities. 

Frequently the epidermal cells arc smaller, or sometimes larger, in tan¬ 
gential section than the cells immediately beneath. This paper deals with 
the effect of such differences upon the typical pattern. The problem was 
first encountered by the writer in 1928,^ in studying the epidermis of the 
cucumber, and was tentatively solved by use of the diagram here repro¬ 
duced as figure 1. When the average hexagonal cell of the epiclennis has the 
same transverse dimensions as the cells below, the interrelation of the bases 
of the epidermal cells and the tops of the underlying cells appears as in >1. 
The subepidermal cells are lightly outlined in the figure. It may be as** 



A ,—Layer of regular hexagons superimposed on a layer of regular hexagons 
of the same area so that the resulting pattern is a projection of tetrakai- 
decahedra. B. —-Layer of regular hexagons superimposed on regular hexagons 
of three times their area. The underlying cells becotne 17-hedra: the over- 
lying cells are one 8*hedron for two 10-hedra. {Anal. Rec., 38, 352 (1928)). 

suttied, as is often the case, that cells of the second layer beneath the 
epidermis are of the same size as those in the first, so that the subepidermal 
layer rests upon one which duplicates it. Then the subepidermal cells, if 
uniform, are 14-hedra, hexagonal in cross-section. They have 6 lateral 
facets and end in 4 facets above and below. When a cell of this size and 
description becomes an epidermal cell, a single facet—the hexagonal free 
surface-^replaces one of its 4-faceted ends and makes it 11-hedral. Should 
the upper and the lower ends each be replaced by a single free surface, the 
l4“hedron is reduced to an 8-hedron, hexagonal above and below, with its b 
lateral surfaces all quadrilateral. 

An elegant demonstration of the 8-hedral form of cells with hree surfaces above and 
below has recently been provided by Miss Flint^ in her study of cell shape in the aquatk 
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plant Utricularia inflata. Its floats (Schwimraorgane), as figured by Goebel, are 
blad(ler4ike forraations containing an axial strand from which 6 plates of cells, one cell 
thick, radiate to an enclosing epidermis, also one cell thick, thus dividing the bladder 
into air-filled compartments. Though the outlines of the septal cells on surface view 
are wavy, suggesting a jig-saw puzzle, whereas those of the epidermis are "regular,” 
they both present the common range for polygonal cell shapes, from quadrilaterals to 
nonagons, inclusive, and their average number of sides is nearly 6. If one accepts the 
geometrical conclusion that, apart from vertices of 4 or more rays and the requisite 
deduction of 12 sides for a mosaic that completely encloses a space, the average number 
of sides for such cells must be precisely 6, then the averages recorded are due to the 
chance of selection. For the free surfaces of 20() septal cells Miss Flint found on 
average of 5,876 sides, and for 200 epidennal cells 5.825. Every cell had a corresponding 
number of lateral quadrilateral facets, averaging therefore, instead of 8,0, 7.876 and 
7.825 facets, respectively. Large air spaces in the midribs of certain leaves offered a 
third source of such cells; 200 of them had free surfaces averaging 5.905 sides and a 
corre.sponding average of 7.905 facets. 

In the cucumber the subepidermal cells, from a few measurements of 
their transverse diameters, were estimated to have cross-sectional areas 
about three times as large as the epidermal. Subsequent planimeter 
measurement of a patch of 100 epidermal cells in that specimen, and of 100 
related subepidermal cells in large groups, showed their relative areas more 
closely as 1:2.66. Since the difference in size develops gradually, there is no 
expectation that the actual ratios should be the simple fractions used in 
this study. 

Showing precisely the 1:3 proportion, the diagram figure 1, J3, was pre¬ 
sented as *‘a theoretical abstraction.” Its epidermal cells occur in two 
forms—10-hedra, with 3-faceted bases, surrounding 8-hedra with single- 
faceted bases, placed over 17*hedral subepidermal cells. Although central 
8-hedral epidermal cells certainly occur in this epithelium, they are not 
sufficiently numerous to form one-third of all its cells as in the pattern 
figured. This arrangement would reduce the average number of epidermal 
facets from 11 to 9 Vs* 

A further criticism of the diagram is that the orientation of the hexagons 
is prosenchymal in one layer and parenchymal in the other. Since tiiese 
orientations depend on the predominant direction of growth, in girth or in 
length, respectively, they usually accord in adjacent layers. In the cucum¬ 
ber, expanding comparably in both directions, the orientation is similar, 
though confused, in these two strata. 

When a network of regular hexagons is placed over a network of larger 
regular hexagons in the same orientation, a complex pattern results which is 
far more suggestive of the cucumber tissue. By making 7 apothems of the 
small hexagons equal to 4 apothems of the large, the area of the small will be 
nearly one-third (32.65 per cent) of the large, and a pattern formed by 49 
small hexagons over 16 large ones may be repeated indefinitely. Seven of 
the 49 small hexagons will provide 8-hedral central or enclosed cells with 
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single-faceted bases (like those in Fig. 1, B) and two more will be added 
after the elimination of coincident edges. The average number of facets 
for the epidermal polyhedra becomes 0.47, and for the subepidermal, 17.56. 

The next tissue to be studied in this respect was fortunately the simpler 
epidermis of the stem of Tradescantia^ Its hexagonal cells so far approach 
rectangular forms that they may be treated as such while recognizing the 
full significance of certain rounded corners and edges. The epidermal and 
subepidermal cells, primarily of similar dimensions, increase equally in 
width, and would also in length except that transverse divisions are more 
frequent in the epidermis. Hence, though the tissue comes to consist of 
cells elongated lengthwise of the stem, those of the epidermis are only one- 



FIGURE 2 



A, —Rectangular hexagons of the same sue superimposed as in Fig. I, A, B .— 
Middle portion of A with septa aa and dd removed. Roman figures indicate the facets 
of the upper “cells'' (always 7 plus their basal facets): italics are the ultimate facet 
numbers for the cells below (always 10 plus their top facets). C—Like B, but with 4 
septa removed. 

third of the length and area of the subepidermal. An average of 9 Vs facets 
for the mature epidermal cells has been reported, and of 18 facets for those 
immediately beneath. This contrasts with the epidermal average of 9 V« 
and subepidermal of 17 facets originally assigned to the cucumber, and also 
with the revision of 9 Vs and 17 Va respectively, now adopted to provide for 
similar orientation. The significance of these differences may be explained 
as follows. 

When the epidermal and subepidermal cells have the same area in cross- 
section and occur in rectangular form, their mutual relations may be shown 
in the dia^am figure 2, A , essentially like figure h A. Its heavily outlined 
epidermal e^ls are all ll-hedral, and it$ lightly outlined subepidermal are 
all 14rhe4ral, The removal of septum on, or any one like it, makes a sub- 
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epidermal cell of twice the area of the epidermal, whereupon two of the 
latter each lose a basal facet and become 10-hedral. The removal of 
another septum (dd) may produce two more 10-hedra (Fig. 2, B), or, if 
septum cc is the second to go, one 9*hedron and two 10-hedra with the same 
combined loss in epidermal facets. A general reduction of the epidermal 
cells to half the cross-sectional area of the subepidermal makes the average 
epidermal cell 10-hedral, and the subepidermal Ki-hedral. The latter then 
have 4 basal facets (when the cells beneath thein have the same dimensions), 

G lateral facets, and 6 toward the epidermis (Fig. 2, B). 

The removal of septa aa and bb in figure 2, A , forms an underlying cell of 
three times the area of the related epidermal cells, four of which have be¬ 
come 10-hedra; or, as the process extends by taking out cc and dd, the con- 
diti(jn in figure 2, C, results, essentially like that observed in Tradescanlm. 
The epidermal cells one-third the size of those beneath, and presenting two 
10-hedra for one 9-hedron, have an average of 9 facets. The subepider¬ 
mal cells, tS-faccted toward the epidermis, acquire an average of IS facets. 

A remarkable feature of this transformation, effected in cells by the in¬ 
troduction of epidermal septa and not by the removal of subepidermal, is its 
continued accordance with the simple formula established when the 
epidermal *and subepidermal cells have the same average cross-sectional 
areas (as in Figs. 1, A and 2, A). Then, unless a space is completely covered 
or enclosed, if np is the number of peripheral or epidermal cells, and nc the 
number of central or subepidermal cells, their total number of facets, F 
equals 1 Inp plus 14wc. In figure 2, C, for example, the pattern reduces to a 
multiple of 3 peripheral for 1 central, having 29 + IS or 47 facets, where¬ 
as by the formula the Siime total is found as 33 + 14. 

If the situation in the diagram figure 2, C, i>s considered reversed, with the 
lightly outlined cells as epidermal and the smaller dark ones as internal and 
subtended by a layer of their own size, for one epidermal with 15 facets 
there would be two subepidermal with 13 and one with 12 facets, 53 facets 
altogether. By the fonnula there should be 11 + (3 X 14) « 53. 

The cucumber, however, with the same relative cell areas as Tradescantia 
which complies with the formula, affords a definite deviation. Instead of 
one 9-hedron for two 3 0-hedra as in figure 2, C, the cucumber, asinteqjreted 
in figure 1, B, would have one 8-hedron for two 10-hedra;. and in place of, 
an average subepidermal 18-hedron it would substitute a 17-hedron. 
These differences are associated with the presence of enclo^d cells with 1- 
faceted bases, not found in the patterns of figure 2, In vertical sections of 
the epidermis this difference is strikingly evident, since with cells showing 
the ordinary 2-sided bases, the cucumber has 3G% of them 1-sided and 2% 
3-sided, whereas in Tradescaniiar 1% are 1-i^ded and 24% 3-sided. These 
come and go with growtli and ctU division in a shifting patt«iiti.<* 

The purely diagrammatic figure 3, in which the epidermal c^lls of one- 
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third thie sectional area of the subepiderinal are shown in the rectangular 
form of Tradescantia while presenting the deviation in the cucumber, 
demonstrates the effect of the single basal facet. Throughout the pattern 
for one 8-hedraI epidermal cell with a 1-faceted base, there are two 9-hedral, 
two 10"hedral and one H-hedral—b epidermal cells with 57 facets, over 2 
subepiderinal with 35 facets—92 altogether, where the formula calls for 
66 + 28 = 94. There is a loss of two facets, one in the epidermis and the 
other, its duplicate, in the subepidermis, for every cell with a single-faceted 
base. 

This conclusion rests only on the several instances studied. In the superimposed 
networks of regular hexagons already cited, the smaller having areas approximately 
one-third of the larger, 49 "epidcrntar' bases are over 16 *‘subepidcrmal" tops. Whereas 
the corresponding cells by the formula -f }4nc should have 76^3 facets, the geo¬ 
metrical pattern, which has 9 single-faceted bases, has 745 facets, a detluction of 2 for 
each of them. By making 7 apothems of the small hexagotis eejuid to 5 of the large, the 
small ones are about half the size (51%) of the others. When superimposed, 49 epi¬ 
dermal with 4 single-faceteti bases are over 25 subcpidemial. By the formula there 
should be 889 facets, and there are 881. 



layer of others three titnes as large. The over 16-hedral subepidermal cells of twice 
facet numbers are as In figure 2. B. their area. 

The extent to which cells with single-faceted bases occur in the vegetable 
tissues studied statistically has not been determined. Obviously im¬ 
possible with cdls of the same area as those beneath, and difficult to pro¬ 
duce in those of nearly the same size, it can occur with great frequency 
when the areas are as 1 to 3. In a layer of small cells between two layers of 
large ones, arranged as in figure 1, S, the average facets of the small in¬ 
ternal cells could be reduced from 14 to 10 */», and there are many possible 
intermediate reductions. Perhaps this range includes “the internal cells of 




512 


BOTANY: E T, LEWIS 


PROC. N, A, S. 


the young midrib*' of Utriculariat 100 of which average 12,34 facets per cell 
as studied by Miss Flint. ^ 

A nearly perfect example of the epidermal geometry has been found by 
Matzke® near the stem tip of Elodea, where the "subepidermal cells were 
somewhat larger than those of the epidermis.” There he found that 200 
epidermal cells had an average of 10.005 facets, and that their most fre¬ 
quent shape, presented by 34 of them, was the 4-4-2 pattern (4 quadrilateral 
facets, 4 pentagonal and 2 hexagonal). In our diagram (Fig. 4) the under¬ 
lying cells are twice the area of the epidermal, and all of the latter are 10- 
hedra of the 4-4-2 pattern. The free surfaces of the epidermal cells have 
the shape that Goebel drew in the little seaweed Girai^diaJ which so pleased 
Thompson that he modified the picture and placed it in Growth and Form 
with a confusing misspelling as the ‘‘Epidermis of Girardia.'** Figure 4, 
which is a variety of figure 2, i5, is not presented as a picture of Elodea, or 
exactly of any other plant, but as a diagram which may help to put in 
order the observed confusion. The subepidermal hexagonal mosaic which 
presents 2 vertices (or an average of 2) to be covered by each epidermal 
cell of the same size, giving it a 4*faceted base, presents a single vertex 
yielding a 3-faceted base for epidennal cells of half the size and double the 
number of the subepidermal. Additional epidermal cells, finding no ver¬ 
tex available, may fonn either 2-faceted bases over an edge (Tradescantia)^ 
or single-faceted bases over the surface away from the corners and edges 
(cucumber). 

Summary. —Because of the geometric control of cell shapes in plants, the 
previously reported average of 9 Vs facets per epidermal cell resting on 
subepidermal cells of three times their area, in the cucumber, and 9 Vs 
facets per epidermal cell resting on subepidermal cells of three times their 
area, in Tradescantia, appeared as a discrepancy in need of explanation. 
The 9 Vs average, which accords with the geometrical formula whereby 
epidermal cells primarily average 11 facets and internal cells 14 facets, has 
been verified. The epidermal cells of the cucumber, revised as having an 
average of 9 Va facets, remain a deviation which depends on the occurrence 
of epidermal cells with single-faceted bases. For epidermal cells one-third 
the area of the cells beneath, the presence of those with single-faceted bases 
in the proportion of 1 in 6 would account for a reduction in the average 
epidermal facets from 9 Vs to 9 Va* 

^ Matzkc, E. B., these Procbewnos, 31, 2S1-289 (1945), 

‘ Uwis, F. T., Ptoc. Amer. Acad. Arts and ScL, 77, 147-186 (1949) {p. 176], 

»Lewis, F. T., Anat. Rec., 3S, 841-376 (1928), 

* FUnt, T. J., 4 w./. 36, 397-404 (1940). 

» Lewis, F. T., Anat. /iec,, 47, 59-99 (1930). _ 

«Matzkc. E. B., Am. J. 35, 323-832 (1948). 

’ Goebel/K., 35, 177-184; 193-20Va^^ 

■ Thompson, O'Arcy W., On Growth and Form, Cambridge, 1917, p. 321; new td;, 
1942, p. 508, 
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THE EFFECT OF NITROCiEN MUSTARD PRETREATMENT ON 
THE ULTRA^VIOLET^INDUCED MORPHOLOGICAL AND 
BIOCHEMICAL MUTATION RATE^ 

Bv C. P. Swanson, W. D. McElroy and Helma Miller^ 

Johns Hopkins University 
Communicated by B. H. Willier, July 22, 1949 

A wide variety of experimental studies have indicated that tlie stability 
of genes to mutagenic radiations resides, to a large extent, in the inherent 
nature of the individual genes, and is independent of extrinsic factors to 
which the genes can be experimentally exposed. While it is known that the 
same genes may respond differentially to x-rays when in different tissues, 
e.g., spermatogonia as opposed to mature spermatozoa,^ the rather constant 
rate of mutability of individual genes, and even of alleles of the same gene, 
is somewhat surprising since a rather diverse group of supplementary treat¬ 
ments have been shown to influence the rate of detectable x-ray-iuduced 
chromosomal rearrangements, and since it also is known that for this type of 
radiation there exists a close, if unresolved, relationship between rearrange¬ 
ments and mutations.^ Even when the x-ray-induced frequency of muta¬ 
tions can be increased by non-mutagenic supplementary treatments such as 
low temperatures,® infra-red* and by high versus low intensities,’^ or de¬ 
creased by exposure in vacuo^^ the conclusion that these data reveal a de¬ 
pendence of genic stability upon environmental factors is open to susi)icion. 
Such induced mutations and, in particular, the recessive lethals as found in 
Drosophila, do not form a homogeneous group, some being associated with 
chromosome breakage, others ostensibly not, and some being reversible, 
others not. 

The mutations induced by ultra-violet radiation are less suspect of being 
associated with chromosomal rearrangements, ultra-violet being incapable 
of inducing the variety of intra- and inter-chromosomal changes characteris¬ 
tically produced by x-radiation.®* ** Therefore, when it was found“ that a 
30-minute pretreatment of the spores of Aspergillus terreus with a non- 
mutagenic aqueous concentration (0.1%) of nitrogen mustard greatly in¬ 
creased the mutability of the genes to ultra-violet (2537 .4), it appeared 
that the technique oStred an opportunity to investigate further the possi¬ 
bility of materially altering the stability of the genes to subsequent ex¬ 
posure to ultra-violet. In the above experiment, only morphological muta¬ 
tions were considered, and since vl. terreus possesses no known sexual stage, 
the genetic analysis could be carried no further. Consequently, some doubt 
remained concerning the dassiflcation of morphologic^ mutation as true 
point mutationsv and a more refined approach to the question of altered 
mutability was needed; Additional experiments were therefore carried out 
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on a inicroconidial strain of Neurospora crassa}^ The frequency of both 
morphological and biochemical mutations was determined* but rather than 
test the morphological mutations for their transmissibility and possible 
associated sterility by means of the ascospore-isolation technique, the bio¬ 
chemical mutations because of their homogeneity were considered to be as 
close an approximation to true point mutations as was possible. Most of 
them can be readily mapped/* and many of them are reversible in nature, 
There is also less likelihood that terminal deletions, which arc the type of 
chromosomal change predominantly induced by ultra-violet, would lead to 
viable biochemical mutations without aSvSociated morphological change in a 
haploid organism such as Neurospora. 

The technique of treating the spores with ultra-violet has been described. 

TABLE 1 

Frequency of lluTKA-Vioufif-lNxaTCKD Morphoudgical Mutations in Neurospora 
crassa with and wti'hout Pretrbatment with Nitrogen MtmxARD 


TRH/VTMEKT, IN MINVtFR 

NM. 

ISOLATES 

NO. 

mutants 

mutation, 

% E VALUE 

Control 

1018 

4 

0.391 

1 0.15 

Mustard (0.1%) 

1308 

12 

0.92^ 

UV-2* 

588 

24 

4./ 

1 <0.0001 

M -I- UV—2 

541 

72 

13.3J 

UV—5 

M + UV—5 

1982 

1858 

140 

208 

7.1' 

n.2j 

\ <0.0001 

lJV-7Va 

623 

118 

18.91 

1 0.002 

M 4* UV—7‘A 

725 

202 

27.9j 

UV—10 

1698 

290 

17./ 

i <0,0001 

M -f UV—10 

1358 

358 

26.2J 

UV—12Vi 

2190 

340 

15.5 


M -f UV—1272 ■ 

1640 

254 

15.8 



* UV given at a rate of approx, 130 ergs/cra.*/scc. 

Eight-day old cultures were used throughout the exjxeriment. The mustard 
employed was bis-beta-chloroethylmethylamine(HCl), and the 3D-minute 
pretreatment consisted simply of suspending the microconidia in a 0.1% 
aqueous concentration. The spores were wa^ed before radiation, irradi¬ 
ated and then plated onto a complete medium to which 3% ^sorbose had 
been added/*^ The isolates were transferred to a complete medium, scored 
for morphological mutations and then transferred to a liquid minimal 
medium for the detection of biochemical mutations. Only those isolates 
which exhibited the growth characteristics of the parental strain, but which 
did not grow on a minimal medium, were classified as possessing a biochemi¬ 
cal mutation. Most of these could be shown to involve single amitto acid or 
vitamin deficiencies, altiiough a few grew Only when a complex substrate 
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was provided. Not all of the isolates were tested for biochemical mutations 
(compare the number of isolates in tables 1 and 2), and some of the tnorpho- 
logical mutants were untestable biochemically because of their non- 
sporulating nature and thin mycelial growth. 

Table 1 summarixes the data dealing with the frequency of morphological 
mutations. These were recognized by their effect on the growth character¬ 
istics of the colonies on a complete medium. \^cry few color mutants were 
observed because of the albinistic nature of the strain. There was no in¬ 
crease in the frequency of morphological mutations when transfer was made 
to the minimal medium, indicating that this type of mutant was not de¬ 
pendent upon any simple biochemical requirement. 

Unlike A. ierreus, this microconidial strain was sutTiciently sensitive to 
the 0.1% concentration of nitrogen mustard to yield a percentage of muta¬ 
tions more than twice that of the untreated controls, an increase, however, 
which was not significant at the 1% level. Except for the 12 V 2 -niiimte 
scries, the mustard-ultra-violet treatments showed a highly signifiicant in¬ 
i 'able 2 

Frequency op Ultra-Vioubt-Inducbu Biochemical Mutation.s in Neurospora cnism 

WITH AND WITHOUT PRETRKATMB.NT WITH NiTROGEN MuSTARI) 


TRliATMimT. IN MINlJTKft 

NO. 

IHOI.ATKH 

NO. 

MUTANTS 

MUTATIONS, 

Control 

750 

0 

0.00 

Mustard (0.1%) 

1003 

0 

0.00 

1 

> 

P 

587 

2 

0.34 

M -f UV—2 

531 

3 


UV-'5 

902 

4 

0.44 

M 4- UV—5 

825 

0 

0.73 

UV—7>A 

003 

6 

l.OO 

M 4- UV-YVs 

701 

12 

1.70 

UV—10 

1098 

17 

l.Ol 

M 4* UV—10 

1358 

23 

1.09 

irv'—1272 

1400 

14 

1.00 

M 4- UV—12*A 

724 

15 

2.07 

x® 

« 20.1913 N « 4 

P <0.01 


crease in frequency of mutations over that obtained from the ultra-violet 


controls. These data are in substantial agreement with similar data ob¬ 
tained from A. UrreuSf^^ where the mustard pretreatments gave high in¬ 
creases at the low ultra-violet dosages, raised the peak of the mutation 
curve and caused a more abrupt decKne in frequency at the higher dosages. 
The microconidia, however, were so much more sensitive to ultra-violet 
than were the spores of A» ter reus that it was not possible to obtain large 
numbers of isolates at the higher dosage levels, with the consequence that 
the rate of decline in frequency for the two series could not be compared* 
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Table 2 summarizes the data dealing with the frequency of biochemical 
mutations. Since no comparable data of this sort have been previously 
published* figure 1 is included for graphic purposes. Neither the untreated 
nor the mustard control series yielded any mutations of this nature. A 
consistently higher frequency was obtained from all of the mustard- 
ultra-violet treatments as compared with their respective ultra-violet con¬ 
trols, but unlike the downward trend found in the rate of morphological 
mutations no fall in frequency of biochemical mutations was evident. The 
mustard-ultra-violet rate continued to rise throughout the range of dosages 
employed, while the ultra-violet controls reached a peak at the 7 Vrminute 
dosage, and continued at the same level through the 10- and 12 V 2 -minute 
intervals. Whether an eventual decline in frequency would take place at 



Frequency of morphological and biochemical mutations in Neurospota crassa 


as a function of ultra-violet dosage. 


still higher dosages could not be determined because of the very low sur¬ 
vival rate of the microconidia. 

Of the five ultra-violet dosages recorded in tabic 2, only the 12 Vi-niinute 
series showed a highly significant increase with the mustard pretreatment, 
with the IQ-minute series being signsficant at the 6% level only. The re¬ 
maining three dosages gave no individually significant increases, but the 
summated chi-square values for the five series, as computed by means of a 
five-place contingency table, 3 rield«d a P value of < O.OT 

It appears reasonably certain, therefore, that the frequency of botii 
morphological and bioi^^Gal mutations can be materi^ly altered by 
pretreatment with a mmvmutc^^c concenti^tion (tf tfitrb It 
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is not possible to state what the nature of the sensitization mechanism 
might be, but there can be little doubt that the frequency of mutation under 
these experimental conditions is not solely a function of the amount of 
radiant energy absorbed. Whether the altered frequency has resulted from 
an altered stability of the genes, or from an altered frequency of extragenic 
changes which have a phenotypic expression (e,g., position effects), could 
not be determined with absolute certainty, but the data on biochemical 
mutations, which represent a relatively homogeneous group, and the known 
action of ultra-violet on genes and chromosomes, suggest that the former 
alternative is more likely the correct one. 

The data on the frequency of biochemical mutations as a function of 
dosage also have a bearing on the interpretation of the shape of the morpho¬ 
logical mutation curve. It has been proposed that the decline in frequency 
of morphological mutations at the higher dosages of ixltra-violet results 
from a selective killing action which favors the non-mutated spores, i.e., 
the deleterious action of the ultra-violet on the cytoplasm makes more 
difficult the germination and growth of the mutated spores.^- On this 
hypothesis, the biochemical mutations, being essentially wild type when 
grown on a complete medium, should possess no selective disadvantage, and 
should continue to increase as the dosage is increased. Support for this is 
provided by the data in table 2 where no fall in frequency of biochemical 
mutations was found at dosages where the morphological frequency was de¬ 
clining, although a leveling off of mutation rate is found for the ultra-violet 
control series. 

Summary .—Pretreatment of the microconidia of Neurospora crassa with a 
relatively non-mutagenic concentration of nitrogen mustard alters the 
stability of the genes in such a manner as to increase significantly the 
effectiveness of ultra-violet in inducing morphological and biochemical 
mutations. It is suggested that the increased frequency of mutations re¬ 
sults from an increased frequency of intra-genic rather than extra-genic 
(chromosomal) alterations, 

1 Supt>orted by grants from the National Institutes of Health, U. S. Public Health 
Service. 

»Present address: Department of Anatomy, University of Chicago. 
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THE PRINCIPLES OF TIME SERIES ANALYSES APPLIED TO 
OCEAN WA VE DA TA * 

By H. R. SEJWELLt 

Woops Hole Oceanographic iNSTmmoN, WooDi^ Massachitsbtts 

Communicated by J. A. Fleming and read before the Academy, April 25, 1949 

Introduction,- In the origitnil report on the auto correlatitin analysis of 
ocean wave data the apparent advantages of that method over periodograni 
and Fourier series applications to finite araoutits of data were brought out.^ 
Because of practical restrictions in that only finite amounts of observational 
data are available for study, the fitting of wave heights as fimctions of time 
by means of trigonometric components is only in special circumstances 
suitable for describing the physical characteristics of the data itself. In the 
case of ocean wave data, a priori knowledge of frequency is not available, 
and results from this type of analysis have resulted in claims that sea sur¬ 
face roughness patterns are composed of large numbers of frequencies which 
have traveled with independent velocities from their regions of generation. 
In other words, mathematical representations of the data have been as¬ 
sumed to be physically significant, a situation which may lead to apparent 
misconceptions of the behavior of the phenomenon and of the dynatriics 
causing it. In fact, the fitting of data by any of the various methods of 
cycle analyses, in the absence of a priori knowledge of the physical proper¬ 
ties, is no more effective than the fitting of that same data, say, by orthog¬ 
onal polynomials.^ 

It appears that the problem of understanding the behavior of a physical 
phenomenon which varies with time is directly associated with that of pre- 
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dieting its future course from its past behavior, and the distance into the 
future which the phenomenon may be accurately forecasted may be taken 
as an indication of the amount of dynamics associated with the phenomenon 
itself. Thus, in the case of sea surface wave data, while a mathematical 
theory may be set up from the results of a periodogram or Fourier series 
analysis to explain a record, it has little physical meaning unless it can be 
extrapolated into the future. It was from this point of view that Wiener* 
investigated the problem of prediction and defined the dynamics of a time 
series in terms of the possibility of prediction into the future. The auto 
correlation of a time series provides a means of doing this. It can be shown 
that the auto correlation function may be obtained from the spectrum of the 
series, and the spectrum may also be obtained from the auto correlation 
function. In this process the spectrum and the auto correlation function of a 
discrete sequence of observations preserve information by retaining the 
frequency and the amplitudes of all frequencies from zero to infinity, 
whereas, on the other hand, it discards informatioti relative to phase rela- 
tioHvShips. 


TABI.E 1 


MKCOKU 

NU. 

LOCATION 

DEPTH, 

PT. 

I>*TB 

STARTING 

TIMK 

RBCORD 

IbRNOTH, 

RGteS. 

B-7l3a 

Bermuda 

120 

2/21/47 

1840 

350 

B-12a 

Bermuda 

120 

10/25/4ft 

1405 

350 

1-5B 

Cutty hunk 

75 

C/14/4C 

1149 

00 

39-L 

Cuttyhunk 

75 

7/ 4/40 

0027 

350 

53-W 

Cuttyhunk 

75 

9/15/40 

0050 

'350 

53«X 

Cuttyhunk 

75 

9/15/40 

0050 

350 

53-V 

Cuttyhunk 

75 

9/16/40 

1250 

350 

56-E 

Cuttyhunk 

76 

10/ 1/40 

1244 

350 


The method of auto correlation analysis is employed in the analysis of 
many types of scientific problems. In addition to its use as a prediction 
mechanism, the correlograms and the Fourier transforms of the corrclo- 
grams into power spectra serve to describe the basic data by measuring its 
physical properties of period, amplitude and damping coefficients which, 
in turn, may be employed in an attempt to discover something of the 
physical causes. The results throw new light on the physical properties of 
the sea surface and on the behavior of ocean wave patterns. The method 
provides a means for distinguishing between mathematical and realistic 
physical representations of sea surface roughness patterns. 

Computation of the Auto Correlation CoefficienL —Theoretical formulae de¬ 
fining the auto correlation coefficient as developed by Wiener,* Khinohine^ 
and others are not strictly applicable to practical computations/ This is 
because wave heights are not observed as infinite functions of time (very 
frequently only short iseries of observations are obtainable), and also be- 
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cause the means of such finite series frequently depart from zero* In our 
computations it was found necessary to use a running mean rather than ex¬ 
tracting a grand mean at the very beginning of the computation. To com¬ 
pute the auto correlation coefficient we compute the following statistics 
from N equally spaced observations for k equally spaced time lags, 

N N~k N~k 

7o “ S Xf, Tft « Xu r/ « 53 + Jt 

i - 1 i - 1 ^ * 1 

N N-k 

*So *= 23 *Sjt = 53 + k 

i 1 • « I 

^ NSo - To* , (i\r - k)S, ^ 
rjfc « Sk/So 

The correlogram is obtained by plotting the auto correlation coefficient 
(f;t) as ordinate against k as abscissa. In this particular investigation the 
correlogram provides the basis for analysis of the data, and may be trans¬ 
formed into a power spectrum by a Fourier transform of the auto correla¬ 
tion coefficients. This spectrum is identical with that which would be ob¬ 
tained by periodogram analysis of an infinite series. 

In the applications considered in this paper the auto correlation function 
frequently occurs as a composite of a pure sinusoidal wave and one produc¬ 
ing a continuous spectrum. The period of the former is given by the correlo¬ 
gram and its amplitude computed from the original data by least squares. 
The residue after subtraction from the original data consists of a 
continuous spectrum. This provides a practical example of theorem 3 of 
Khinchine's theory of correlation* in which the auto correlation function is 
split into a line and a continuous spectrum. 

The Data .—This paper presents results of auto correlation analysis of 
eight ocean wave records. The records are from underwater pressure re¬ 
corders located at Cuttyhunk, Massachusetts (depth 75 feet), and at 
Bermuda (depth 120 feet) and represent pressure pulses at the sea bottom 
transmitted from the sea surface. • For the analyses, the records were 
scaled for pressure values at intervals of one second and were not reduced 
to sea surface wave heights.^ 

Bermuda Record B-713a is discussed separately. Table 1 summarizes 
the records analyzed. 

The Afuilysis of Wave Record —^Tfais record is discussed in more 

detail than the owners for comparison of the results from cycle analyses with 
those of auto corrdation analyses on finite amounts of data. Cyde analysis 
refers both to medianical periodogram analysis and to the fitting of data by 
sums of dues and combes/ Results obtained by the former method, to 
which the data bad already been subjected,* are fir^ discussed in the 
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light of their usual interpretation. This is then supplemented by computa¬ 
tion of certain statistical properties of the data and then followed by fitting 
a series of cosine waves to the data over the critical part of the spectnim. 
Results obtained by the above methods are then compared with those ob¬ 
tained by the method of auto correlation analysis. 

a. Mechanical Periodogram Analysis: The mechanical periodogram 
analysis of this 20-minute wave record (Fig. 1) shows a continuous spectral 
distribution with about 32 defined peaks between 8.8 and 40 seconds. The 
greatest development occurs in the 8- to 10-second band, and maximum 
energy is indicated for 8.8, 9.0 and 9.5 seconds. The customary interpreta¬ 
tion given this type of analysis is that the basic wave pattern is made up of 



FIGURE X 

Results of mechanical periodogram analysis of Wave Record B-713a. See text. 


the frequencies indicated. The principal wave periods lie between 6 and 15 
or 20 seconds, with the maximum period band of the “wave train" extend¬ 
ing from 8 to 10 seconds. The characteristics of different wave records are 
usually compared by the widths and locations of the maximum band de¬ 
velopment, together with locations of the individual maximum points, 
^edal consideration is frequently given to indications of longer periods, 
say above 20 seconds, which are sometimes presumed to be waves generated 
1^ oceanic storms at great distances but iriiich have “out-run" the storm 
itself* 
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The above physical interpretation is doubtful in that periodogram 
analyses of finite amounts of data are not necessarily physical, but may be 
only mathematical representations of the data. Its acceptance as a physical 
representation without a priori reason may lead to a misconception of both 
the physical properties and the causative mechanism of the sea surface 
roughness. This question is discussed later after additional results are de¬ 
veloped. 

Statistical Characteristics: The frequency distribution of periods, 
compiled from measurements of the times between successive wave crests 
on the record, has the following properties: 

Standard deviation =» 1.135 seconds 
Mean = 8.59 =*= 0.077 second 
Mode = 8.75 seconds 

Thus, the mean and modal values of distances between wave crests in the 
original record lie in the range of maximum energy brought out by the 
mechanical periodogram analysis (Fig. Ij. 
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RKLATlVti 

PHABK 

|>RK10D 

AIMPLITUDK 

ANOI.», “ 

" 7.50 

1.00 

156.6 

8.00 

2.31 

in .9 

8.25 

2.97 

23.6 

8.50 

4.01 

30.1 

8,75 

4.60 

18.9 

9.00 

5.29 

69.0 

9,25 

10.93 

270,9 

9.50 

3.49 

231.2 

9.75 

2.20 

210.2 

10.00 

0.77 

10.9 


Amplitude and phase values obtained by fitting cosine waves to Wave Record 
B-7l3a. 

c. Cosine Wave Analysis: Results obtained by independent least square 
fits of ten cosine waves (periods from 7.5 to 10.0 seconds) to the basic data 
are tabulated in Table 2. The spectrum is similar to that obtained by 
mechanical periodogram analysis, increasing from a minimum at 7.5 seconds 
to a maximum value at 9.25 seconds and then dimtuishing rapidly to a 
minimum at 10.0 seconds. This representation, obtained from a finite 
amount of data* is like that of the mechanical periodogram analysis—of 
mathematical significance only and without physical reality. The r61e of 
this type of analysis is a secondary one, to be applied after the jieriod, or 
periods, have been established by other means. 

d. Auto Correlation Anedysis: The corrdogram of the primaiy diata of 
Wave Record B-7l3a (Fig. 2) maintains a period of S.75 seconds and damps 
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slowly; at the end of the third cycle the amplitude is reduced to a value of 
r « 0.87, after which it continues to damp slowly until reaching a terminal 
value (rr). The terminal amplitude is maintained by a cyclical component 
which proceeds undamped through the basic data. It is the fundamental 
wave to which energy is supplied by an external force at a rate equal to that 
at which it is dissipated in the system. Its amplitude, obtained from a 
least square fit of an 8.75-second sine wave to the primary data, is 0.720 
foot. 

Subtracting the cyclical component (T « 8.75 seconds, A « 0.720 foot) 
from the original data, the variance reduces from a value of 0.492 square 
foot to 0.216 square foot for the residuals. Recomputing the auto correla¬ 
tions of the residuals, the correlogram then damps in a fashion characteristic 
of an autoregressive series; at the end of the second cycle, the correlogram 
amplitude is r =« 0.54 as compared to r » 0.95 for that of the primary 
data (Fig. 2). 

The value of the terminal amplitude of the original correlogram is 

Variance cosine A^/2 

rr — -:- — —*= O.oG 

Total vanance 

for Wave Record B-713a. This value also represents the per cent reduction 
due to the cyclical component itself, and may be expressed as the ratio of 
the residual {<rr^) and original ((r^*) variances. Thus: 



The numerical solutions of the above and other relations, for cases where 
the original series consists of a sine term and a random residtial, provides a 
means of checking the computations. 

The significant difference between the results of periodogram analyses 
and correlogram analyses of finite amounts of data is that the former are 
not the power spectra of the latter. The large number of peaks in the 
periodogram of Record B-713a (Fig. 1) arc not real periods, and they pro¬ 
vide only a mathematical representation of the data. The spectrum is 
similar to that obtained by the arbitrary fitting of cosine waves to the data, 
and is not to be interpreted as having physical reality. 

Oti the other hand, the use of auto conrdation analysis reveals that for 
Record B-713a the auto correlation function is broken into two parts--one 
having a line, and the other a continuous spectrum. The line spectrum is 
that of the cyclical component present in the basic data, whereas the con¬ 
tinuous spectrum represents a wide band of frequencies, with an average 
frequency equal to that of the cyclical components, but which damp out 
rather rapidly. 

The physical interpretation to be given results from the two types of 
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analyses is equally significantly different. The auto correlation analysis 
suggests that the physical characteristics of the sea surface wave pattern 
cotnprise one fundamental wave with a period of 8.75 seconds and an 
amplitude of 0.72 foot, on which is superimposed a series of local impulses. 
The former, generated presumably by a meteorological situation acting at 
some distance from the target, is the predictable component in the data. It 
accounts for an estimated 56% of the total variability of the sea surface 
pattern (obtained from the value of the terminal amplitude of the correlo- 
gram) and lends itself to being forecast from knowledge of wind action on 
the sea surface. The remainder of the data represents a superimposed 



riOURE 3 

ReeulU of mechanical periodogmm analysis of Wave Record B-12a. See text. 


series of local impulses which die out rather rapidly. They would appear to 
be generated by local winds in the area of the target, and their relative 
significance to the pattern is also evaluated from the terminal amplitude of 
the original coitclogram. 

Ai4a CarrelaHon Analyses of AidUional Ocean Wave Records .—The re¬ 
sults of auto correlation anal 3 rses of seven additional ocean wave records 
from Cuttyhunk and Bermuda are tabulated in Table 3. The mechanical 
periodogram analyses of these records gave results similar to those for 
Record B-71304 each showing approximately 30 peaks. Figures 1 and 3 are 
representative of this dialysis. 
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The original conelograms do not damp completely (Figs» 2 and 4),® ter¬ 
minal amplitudes range from 0.08 to 0.06 and all show well-defiued periods 
ranging from 6.50 to 15.5 seconds. Amplitudes of the cyclical components 
associated with the data range from 0.10 to 0.72 foot, and their relative 
quantitative significance to the total sea surface roughness patterns are re¬ 
vealed by the terminal amplitudes (r^)* Five of the records show rr values 

TARI.K 3 


--ttRUilNAI. DATA-— - -- .-UATA- 


flKCOKU 

SVUHKtt 

iry’t 

AU 

<r 

T 

A 

rr 


AD 

a 

A' 

B-7l3a 

0.492 

0,78 

8.75 

0.72 

0.56 

0,216 

0.78 

0 74 

B"12a 

0.018 

O.HO 

9.07 

0.30 

0.22 

0.014 

0.8,3 

0.00 

53-W 

0.109 

0.80 

15,50 

0.35 

0,57 

0.047 

0.79 

0.35 

53-X 

0,18.6 

0.84 

12.25 

0.51 

0.66 

0,064 

0.77 

0,49 

53-Y 

0.070 

0.82 

n.oo 

0,10 

0.08 

0.065 

0,80 

0.10 

66 E 

0.128 

0.80 

6.50 

0.38 

0.56 

0.057 

0,80 

0.38 

m-L 

0,049 

0.82 

8.29 

0.15 

0.25 

0.035 

0.8{) 

0.15 

I-5B 

0.030 

0.84 

8.00 

0.19 

0,63 

0.011 

0.83 

0.19 


KesiuUs of auto correlation analyses of ocean wave records. =* variance original 
data, AD/a ratio of average deviation to standard deviation, T period of corrclo- 
gmm, A amplitude of cyclical component by harmonic analysis. ttP ^ variance 
residual data, tr ~ terminal amplitude of originalcorrelogram, A* — v/*). 





FIOURE 4 

Correlograrn of Wave Record 39-L, 0 to 11 seconds (solid line) and RMT to 1030 
seconds (dashed line). Curves have been drawn through values of r computed for each 
second. The curves ha ve not been smoothed. 

exceeding 0.5, itidicating more than 50% of the roughness pattern resulting 
from the cyclical component. For the remainder, local influences dominate 
the pattern, and in one of these, 53^y, the terminal amplitude of the correlo** 
gram is so low (0.08) as to indicate the data to be almost autoregressive. In 
the complete absence of sea swell the origittal correlograrn damps rapidly to 
xero. 
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The results are typical of those obtained from the analyses of niore than 
30 wave records from the North Atlantic, Mediterranean and the eastern 
American coast. After extraction of the cyclical components, the residual 
variances are diminished, and the corfelograms of the residuals damp more 
rapidly in the fashion of an autoregressive series (Fig. 2). 

A numerical result of apparent significance is that the ratios of the mean 
deviations to the standard deviations (for both original and residual data) 
is approximately equal to V^2/V, a relationship which usually characterizes 
uriiniodal curves approaching symmetry. This relationship enables an 
approximate estimate of the mean sea surface roughness (expressed as 
twice the average deviation of the original data) to be made directly from 
the variance of the original data. 

The properties of the sea surface roughness pattern, as brought out by 
auto correlation analysis of a finite amount of data, describe its physical 
characteristics. They indicate that the instantaneous sea surface pattern 
is m>t an interference pattern comf>osed of many wave frequencies which 
have traveled with independent velocities from their generation areas, such 
as may be concluded from results of a cycle analysis of finite amounts of 
data, but rather that it seems to consist of a single cyclical component (sea 
swell) on which is suf>erimposed random frequencies (IcK^al sea) of the same 
average frequency. The sea swell appears to have been generated by a 
dominating meteorological situation at some distance from the target and is 
maintained by energy supplied at a rate equal to tliat dissipated by the sys- 
tern. It is to be expected that this period changes with time and at a rale 
dependent on the stability of the off-shore meteorological situation causing 
it. On the other hand, the local sea is induced by local winds and other 
factors tending to disturb the sea surface and dies out fairly rapidly. 

It may thus be reasonetl that the ocean it.sclf acts as a filter which, under 
specific conditions, passes only certain fundamental frequencies, which we 
call sea swell. This fundamental frequency at any time is perhaps a func¬ 
tion of the characteristics of the ocean basin over which it has traveled, 
plus wind velocity, direction, fetch and other properties of an established 
wind-generating system. Its constancy is related to the stability of the 
meteorological situation. At any particular time local conditions may also 
produce a continuous band of frequencies with an average frequency the 
same as that of the sea swell. These latter die out rapidly in a manner 
similar to the effect of random impulses on a sluggish oscillator as tlic ocean 
basin continues to act as a filter. 

How^ever, regardless of the exact nature of the physical explanation of the 
mechanism maintaining the state of the sea, a quantitative separation into 
sea swell and local sea is fundamental to an understanding of its physical 
properties. This has rni added practical significance for operational pur¬ 
poses as well as for aerial depth determination and for controlled experi- 
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ments involving sea surface properties. To this end, the method of auto 
correlation analysis is an improvement over other procedures for the 
analysis of finite amounts of data in which not even the length of the periods 
or the recurrence intervals are known or suspected at the outset. The re¬ 
sults in themselves provide a more realistic geophysical explanation of the 
phenomena and avoid the pitfalls from claims of large number of periods 
and cycles which may arise from procedures less adapted to the available 
data. 

* Contribution No. 486 from the Woods Hole Oceanographic Institution and the 
Office of Naval Research, Contract N6onr 277/1. 

t The methods and conclusions in this paper have portly resulted from a collaboration 
with Dr. George P. Wadsworth, of the Massachusetts Institute of Technology, who is 
preparing a theoretical account of the adaptations of generalized harmonic analysis to 
the specific problems of ocean waves. 

* Sciwell, H. R., and Wadsworth, George P., "A New Development in Ocean Wave 
Research/' Science, 100, 271-274 (1049). 

* See also: Bartels, J., "Some Aspects of Geophysical Cycles/* J. Wash, Acad, Set., 
26, No. 5 (1936); Wilson, Edwin B., "The Periodogram of American Business Activity,** 
Quart. J, Economics, 376-417 (May, 1934). 

* Wiener, N., "Generalized Harmonic Analysis/’ Ada Math., S5, 117 (1930). "The 
Extrapolation, Interi>olation and Smoothing of Stationary Time Series,** NDRC Report, 
1942. Prepublication announcements of the later report have been made by John 
Wiley and Sons, Inc., New York. 

* Khinchine, A., "Korrelationstheorie der Stalionaren Stochastischen IVozesse," 
Math. Ann., 109, (m-616 (1934). Translation by T. C. Duke. Dept, of Math., Mass. 
Inst. Tech., 1949. 

* See also: Kendall, Maurice G., "The Advanced Theory of Statistics,** London, 
1948; Bartlet, M. S,. et at., "Symposium on Auto Correlation in Time Series," Supp. J. 
Royal Statistical Soc., VIII, No. 1, 27-97 (1946). 

* Seiwell, H. R., "Results of Research on Surface Waves of the Western North 
Atlantic,** papers in Phys. Ocean. Meteor., X, No. 4, l-SO (1948). 

’ The ratio of amplitudes of iiistantaneous pressure fluctuations at the sea bottom 
XPf, to those at the sea surface APg is 

AP, Cosh kh 

where h is depth to bottom and k 2ir/wave-length. The factor 1.36 has been experi¬ 

mentally determined for the Woods Hole-Bermuda area. 

* These analyses were performed on the ocean wave analyzer at this Institution. 
The tei m mechanical periodogram analysis is used to distinguish it from other types of 
periodogram analyses. See reference 6. * 

® Correlogratns for Record 63-X have been pubtished in reference 1. 

Examples of this situation have been encountered, although they are not discussed 
in this paper, 
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THE CLASS NUMBER OF THE CYCLOTOMIC FIELD 
By N. C. Ankeny and S. Chowla 

PRINCKTON UlClVERSITY ANO INSTITUTE FOR ADVANCED STUDY 


Communicated by Marston Morse, July 21, 1040 


1. Let g denote any odd prime and It = h(g) the class number of the 
cyclotomic field where f is the primitive gih root of unity, R the 

rational numbers. It is known that we can write: h ^ hih 2 t where hi 
and ^2 (both integers) are the so-called first and second factors of the class 
number; in fact h is the class number of the real field of degree 2 under 
R{^), namely the field R{^ + f ’)• 

Kumnier conjectured (J, Maih., 16, 473 (1851)) that 


hi 


g 


(tf-+3)/4 


2tp 




( 1 ) 


He also calculated hi for g g 1)7 and found hi » 1 for g g U), hi » 

411322823001 for g - 07. No proof of (1) has yet been published. 

In this paper we prove the following result: 

log g 0 (g -* “)• (2) 

An interesting consequence of (2) is that there exists a go such that hi{g) is 

(strictly) monotonic increasing for g > go: in fact if go > gi > go, we have 

hiigi) > Ai(gi). 

Let p stand for a typical prime. Define 

c, - +1, -1, 0 [p ® 1(g), p * -Kg), P ^ =*'l(g)l 
It is well known that the series 

is convergent. We can show that if Kuntmer's conjecture is true, we must 
have: 

« 0(g-») [g->co]. (3) 

It is hard to say whether (3) is even probably true. We cannot prove (3) 
even on the assumption of the ^'extended Riemann hypothesis'’ (or e. R. h.). 

The method used to prove the above results can also be applied to prove 
the following results: 

Let and 62 denote any fixed constants such that 

^h<0i<s<h< 1. 
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If the e. R. h. is true, there exists for every given « > 0, a non-principal 
character X («)(mod g) such that 

|L(.v)| - |ix(«).«-| < I + e (4) 

1 

« 

for all primes g > gait, Ou ^ 2 ). _ 

This result with the larger constant \^^{2s) + e on the right hand side 
of the inequality (4) (here, f(s) denotes Riemann’s Zeta function; hence 
f(25) > 1 for s > V 2 ) is implicit in some recent work of Atle Selberg, but 
it (with the larger constant) is proved by him without any hypothesis 
{Skrifter Norske Videnskaps-Akad. Oslo, Nr. 3 (1940)). 

2. We give only a sketch of the methods used to prove the above 
results, Ct)niplete pnx)fs will be published elsewhere. 

Notation: We write 

a b(c) for a ^ h (mod r) 

Let Xt. denote the \U{g ”” 1) characters (mod g), such that Xr('~ 1) = 
— 1. 7r(.v; 1) denotes the number of primes ss: l{k) and not exceeding 

x; <i>{k) is the number of positive integers not exceeding k and prime to k, 
Xi{n) is a non-principal character (mod g), hence 

Lt(s) - XXtin)[Ris) > 0] 

1 

It now easily follows that for s > 1 we have 

= expo's 2 (5) 

t \ fi mp } 

where g' =* V 2 (g 1) and 

- +1, ^ ^ *l(g)]. 

From (5) and 

j, - *LM) ( 6 ) . 

U I 

we deduce that 

+ (7) 

Write 

C - 2cp’p-’ « C, + C, + C, (8) 
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ivhere for any ^oven « > 0; 

C] is the contribution to C of the terms with 2g — 1 ^ p < 
Cl is the contribution to C of the terms with 

g'+‘ < p< exp(g^); 

G, the rest. 

It is trivial that {B is an absolute positive constant) 


Now write 


I Cl I S J? ‘ log g. 


C(a-) = S C, 

P 5/ X 

Then the sum G is essentially 

2 . 

w(« -f 1) 


where the sumniation is for all integers n lying between 

g’ '' and exp(g" ). 


To deal with the sum (10) we use the following result: 


7r(.Y; I) - 0 




U- ^ 


(t)) 


( 10 ) 


( 11 ) 


This result follows from the work of Viggo Brun, but was first implicitly 
stated by Titchmarsli (Rendiconti Circolo Mai. Palermo, 54, 414-429 
(1930)). The constant implied in the 0 symbol is independent of v and 
k but may depend on «. 

From (11) one easily deduces that 


I - logg 

|Cj| S -- 


( 12 ) 


where A is an absolute positive constant. 

Finally to estimate G we use the following theorem {WalfisZt Math, 
Ztschr., 40, 598-^599 (1930)): If (k, /)=*!, then 


ir(x; k,l) -- j 


du 

log « 



where the constant implied in the 0 symbol is independent of x and k, 
but may depend on m (arbitrarily large) and 9 (arbitrarily small). By the 
application of this result we can easily obtain: 
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C, = -I- g- > - *»] (13) 

We first fix « (small)» then d sufficiently small, and finally m sufficiently 
large, to obtain from (8), (9), (12) and (13): 

(log g) -» 0 (g -♦ «) (14) 

We next indicate the proof of 

c, - S S - 0(g-') (15) 

p mi: 2 mp 

(14) shows tliat (2) follows from (15). In fact, 


|C,| gs S ~ l^"«^l(g)] 

p tH ^ 2 

The part of this sum with p > g\% shown to be 0(g”^) by a very short 
argument. 

Since ss l(u) has at most m incongruent solutions, we derive that 


Ci 


o{ S 

^ m » 


I r Bint) / 

-- s ( 

WU ^(m)V 


i4(m)Vg + 1 


+ 



where 


A{m) » — m) + 1, 5(m) =» + m) 


And this indicates the proof of (15). 

To prove (4) we start from the result 

ax) - o( y/x log x) 

which is true on the assumption of the e. R. h. The rest of the arguments 
are similar to those used above. 

Also, on the assumption of the e, R. h. we can improve (2) to 

log (g) “ Jog gi 
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SOME PROPERTIES OF A SFIELD 
By Loo-Keng Hua 

Department of Mathematics, University of Illinois 
Communicated by H. S. Vandiver, July 12, 1949 

All the results of this paper are initiated from the almost trivial identity 
that if ab 9 ^ ba, then 

a ^ (b-^ - (a - iy^b~^(a - ^ (a - l)-^b-^{a - l))-i 

( 1 ) 

Among these results, there are two interesting ones which are the perfect 
form of two theorems due to H. Cartan* and J. Dieudonn6,* respectively. 

Theorem 1. Every sfield is generated by a non<entral element and its 
conjugates. 

Let K be the sfield and L be the conjugate set. The identity (1) asserts 
that if there is an element b cAL such tliat ah 9 ^ ba, then a belongs to the 
sfield A', generated by L, That is, K — Ki and Aj are commutative 
elementwise. 

Suppose our theorem is false; we have an element a of A “• A'l and two 
elements b and 6' of Ai such that bb' 9 ^ b^b. Since a and ab belong to 
A — Ai, we have {ab)b* » h\ab) « ah^b^ which contradicts bb^ «» h^b. 
The theorem follows. 

An immediate consequence of Theorem 1 is the following interesting 
result: 

Theorem 2. Every proper normal subsfield of a sfield is contained in the 
center. 

H. Cartan proved the theorem under the assumption that the rank of 
the sfield over its center is finite. His proof is far more complicated than 
the present one. 

More precise results can be obtained by specializing the subgroup. 

Theorem 3. Every sfidd^ which is not a field, has no proper subsfield 
containing all its commutators. 

It is enough to prove the existence of a commutator which does not belong 
to the centar. Suppose ab 9 ^ ba. From a modification of the identity (1): 

a » (1 -- (a - l)-^b-Ka - m{a-^b-^ab - (a - 

( 2 ) 

we deduce that at least one of a'^^b^^ab and (a — — l)i5^ does 

belong to the center. 

As corollaries of Theorem 3, we have 

Theorem 4. // the center of a sfield contains all the commutators of the 
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sfieidj then the sfield is commtiialive. An element of a sfield commutative with 
all the commutators of the sfield belongs to the center. 

Moreover, as a simple consequence of 

a' V“V/c = (3) 

and Theorem 3, we have 

Tmeorkm 5. Every sfield, which is not a field, has no proper sub sfield 
containing alt its square elements. 

Theorem 0. If the center of a sfield contains all the square elements of 
the sfield, then the sfteki is commutative. An element of a sfield commutative 
with all the square elements of the sfield belongs to the center. 

By means of an identity in the thcor}^ of finite differences: 

- k!{.x + - 1)), 

where \f(x) ~ f(x + 1) — fix) and A*/{v) = A{A^^ f{x)), we have 
Theorem 7. Every sfield of characteristic > k, which is not commutative, 
has no proper subsfi.eld containing all its kdh power elements. 

Let us denote by {a, b). An r-comnnitator (r > 2) is defined 

inductively by the relation 

(('ll, ...,a,) « (ai, (as, ..a,)). (4) 

Let C be the set of all r-commutators of the sfield. 

Theorem 8. Let r > 2. Every sfield, which is not commutative, has no 
proper subsfield containing all its r-commutators. An element of a sfield 
ivhich permutes with alt the r-commutators of the sfield belongs to the center. 
Let Ar and Br denote the two propositions of our theorem. Br follows 
from Af immediately. Theorems 3 and 5 assert that both A 2 and B 2 are 
true. We shall prove the theorem by induction, we assume that Ar-,^} 
and are both true. Let a be an element of the sfield, which does not 
belong to the center. By we have an element belonging to C-. i such 
that d. b Ihi, The identity (2) asserts that a belongs to the sfield gen¬ 
erated by Cr Therefore Aj is true. The theorem is proved. 

The theorem asserts that the lower central series of the multiplicative 
group of a sfield can never be ended at the identity. It is an almost trivial 
fact that tlie upper central series can never go up. It is a comparatively 
difficult question about the derived series. Elsewhere I shall prove 
Theorem 9. Let r > 1, Every sfield is generated by all the elements of 
the rdh derived group. 

An application of Theorem 1 is to establish the simplicity of the pro¬ 
jective special linear group PSL^iKy of dimension n over the sfield K, 
Theorem 10. The projective special linear g^oup PSLn{K) is simple 
except when n ^ 2 and K has 2 or 3 elements. 

In case K Is a field of characteristic 7^2 or if is a complete field, the 
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theorem was proved by Burnside-Jordan-Dickson (see Dickson/ p. 85 
and Van der Waerden/ p. 7). For the incomplete field, it was proved by 
Iwasawa.® For a sfield, Dieudonn^^ proved tlie theorem for « > 2, and 
for « — 2^ except in the case when the center of K has 2, 3 or 5 elements, 
Since both exceptional cases in Theorem 10 are not simple, it is the final 
answer to the problem about the simplicity of PSLn{K). 

Owing to the previous known results, we assume, from now on, that 
w = 2 and the sfield is not commutative. It is the same thing to prove 
that 

Theorem 11. Every normal subgroup of SLz { E ) is contained in the 
centert except when K has 2 or 3 elements. 

Let A be an element of SLziK) which docs not belotig to the center. 
We are going to prove that A atid its conjugates generate SL^{K), We 
shall prove that there is a matrix Q belonging to SLz{K) such that QAQ '^^ 
has a non-zero element at (1, 2) position. In fact, let .4 ~ . If 

/CJ 0 , 0 / satisfies our requirement, and if 7 5 *^ 0 , then Q ^ (..? i) 

does. If ^ ~ 7 — 0 , we have an element x such that ax ^ x5, since A 
does not belotig to the center. Then 

C!)(oX 


We may assume that the subgroup generated by A and its conjugates 
contains an element with (i ^ 0. Since 


(AXX-ir-G:) 


we have assumed tliat the group contains an element of the form A « 

(“()■ Wet.,. 

- - ^o'), 


where k belongs to the commutator subgroup of K, so that B belongs to 
SLi{K), We have 

- AB(BA)-^ = ( " 

Now we shall prove that we can choose k such that does not belong 

to the center. For otherwise (“ 1 ^ 7 x 1 )belongs to the 
center for any two commutators ki and xj, that is, the commutators of k 
belong to the center of A^. By Theorem 4, K is a field which contradicts 
our supposition. Therefore the subgroup contains an element of the form 

C « where a does not belong to the center. We 
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have an element \oi K such that d\ ^ Xa, then the subgroup contains 

(a OVl 0\(a oyY 1 0 \ / 1 0 \ 

\c d/\\ l)\c d) \-X 1/ ViXa-“^ - X 1/ 

We may suppose that our subgroup contains 


C9^ 0. 


We are going to prove that the subgroup contains 


™ (I i) 


In fact, if 


c a: ifci, our assertion is trivial. Let us suppose r 0, 3 ^ =*=1. The 
field A'l, obtained from the center of K by adjunction of c, contains more 
than 3 elements. SLsj(A*i) is generated by any one element, not in the 


center, and its conjugates; in particular 


•C?) 


and its conjugates generate 


SL^{Ki). Thus Q ^ is in the subgroup under consideration. Conse¬ 
quently the subgroup contains 

oVi cyx-^ oyi ^ /i o\ 

Vo xAi vVo x/ Vx^ 1/ 

for all X. 

If the characteristic of the sfield is not equal to 2, then the subgroup 
contains all the elements of the form 


Therefore we have the theorem. 

If the characteristic of the sfield equals 2, since 


/I + oVl iV 1 0\ - /(X+l)“2 0 \ 

Vo 1 /\\^ i/\o iA(i + 1/ Vo (X + 1)V' 


the subgroup contains elements of the form 

/a* 0 \ 

Vo a-*). 

for all a. Let a be any element of the sfield. Prom 
/l fl Va^O Y* 0 \ /l o*X*a» -f a‘ + a\ 

Vo lAo a-^Ao 1 Ao 1/ Vo W “ Vo 1 / 

^ {a*Q YlX*Yo*0 W(a-M)* 0 

Vo a~»Ao 1 Ao o“V V 0 (o + 1 )-V 

/I aVia + 1 )> 0 Y\ 

VoiA 0 (a+I)-*/. 
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we deduce that belongs to the subgroup. Since CO and its 

conjugates generate SL^i^K) as a runs over all elements of K, the theorem 
follows. 

The previous method can be used to establish the easier 
Theorem 12. Every normal subgroup of the general linear group CLJ^K)^ 
which is not contained in the center^ contains SL^{K), except the cases when 
n ~ 2 ami K has 2 or 3 elements. 

* Cartan, H., Ann, icole normale superieure, 64, 69- 77 (1947), Theorem 4, 

* Dieudonni, J,, Bull. Soc. ninth. France. 71, 27-45 (1943), 

* For the definition and properties of PSLn{K), see Dicudonn^.* 

^ Dicksorj, L. E,, Linear Groups. Leipzig, 1901. 

^ Van der Wacrdcn, B. L., Gruppen von Unearen Transjormaiioncn. Berlin, 1935, p, 7. 

^ Iwasawa, Proc, Imp. Acad. Japan, 17, 57 (1941). 

^ The author had some difficulty in understanding Dicudonn^’s proof. In fact, all 
the parabolic elements of PSL<i{K) do not form a single conjugate set in PSL^iK). 


IMPRIMiriVlTY FOR REPRESENTATIONS OF LOCALLY 
COMPACT GROUPS 1 

Bv George W. Mackey* 

Harvard Ukiversity and University of Chicago 
Communicated by Marshall Stone, July 21, 1949 

i. Introduction,—'In the classical theory of representations of finite 
groups by linear transformations a representation 5 i/, of a finite group 

is said to be itnprimitive if the vector space II in which the L', act is a 
direct sum of independent subspaces Mu M^m such a manner 

that each transforms each il/< into some Mf, In the present note we 
shall discuss a generalization of this notion which is more suitable for use 
in connection with infinite dimensional representation because it allows 
the direct sum decomposition to be continuous as well as discrete. Our 
principal theorem (well known for finite groups) deals with weakly (and 
hence strongly) continuous unitary representations of separable locally 
compact groups. It asserts that the pair consisting of such a representa¬ 
tion and a ‘^transitive system of imprimitivity*' for it defines an essentially 
unique subgroup Go and an essentially unique representation L of Go from 
which the original pair may be reconstructed in a quite explicit manner. 
This result has a number of applications, A recent theorem^ of the author 
which implies the Stone-von Neumann theorem on the uniqueness of 
operators satisfying the Heisenberg commutation relations is included 
as a special case* In addition it may be used to give a complete detemti- 
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nation of the irreducible unitary representations of the members of a 
class of locally compact groups which are neither compact nor Abelian. 

2. Definition of hnprimitivity.—l^t s —> t/,; Mu Mt, ...» be an 

imprimitive representation in the classical sense. Suppose that the 
Ui, are unitary and that the Mi are mutually orthogonal. Let M denote 
the set of integers 1,2, ..., w. For each s in the group G and each j e M 
let (j)s be the index of the subspace into which Ug-^i carries Mj. LetFy 
denote the projection of H on Mj. Then it is easy to see that ~ 

More generally if Pg is defined by the equation Pg « JZc/« s)P^ 
for each E M then UsPbUm^^ “ >* The motivation for the 

following definition should now be clear. Let M be a separable locally 
compact space and let G be a separable locally compact group. Let .v, 
.5 denote a mapping of AT X G onto M which is continuous and is 

such that (a) for fixed 5 , x is a homeomorpliism and (b) the resulting 

map of G into the group of homeomorphisms of M is a homomorphism. 
Let PiE Pg) be a homomorphism of the o Boolean algebra of all Borel 
subsets of M into a c Boolean algebra of projections in a separable Hilbert 
space II such that P^ is the identity /. Let U{s £/,) be a representation 
of G in 11; that is a weakly (and hence strongly) continuous homomorphism 
of G into the group of unitary operators in IL If UiPBL\~'^ « P{B)a-\ 
for all E and s and if Pg takes on values other than 0 and I we shall say 
that U is imprimitive and that P is a system of imprimitivity for G. We 
shall call M the base of P, It is to be observed that P defines in M a 
family of null sets and that there exists in M a family of mutually equiva¬ 
lent measures whose sets of measure zero are precisely these null sets. 
The null sets are those sets E for which Pg - 0 and the measures are those 
of the form ix{FI) = {Pxftf) where /is an element* in i/such that P^/ 0 

implies Pip = 0. 

3, Ergodicity and Transitivily.- .When for each .v and y in M there 

exists in G for which {x)if ^ y it is natural to say that P is a transitive 
system of imprimitivity for U. When M is finite every system of im¬ 
primitivity decomposes in a natural manner into transitive ones corre- 
S{>onding to the orbits of M under G. In general, however, the decomposi¬ 
tion of M into orbits is not reflected in a corresponding decomposition of 
IL It is rather the decomposition of M into ergodic or metrically transi¬ 
tive parts which is relevant. Accordingly we define a system of imprimi¬ 
tivity P to be ergodic if C acts ergodicaHy on the base M of P; that is, 
whenever (ii)s differs from £ by a null set for all ^ « G then £ is itself a 
null set or the complement of one. In view of the current literature on the 
decomposition of meastunes the study of general systems of imprimitivity 
may be expected to be reducible to the study of ergodic systems, 

Ergodic systems which are not also transitive are ra&er difficult to 
handle and such results as we have at present are far from definitive. This 
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note will deal exclusively with transitive systems. Fortunately in some 
applications it can be shown that only transitive systems can arise. Specific 
cally let us say that the orbits of M under C are regular if there exists a 
countable family £i, Et, ... of Borel subsets of each a union of orbits 
such that each orbit of is the intersection of the members of a sub¬ 
family Enit Entt • - * * Then the following theorem is easily proved. 

Theorem 1. If the orbits of M utider G are regular then for each ergodic 
system of imprimitivity based on M there is an orbit C such that Pjtf-c ““ 0, 

4. Formulation of the Principal Theorem .—Let P be a transitive system 
of imprimitivity for the representation U of the separable locally compact 
group G. Let xo be a point of the base M of P. Let Go be the set of all 
s for which (xo).v = Xo. Then Go is a closed subgroup of G and the 
mapping .v —> {xi))s of G on M defines a one-to-one Borel set preserving 
map of the homogeneous space G/Go of right Go cosets onto M. Thus P 
is equivalent in an obvious sense to another system of imprimitivity for 
U whose base is the homogeneous space G/Gq. In general we shall define 
a pair to be a unitary representation for the group G together with a par¬ 
ticular system of inipritnitivity for tliis representation. If U, P and P' 
are two pairs with the same base M we shall say that they are unitary 
equivalent if there exists a unitary transformation V from the space of 
U and P to the space of IF and P' such that and 

V'-^PgV =« Pg for all s and E, It follows from the above remarks that 
the problem of determining to within unitary equivalence all pairs based 
on a given M may always be reduced to the corresponding problem in 
which if is a homogeneous space. We shall accordingly confine ourselves 
to this case. The arbitrariness in the choice of .vo has the effect only of 
providing us with several essentially equivalent complete systems of in¬ 
variants for the pairs based on a given M. 

Preparatory to stating our theorem we describe a method (which will 
prove to be general) of constructing pairs based on a given 67Go- Let 
M be a finite Borel measure on G/Go which is “quasi invariant" in the sense 
that the action of 6? on G/Go preserves null sets.^ Let L(f i^) be a 
representation of Go by unitary operators in a Hilbert space Ho. Then 
let Ht be the set of all functions / from G to Ho such that: (a) / is a Borel 
function in the sense that (/(^), v) is a Borel function of r for alle Ho; 
(ft) for all s « G and all « ^ Go»/({r> »* L^{s)\ and (c) (/(r),/(5)) (which 
by (ft) is constant on the right Go cosets) defines a summable function on 
G/Go. By a more or less obvious adaptation of the proof of the Riesz 
Fischer theorem^ it may be stovm that Hj, is a Hilbert space with respect 
to the inner product (/, tis))d^ and the obvious linear 

operations. Naturally functions wUch are equal almost evoywhere are 
to be identified. Now let p be the function on G X G/Go which for each 
fixed r is the Radon Nikodym derivative of the translate of m hy with 
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respect to m itself. Then regarding p, as we may, as a function onG X G 
let UJ for all s g G and /€//l be defined by the equation iUtf){t) » 
/(/5)/'\/p(s“, ts). It is readily verified that Ut is a unitary transformation 
of Hz, onto itself and that the mapping .s* is a representation of G, For 
each Borel subset E of G/Go let be its characteristic function regarded 
as a function on G. Vox f t Ht, let It is easy to see 

that the mapping / Pjsf is a projection and that U and P together 
constitute a pair in the sense of the above definition. We shall call it 
the pair generated by L and p. We can now formulate our main theorem. 

Theorem 2. Let G be a separable locally compact group and let Go be a 
closed subgroup of G. Let U\ P' be any pair based on G/Go. Let p be any 
quasi invariant measure in G/Go. Then there exists a representation L 
of Go such that U\ P' is unitary equivalent to the pair generated by L and 
p. If L and L' are representations of Go and p and p' are quasi invariant 
measures in G/Go then the pair generated by V and p' is unitary equivalent 
to the pair generated by L and p if and only if L and i' are unitary equivalent 
representations of Go. 

5. Outline of Proof .—We shall give the proof in outline only leaving 
relatively routine details to the reader. Moreover we shall assume 
familiarity on the part of the reader with the paper cited in reference 1 
and will omit arguments similar to those given there. We shall refer to 
this paper as SVN. The proof falls naturally into two parts. First we 
show that every pair defines a representation of Go unique to within unitary 
equivalence and that two pairs defining equivalent representations of Go 
are unitary equivalent. Then we complete the proof by showing that the 
representation of Go defined by the pair generated by an arbitrary L and 
p is unitary equivalent to L itself. 

Given a pair V\P' based on G/Gn we note first that the set of all P/ 
is a uniformly n dimensional Boolean algebra of projections (w « 1, 2, 

,.oo) in the sense of Nakano (see SVN 5). This follows from the 
fairly easily proved fact that G acting on G/Go is ergodic. Let N denote 
an n dimensional identity representation of Go, let p be a quasi invariant 
measure in G/Go and let W,P be the pair generated by N and p. Just as 
in No. 6 of SVN it is possible to show that the pair U\P* is unitary equiva¬ 
lent to the pair U,P where P comes from the pair W,P above and G is a 
suitable representation of G. We define Qa as VtWr^ and observe that 
QaPsi ^ PsQ* for all E and s. It follows as in SVN that there exists a 
weakly Borel function QT G X G to the group of unitary operators 
in the space Hi in which the TV, act such that for each s in G we have 
«?/)(/) « <r{s, i)f{t). The identity QT^SiS,^ 0 - DTiH. tsx) 

holding for almost all triples is established as in SVN and from it the ex* 
istence of a weakly Borel function B such that /) « 
almost everywhere. The fact that the functions in Hff are constant on the 
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right Go cosets implies that Q^{$t 0 for all f e Go almost every* 

where in 5 and /. This implies in turn that *= 

in the same sense or equivalently that B{^is)B"\t$) »* In 

short for each {tGo, B{^t)B~'^{t) is almost everywhere equal to a certain 
constant operator A simple argument shows that (LfTo, Vi) is of the 
form Jl4^(t)(Biii)v2, Vi) for a dense set of Here Vq, Vi and are ele¬ 

ments in III and ^ is a continuous complex valued function vanishing 
outside of a compact subset of G. It follows readily that {L^Vo, rO is con¬ 
tinuous in £ and, since that Lin L^) is a representation 

of Go. Of course L may depend ufx)n the choice of ju» the choice of the 
unitary map of the given Hilbert space on //y and the choice of B. How¬ 
ever, the fact that any two m’s have the same null sets guarantees the lack 
of dependence of Low ^x. As to the other possible dependencies note that a 
unitary map X of //jy on itself which commutes with all Pe is defined by an 
equation of the form XJ{t) = X{t)f{t) where X{t) is a unitary operator on 
Hi for each / and X{i) is a weakly Borel function of t. Moreover X{^t) « 
X{t) for ^ cGo. It is readily calculated that the effect on of a trans¬ 
formation by X is to replace it by R where R{s, t) = X i)X{ts). 

Now if C”\t)C{is) * X' \t)B-\t)B{ts)X{ts) it follows that B(t)X{i)Cr >(/) 
is (modulo null sets) independent of /. Thus for some constant operator 
K we have C{t) «= KB{t)X{f) so that G({/)C ’HO == KB{^i)Xiy)X"^(iy 
In short our original pair and in fact the unitary 
equivalence class to which it belongs determine L to within unitary equiva¬ 
lence. Conversely a simple reversal of the argument shows that pairs 
leading to unitary equivalent L's must be themselves unitary equivalent. 

Now let Z' be an arbitrary representation of Go and let U\P' be the 
pair generated by L' and a quasi invariant measure (x in G/GV By the 
argmnent of the preceding paragraph there is a unitary map of 
on some H^ such that V‘ P^V “ where W,P is as before the pair 
generated by N and ju and N is an identity representation of Go on a HiU>ert 
space Hv It is not difficult to show that there exists a weakly Borel 
function defined on G whose values are operators from Hi to the space 
Ih m which V operates such that (F/)(0 “ It follows from 

the fact that V is unitary that is unitary from //i into 11% for almost 
all t and it follows from the fact that VJ e Ih* that for each ( t Go, K"' ({0 *» 
for almost all /. Now the (>, of the preceding paragraph here 
take the form so that » VQg, Hence V'^(ls) » 

fr(t)Qr(s, t) or fr{is) - V^m^\t)B{ts) or 

Thus there exists a norm preserving operator K independent of 
i such that F^(0 =*= KB{t) for almost all /. If K were known to map 
Hi onto the whole of 11% we could write B(t) « and conclude at 

once that ** ¥'"(() and hence that the 

L for is unitary equivalent toX', In order to show that K is indeed 



542 


MATHEMATICSt C. W. MACKEY 


Froc. N. a. S. 


an onto mapping we must make use of certain facts about the space 
which so far as we know at this point might be zero dimensionah For 
each continuous function w from G to Ht which vanishes outside of a 
compact subset of G let iJb be defined by the equation (<&(/)» — Jit, 

v)d^ for all v in Hi and all / in G. This function may be shown 
to be a continuous member of Hj,* which vanishes outside of a set whose 
image in G/Go is compact. Arguments of a fairly routine nature show 
that for each 1 1 G the vectors Ubiji) span H2. Now suppose that K does not 
map Ih onto /fj. Choose orthogonal to the range of K, Consider an 
arbitrary member of //x,' of the form We have iV{t) = for 

some / and almost all t. But V'^{t)f{t) is in the. range of K for almost all t. 
Thus, since is continuous we can conclude that (<&(/), vu) =» 0 for all 
Hence for all /, Vo) 0 for all ib and this contradicts the fact that 

the 1b{t) span for each /. 

6, RcducibilUy .natural question concerning the connection 
between the reducibility of a pair U,P and the reducibility of the defining 
representation of Go is easily answered- If T commutes with all then 
a transformation taking /f,v into 11^ is defined by the equation {T^f) 
{i) w B~^{t)TB{t)f{i) where B is the function used in defining L. Then, 
as is easily seen T is a *-isomorphism of the ring of all bounded linear 
operators which commute with all the L| onto the ring of all bounded linear 
operators which commute with all the G, and all of the In particular 
the Uf and the Pjr are simultaneously reducible if and only if L is a re¬ 
ducible representation of Go- 

7. Application to the Determimtion oj Group RepresentaHons .—Let G 

be a separable locally compact group and let Gi be a closed normal Abelian 
subgroup of G. Let 61 denote the character group of Gi. Every member 
5 of G defines an automorphism x sxs^^ of Gi and this in turn induces an 
automorphism y (y)^ of 61 . Now let U be any irreducible representa¬ 
tion of G. Restricted to Gi it admits a spectral resolution defined by a 
O' homomorphism P of the Borel subsets of Gi into a Boolean algebra of 
projections in the Hilbert space H in which U acts. An obvious calcida- 
tion shows that Thus P is a ^tem of imprimitivity 

for U. Since U is irreducible P must be ergodte. If we assume that 
Gi is “regularly imbedded’’ in G in the sense that the orbits in G, under G 
are regular then Theorem 1 tells us that Gt may be replaced by a single 
orbit. Let y be a point in this whit and let G^ be the closed subgroup of 
all for which (y)r » y. Theorem 2 tells us t^t U is unitary equivtdent 
to the first member of the pair generated by «i irredttdbte representation 
ofG,. 

If G is a "Mini-direct product” of G, aadG/Gir that is, if there enstsa 
closed subgroup G» ntch that CtnCt « and GiG, ** G much more precise 
information is available. The reader will have no trotdile in verifying 
the truth of 
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Theorem 3. Let Gi he imbedded regularly in G and let G be a semidirect 
product of G\ and G^^ From each orbit C of Gi under Gt choose a member 
yc. Lei Gc denote the set of all s t Git "with {yc)s « ,Vc* Then the general 
irreducible representation of G may be obtained as follows. Select an orbit 
C and an irreducible representation L of Gc^ Let M be the irreducible repre¬ 
sentation of GvGv which coincides with L on G^ and is yc times the identity 
on Gu Then the first member of the pair generated by M and a quasi invari¬ 
ant measure in G/{GvGc) i^^ the required irreducible representation of G, 
E.very irreducible representation of G may be so obtained, and two such are 
unitary equivalent if and only if I hey come from the same orbit and unitary 
equivalent Us. 

When the irreducible representations of Gt and its subgroups are known 
Theorem 3 funiishes a com]>lete description of the irreducible representa¬ 
tions of G. This is so, in particular, when Ga is Abelian. Moreover when 
Ga is Abelian (and Gi is imbedded regularly in G) it tells us that every 
irreducible representation of G is of “multiplier” form. More generally 
any im primitive representation of G generated by a one*dimensional 
representation of a subgroup is unitary equivalent to a representation in 
which the underlying Hilbert space is the space of square summable func¬ 
tions on a homogeneous space and the action of the operator associated 
with s is to translate by .v and multiply by a certain function (the multi¬ 
plier) of i and a variable point in the homogeneous space. 

When Gi is not imbedded regularly in G Theorem 3 fails only itj that it 
does not describe all of the irreducible representations. The ones that 
it does describe still exist and are irreducible. We have examples, however, 
showing that in general there are many others. Their existence leads to 
various kinds of pathological behavior which we expect to discuss at 
another time. Since these “extra" representations are all infinite dimen¬ 
sional, Theorem 3 provides an analysis of all finite dimensional representa¬ 
tions for arbitrary semidirect products. 

A number of well-known groups are regular semidirect products and 
Theorem 3 includes as special cases results in the literature analyzing their 
representations. Examples include* the unique non-commutative two- 
parameter Lie groups (a semidirect product of two lines) and the group of 
Euclidean motions in two space* (a semidirect product of the two-dimen¬ 
sional translation group and the circle group). Wigner's* reduction of the 
representation problem for the inhomogeneous Lorentz group to that for 
the homogeneous Lorentz group is also a consequence of Theorem 3 since 
the former group is a semidirect product of a translation group and the 
latter group. 

Conduding Remarks. the mapping from a representation L of 
Go to tl» pair it generates one can ignore P and obtain a mapping from 
representations of Go to representations of G. It is not difficult to see that 
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this mapping carries the regular representation of Go into the regular 
representation of G. Thus (in view of No, 6) any analysis of the regular 
representation of Go as a direct sum or integral will define a corresponding 
analysis of the regular representation of C although the ‘'parts’' will not 
necessarily be irreducible. This decomposition when Go is Abelian is the 
subject of a recent interesting note of Godement.^ It was this note of 
Godernent together with a discussion of such a space for compact groups 
given by A. Weil^ that suggested our definition of the Hilbert space //a. 

There are a number of questions suggested by the considerations of this 
note which we expect to investigate and report on at a later date. We 
close by mentioning a few of these. (1) When is the representation U of 
G generated by an irreducible representation L of Go itself irreducible? 

(2) When G is finite, L and U are finite dimensional and L is irreducible 
there is a classical theorem which says that the number of times that V 
contains a given irreducible representation V of 0 is equal to the number 
of times that the restriction of V to Go contains L. Weil^ has recently 
extended this theorem to compact groups. One can ask whether (and in 
what sense) it continues to be true for general locally compact groups. 

(3) To what extent is it true that an arbitrary irreducible representation 
of G is the iinprimitive representation generated by a primitive repre¬ 
sentation L of an appropriate Go? How is the possible failure of this to 
hold generally connected with the “extra” representations of non-regular 
seniidirect products? (4) Theorem 2 presumably can be used to prove 
other theorems like Theorem 3. What are some of these? One notes in 
particular that G\ can probably be replaced by any group whose representa¬ 
tions can be decomposed into irreducible parts in a suitably manageable 
manner. 

The author is a fellow of the John Simon Guggenheim Memorial Foundation on 
leave from Harvard University and in residence at the University of Chicago. A 
significant part of the work on this paper was done at each institution, 

» Mackey. G. W.. Duke Math. 16, 313-325 (lf)49). 

* Cf. Nakano. H.. Ann. Math., 42, 657-664 (1941), HHfsatz 1. 

* That such a measure alway.s exists has been indicated by 0ieudonn6, /!»«. univ. 
Grenoble, NS 23. 25-63 (1948) [p. 511. Actually one can show, and this is important 
for oia purposes, that any two quasi invariant measures have the same null sets, The.se 
null sets are precisely the sets whose inverse images in G ore null sets with respect to 
Haar measure. 

’ In carrying through the details of this and other arguments indicated in this note 
it secnis to be necessary to know that every Borcl set in G which Is a union of right 
6’(j cosets defines a Borel set in 0/Go. That this is so is art easy consequence of the 
following two theoretps in the literature. A one-to-one continuous image of a Borel 
subset of a complete separable metric space is a Borel set. Kuratowski, C., Topolosic /, 
Warsaw (1933), p, 251. If g is a continuous function on a compact subset of a metric 
space then there exists a Borel subset on which g is one-to-one and has the same range as 
before. Federer, H., and Morse, A. P., BuU. Am, Ma4k, Sac,, 49,270-277 (1943) [Theo¬ 
rem 6.11. 
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LINKAGE STUDIES OF THE RAT. X 
By W. E. Castuc and Helen Dean King 

I'NIVKRSITV OF CALIFORNIA AND WiSTAR INSTITUTE 
Communicated August 1, 1949 


1. Fawn Linked ivith Agouti in Linkage Group V. —In an earlier paper of 
this series, VIII, 1047,^ a new color K'ene, fawn, was described and’ desig¬ 
nated by the symbol, /. Preliminary linkage tests gave only negative re¬ 
sults, but a cross between Agouti and fawn made by Dr. King indicated 
possible linkage between the two genes. Additional crosses of this nature 
made by Castle in Berkeley fully support that hypothesis. 

A non-agouti black fawn stock, aaff, was crossed with a gray race, AAFF. 

The Fi animals were gray of genotype They were back-crossed to 


the black fawn stock, yielding four classes of young, expected to be equal 
numerically, unless linkage exists between A and/. The four genotypes ex¬ 
pected and their observed frequencies were as follows: 


CrRAV FAWN lil.ACK FAWN ORAV BLACK 

Aaff aaff AaFf aaFf 

310 358 294 


The two back-cross classes, gray fawn and black, would derive from cross¬ 
over (recombination) gametes produced by the Fj parent, whereas black 
fawn and gray would derive from non-crossover gametes. Clearly the 
non-crossovers exceed the crossovers numerically, indicating linkage. 

The crossover percentage is 44.6 0.97, a highly significant statistical 

result. 

We conclude that genes A and / lie in the same fifth chromosome of the 
rat. The linkage is loose but unmistakable. 
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Linkage systems previously demonstrated, as now understfXKj are as 
follows: 
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2, Further Evidence of Linkage Between Red-Eyed Yellow and Waltzing 

in the Rat. .In earlier papers evidence has been presented that linkage 

exists in the rat between albinism, pink>eyed yellow and waltzing, all of 
which genes lie in the first chromosome of the rat^. Since red-eyed yellow 
is linked with pink-eyed yellow and with albinism, it follows that linkage 
should also exist between red-eyed yellow and waltzing. An opportunity 
to test this hypothesis by exf>eriment recently presented itself. 

A cross was made between a red-eyed hooded waltzer and a gray hooded 
non-waltzer, all the Fj young being as expected, hooded and non-waltzers. 
A backcross to red-eyed waltzers produced as expected both rcd-cyed and 
dark-eyed waltzers but in very unequal projwrtions. 

It is known that waltzing has very low penetrance, i.e., waltzers are regu¬ 
larly produced in smaller numbers than expected. In the backcross under 
discussion, if waltzing is a simple recessive, 50% of the young should be 
waltzers. In reality the percentage is much lower. In a total of 390 
back-cross y^mng, only 45 were recognizable as waltzers, this being 11.0% 
whereas 50% was expected. 

Of the 45 waltzers, 30 were red-eyed and 15 dark-eyed, the non-waltzers 
numbering 180 red-eyed and 165 dark-eyed. In other words, the inci¬ 
dence of waltzing among the red-eyed was 1 in 7, but among the dark-eyed 
it was 1 in 12. This supports the idea that waltzing is linked with red-eye 
as well as with pink-eye and albinism, since otherwise red-eyed and dark¬ 
eyed waltzers should occur with equal frequency. In reality they deviate 
significantly from the equality expected, if linkage does not exist. Devia¬ 
tion, 7.5/P.E., 2.26*3.3. 

Acknowledgment.-^^riSLttfvd thanks are due to the Division of Genetics, 
College of Agriculture, University of California, and particularly to Dr. 
E. R. Dempster for facilities which made this investigation possible. 
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* Castle, W. E., 'Xinkagi; in the Albino Chromosome of the Rat," Proc. Natl. Acad. 
Set., 32, 33-36 (1946). 



PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volumd 35 October 15, 1949 Number 10 


NA TIONAL ACADEMY OF SCIENCES 
THE CONFERENCE ON BIOELECTRIC POTENTIALS 
By Duncan A. MacInnes 

Hockkfkllkr Institute for Medical Rbsbakch 
Communicated July 8, 1949 


The first of a series of conferences on various rapidly developing subjects 
in science, under the Auspices of the National Academy of Sciences, was 
that on Bioelectric Potentials. It was held at the Rockefeller Institute 
for Medical Research in New York City, on December 14, 1946, in honor 
of Dr. W. J. V. Osterbout. 

The discussion during the two-day session centered around four papers 
which were: 

“Some Bioelcctrical Problems,” by W. J. V. Osterhout. 

"The Source of Bioelectric Potentials in Large Plant Cells,” by Lawrence 
Blinks. 

"Physical Aspects of Bioelectric Phenomena," by Kemieth S. Cole. 

"Nerve Action," by R. Lorente de N6. 

The first three of these papers, revised in the light of the discussions, fol¬ 
low in this number of the Proceedings, 

The participants in the conference were: L. R. Blinks, Detfcv W. Bronk, 
Kenneth S. Cole, Richard T. Cox, P. Debye, Joseph Erlanger, Teh-Pei 
Feng, W. O. Feun, R. H. Fuoss, Herbert S. Gasser, H. S, Hamed, R. Hdber, 
J. G. Kirkwood, Irving Langmuir, David P, C. Lloyd, L. G- Ixnigswprth, 
D, A, Mftclunes, R. Lorente de N4, L. Michaeiis, John von Neumann, Lars 
Onsager, W. J. V- Osterhout, Alexandre Rothea, Francis O. Schmitt and 
Theodore ShedlDVsky* 

The other conferences that have been held so for are as follows: 
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Subject 

Foundations of Quantum 
Mechanics 
Theoretical Physics 
Low Temperature Physics 
The Gene 

The Ultracentrifuge 


Chairman Date 

K. K. Darrow June 2-4, 1947 

J. R. Oppenheimcr March 30 to April 2,1948 
J. C. Slater May 31, June 1-2, 1948 

B. P. Kaufmann May 31, June 1-2, 1949 
D. A. Macinnes June 12-14, 1949 


These conferences were held at the Rams Head Inn, Shelter Island, L. I., 
N. Y., except the second which took place at Pocono Manor, Pa. 

The conferences have been organized so as to bring together active 
workers in order to consider current research problems in a selected field 
of science. Formal presentation of papers has been avoided, the emphasis 
being on leisurely and informal discussion. The number of participants in 
each conference has been limited to 25. After the first conference, which 
was held in New York City, the remaining ones have been held at country 
inns. 

It has been found that much of value may be accomplished in two or three 
days of close association by key workers, who are frequently widely scat¬ 
tered geographically. Concentration on a given topic, the absence of dis¬ 
tracting interests and the opportunity of free intimate discussion which is 
made possible by a small group, are particularly helpful. 

These conferences have been made possible by the advice and encourage¬ 
ment of Past President Jewett and President Richards, both of whom as¬ 
signed Academy funds for the expenses involved. 


SOME BIOELECTRICAL PROBLEMS 
By W. j. V. OSTERHOUT 

The Laroratoribs op the Rockefeller Institute for Mbuical Kbsearch 
Communicated July 8, 1949 

What would Galvaui say if he could join us today? Perhaps the con¬ 
versation would run as follows, 

“In 1791 I published some observations on frogs' legs. I noticed that in 
contact with copper and iron they twitched vigorously. Can you tell me 
why this happens?" 

"We fear that we cannot give you a satisfactory answer. In spite of 
much study the cause is not clear." 

“It is a long time," he answers, “since the first observations were made." 

“It is true, but we need more help from the physicists and physical chem¬ 
ists to solve this problem. That is the reason for this conference." 
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"Well/’ he says finally “bow far have you got?” 

A clear and simple answer is not easy to give. Much progress has been 
made but much remains obscure. For the purpose of our conference it 
may be best to consider some fundamental questions which can be so stated 
as to appeal to the physicist and to the physical chemist. 

If I attempt a brief statement of this kind as requested by our chairman 
I must ask your indulgence. 

The behavior which astonished Galvani is due to disturbances in the 
electrical potentials which exist at the surfaces of living cells. We can 
measure these potentials and the rate at which these disturbances travel 
along the cell and we can subject our observations to mathematical treats 
rnent. We have made some progress in analyzing the mechanism by which 
an electrical disturbance is produced and propagated. In some cases the 
potentials appear to be due chiefly to diffusion potentials set up by [>otas- 
sium compounds against the non-aqueous surface films of the protoplasm. 
In such cases we can measure the mobilities of the ions in the non-aqueous 
films and show that they account for the observed potentials. These mo¬ 
bilities are usually very different from those found in water. 

If a spot with normal resting j>otcntial is connected through a galvanom¬ 
eter to another spot on the same cell where the resting potential has been 
reduced to zero (by applying KCl) we find in some cases that a current of 
several microamperes flows from the normal to the treated spot and this 
may persist for several hours. It would appear that phase boundary po¬ 
tentials as ordinarily understood could not account for such currents. 

To illustrate some of the methods employed in such studies we may con¬ 
sider experiments with a plant cell, Nitella, which acts somewhat like muscle 
and nerve but is in some respects easier to study. 

The protoplasm of the Niiella cell (Fig. 1) forms a thin layer (not over 15 
microns thick) surrounding a large central vacuole (about 500 micn)us in 
diameter) filled with sap; outside the protoplasm is a cellulose wall which is 
so permeable that it does not affect the potentials (Fig. 1). We can obtain 
sap from the interior of such cells without external contamination and we 
can follow changes in its composition by expressing and analyzing it. 

Surface Films—The surfaces (both the outer surface and the inner sur¬ 
face surrounding the vacuole) of the protoplasm are completely covered 
with a film of oily or non-aqueous material too thin to be visible under the 
microscope and hence less than half a wave-length of visible light in thick¬ 
ness. We do not know whether these films are solid or liquid or an cmtd- 
atOn but they act like liquid in obeying the laws of surface tension* 

Although protoplasm is largely composed of water it rounds up in con¬ 
tact with water like an oily liquid because of the non-aqueous film cover¬ 
ing its surface. This is ea^y seen if the cellulose wall is pierced with a 
needle so that the protoplasm protrudes into water or if the protoplasm is 
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withdrami from the cellulose wall by a plasinolyzing solution which fills the 
space between the protoplasm and the cellulose wall. The inner proto¬ 
plasmic surface acts in similar fashion as is evident when it is rapidly de¬ 
formed by protoplasmic motion. 

It is natural to assume that such films are formed by substances which 
lower the surface tension of the protoplasm and which therefore accumulate 
in the surface since, if they diffuse into it, energy is required to get them out. 
We might therefore expect the inner and outer protoplasmic surfaces to be 
similar. This is approximately true of Nitella for if we place sap outside the 
cdl and form the chain 

Sap 1 Protoplasm \ Sap 
we find an e. m. f. of only 16 mv.^ 



Diagram to represent the structure of a Nitella cell. The 
protoplasm consists of an aqueous layer, W, with a film of 
non-aqucous material. X, at the outer surface and a corre¬ 
sponding film, F, at the inner surface. The vacuole b filled 
with sap containing about 0.06 M KCl and 0.05 M NaCl 
with a very small amount of other electrolytes and of organic 
matter. (The relative diameter of the vacuole is much greater 
than is here represented.) 

These films determine what substances enter and leave the cell and thus 
control metabolism. They furnish the best test of life which we possess 
since if they ore irreversibly destroyed life ceases at once. This is in^cated 
by the entrance of such dyes as trypan blue or acid fuchsin which do not enter 
the cell as long as the surface films are intact and which thus provide a use¬ 
ful test of death. We may say that the cell is dead when the protoplasm 
becomes completely and irreversibly permeable as happens when the surface 
film is destroyed* 

The destruction of the surface film may be brought about by agents vMdk 
act on the film or on the substrate of protoplasm on whidi the film rests. 

The bioelectrical potentials are set up at these films^ Since rf&e study of 
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such films involves surface chemistry and physics which are little under¬ 
stood it is highly desirable to find suitable models for study. 

Attempts have been made to produce such films between two aqueous 
solutions to imitate the conditions in the Kving cell but so far the results 
have not been satisfactory. One method is to fill a tube with aqueous solu¬ 
tion and place it upright in a non-aqueous liquid and then allow a drop of 
aqueous solution hanging from another tube to descend slowly until it com¬ 
presses the non-aqueous liquid between the two aqueous solutions. In 
this way very thin non-aqueous films can be obtained and electrical meas¬ 
urements across them can be carried out, but the films soon disrupt. 
Films have also been made by blowing bubbles with non-aqueous materials 
but they do not last long. 

Resting Potentials .—By means of its surface films the cell can act very 
much like a potassium electrode. To see this we need only connect a gal¬ 
vanometer between a spot on the cell where the potential is kept constant to 
another spot which is in contact with an aqueous solution of KCl. As the 
concentration of KCl at the latter spot changes while that at the other spot 
remains cotistant the p.d. changes in such fashion as to obey the equation 
for diffusion potential which for 25‘^C. may be written 


P.D. = 


«K + 



Here and vci the mobilities of and of Cl” in the outer non- 
aqueous protoplasmic surface film, A”; a\ and are the activities^ in X of 
K+ (taken as equal to those of CI~) when two solutions are applied to A in 
succession so as to set up a diffusion potential in A. We find that may 
be 73 times Vqi which shows how much the surface of the protoplasm diffeirs 
from water in which Wk ** 0.96. 

To carry out such measurements we allow the cell to remain for an hour 
or more in contact with 0.001 M KCl. We assume that the outermost part 
of A has reached approximate equilibrium with the external solution so 
that Oi 0,001 (5) where 5 is the activity partition coefficient of 
(taken as equal to that of Cl”“).* We then replace 0.001 M KCl by 0.01 Af 
KCl and assume that a diffusion gradient between the two activities of K"^ 
is set up in A and that aj =» 0.01 (5). Since the value of 5 remains cop- 
stant* as long as the properties of the two phases (A and the external solu¬ 
tion) remain constant a tepfold change in the activity of K'+' in the external 
solution means a tenfold change in the activity of K+ in A. 

When we set up models and use various hon-aqueous substances in place 
of A we find that a tenfold change of activity of KCl in the aqueous solu¬ 
tion gives different values for the p.0. depending on the nature of the non- 
aqueous phase. This must be due to differences in and vq if the ac¬ 
tivity partition coefficient S is constant. 
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The situation may be more complicated if other ions in the surface play 
an important part, but for our present purpose they may be left out of con¬ 
sideration since as a rule the effect in Nitella is chiefly due to KCL 

It may be asked whether the surface behaves like a system of charged 
pores such as exist in a collodion membrane. This is evidently not the case 
for in Nitella we find that under some conditions the order of mobilities in 
X is > Von > some other plants it is wk > Vci > Wn* • 

In a system of charged pores all cations are faster than all anions or vice 
versa. 

By means of its surface films the protoplasm is able to distinguish clearly 
between NaCl and KCl. When 0,01 M KCl in contact with Nitella is re¬ 
placed by 0.01 M NaCl the outwardly directed potential is increased by 
about 80 mv. This has been called the potassium effect. 

Some substance (or group of substances) in the protoplasmic surface must 
be responsible for this and a number of materials have been examined from 
this point of view. The most interesting so far tested is nitrobenzene. 
When two tubes filled with aqueous solutions dip into nitrobenzene, one 
containing 0.1 Af KCl and the other 0.1 M NaCl, we find on connecting 
them through a galvanometer that 0.1 M NaCl is positive to 0.1 M KCl 
just as in Nitella. In the living cell the value is about 80 mv. and in nitro¬ 
benzene about 67 mv. 

It would be very interesting to know how nitrobenzene produces this re¬ 
sult. We hope that some physical chemist will look into this. 

The non-aqueous films at the surfaces of the protoplasm are easily altered. 
Leaching Nitella with distilled water reduces the relative mobility of K+ 
in the outer protoplasmic surfiice so that «k; ^Na falls from 33 to 1 and 
Wk falls from 73 to 2.2. Hence the cell is no longer able to act like a 
potassium electrode or to distinguish electrically between K'^ and Na+, 
At the same time it loses its power to respond to an electrical stimulus. 
Evidently a substance or group of substances is removed from the surface 
films; it seems possible that such substances are found in blood for if we 
apply dilute blood to the leached cell for a few seconds we restore its ability 
to distinguish between K+ and Na*^ and to respond to electrical stimulation. 

This important substance exists in very minute amounts and we need the 
help of the chemist to study it. A beginning has been made by taking water 
in which Nitella has been standing and shaking it with chloroform. A pre¬ 
cipitate then separates out at the surfaces of the drops of chloroform. 
When this is redissolved in water and applied to the cells it restores them to 
their normal state. But the amount of substance thus obtained is very 
small and we need better methods. 

Interesting alterations in the surface films are produced by guaiacol 
In Nitella it alters mobilities and in Valonia it ch^ges the order > 
to ttfjr* '> t'ci > 
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It is evident that changes in the surface films due to metabolism might 
alter mobilities. A variety of changes may occur under normal conditions 
in the surface films. This is not surprising for any substances produced in 
the cell which have the power to lower surface tension become trapped if 
they enter the surface since energy is required to get them out. Partition 
coefficients may also be altered so that without any change in the concentra¬ 
tion of NaCl or of KCl in the external solution their relative proportions in 
the non-aqueous surface film may change and thus affect the potential. 

Since the protoplasmic surface acts like guaiacol in some respects a 
study of partition coefficients in guaiacol has been made by Shedlovsky and 
Uhlig which is very helpful in dealing with the living cell. 

The partition coefficients in Nitella may be calculated as follows. Put¬ 
ting for convenience Vc\ = 1 and ascertaining the relative values of wk and 
ttjsrai as already described (p. 5.50) we can predict the value to be expected 
in a given mixture of NaCl and KCL Any divergence from the predicted 
value is then attributed to differences in the partition coefficients and these 
are evaluated. I'hey are then used to predict values expected in other mix¬ 
tures and if these prove to be approximately correct we assume that we 
have ascertained the approximate values of tlie partition coefficients. 
When we apply this same method to guaiacol in a U-tube used in place of 
Nitella, we get approximately correct values. 

What determines the magnitude of the ix)tentials in Nitellal Since the 
changes in Nitella obey the equations of Nernst and of Henderson for dif¬ 
fusion potential and tliese equations enable us to predict the values found in 
various mixtures of electrolytes we may suppose that we are dealing with 
diffusion potentials. Wc can determine the relative values of Mk and wci 
for the outer protoplasmic surface in Nitella (p. 550) and the p.d. across 
the protoplasm can be calculated from the activity gradient of KCl across 
the protoplasm (since the other electrolytes present have relatively little 
effect on the p.d.). 

The sap in contact with the inner protoplasmic surface contains about 
0.05 M KCl and if we put 0.001 M KCl outside the protoplasm we may 
write for 25°C., if «k 73 when Vq] is taken as unity, 


P.D, 


73 -- 
73 + 


log 


0.05 

o.oor 


where 0.05 and 0.001 are the concentrations (here used in place of activities) 
of KCl in the sap and in the external solution, respectively. This gives 97 
mv. The average observed value is usually about 100 mv. 

It would therefore appear that the diffusion potential of KCl in the sap 
is sufficient to account for the observed potential. On this basis we may 
expect to change the potential by changing the concentration of KCl in the 
sap. This can readily be. done. If we place 0.24 M sucrose + 0.001 M 
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KCl at one end of the cell, called A, and 0.001 M KCl at another spot, 
designated as B, we see that water enters at B, moves through the cell and 
' comes out at A . This produces a visible rush of particles in the vacuole 
from B to .4. This movement of water carries KCl from B to .4 but KCl 
cannot pass through the protoplasm at A (except very ^owly) and conse* 
quently it becomes more concentrated at A as water escapes into the ex¬ 
ternal solution of sucrose. Hence the concentration of KCl increases at A 
and falls off at B. At the same time the potential increases at A and falls 
off at B. This can be shown by placing electrodes at A and B and connect¬ 
ing them to a third electrode, C, at another spot where the potential is kept 
constant and sap is prevented from moving. 

When we replace the sucrose solution at .4 by 0.001 M KCl we see that 
water enters at A , moves through the cell and escapes at B, thus reversing 
the flow of sap. The concentration of KCl falls off at A and increases at B 
and in consequence the potential falls off at A and increases at B. 

These experiments illustrate some of tlie methods used to determine the 
nature of bioelectric potentials. Although they have been developed espe¬ 
cially in the study of large plant cells they can be applied to a considerable 
extent to other cells. 

This study of resting potentials leads us to ask how these potentials are 
altered when an electrical disturbance travels along the cell. Since the pre¬ 
ceding account has dealt with potentials in Nitella the simplest procedure is 
to continue with an account of electrical disturbances in this cell. 

Stimtdation, —This subject can not be discussed in detail but some of its 
fundamental features may be briefly mentioned. It consists of an elec¬ 
trical disturbance which is produced at one point and which usually travels 
along the cell. 

Omiical Stimulation^ —When the external solution is 0.001 M NaCl there 
is an outwardly directed potential of about 100 mv. at all points (Fig. 
2). This is due to the diffusion potential of KCl at the non-aqueous 
film, y, forming tlie inner protoplasmic surface. If we replace 
0.001 M NaCl by 0.01 M KCl at A we create an inwardly directed potential 
of 100 mv. at the outer surface which balances the outwardly directed 
potential of 100 mv. at the inner surface and thus reduces the net potential 
at A to zero. At the same time the electrical resistance at A falls to about 
1% of the normal, since both the inner and the outer surfaces of the proto¬ 
plasm are in contact with a relatively high concentration of (the sap 
contains about 0.05 M KCl). All of these facts are established by direct 
measurement. 

In this way a difference of potential between A and B is set up but if 
the cell is in a favorable state this difference soon decreases because the 
potential at B falls off in such fashion that B may be said to dischatge into 
A. Then C discharges into B and in this way the disturbance travds 
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along the cell. During the discharge we may suppose that KCl moves out 
of the sap into the external solution, thereby lowering the outwardly 
directed activity gradient of on which the diffusion potential depends. 
There may be an actual rupture or a great increase in the permeability of 
the protoplasmic surface films at B when the electrical pressure reaches a 
certain point. If a film is O.I micron thick as may well be the case and 
the potential is 100 rav. the electrical gradient across the film just before 
the discharge is 10,000 volts per centimeter. 

Electrical Stimulation.--It might be expected, in view of these facts, that 
when the external solution is 0.001 M NaCI and the potential 100 mv. at all 
points an e. m. f. applied by means of two electrodes in such fashion as to 
create a sufficient outgoing current at B and an ingoing current at A might 
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Diagram to illustrate the potentials assumed to 
be present in a Nitella cell. At the inner non- 
aqueous surface film, F, there is a potential of 100 
mv. at all points. At the outer film, X, no potential 
is assumed to exist when the external solution is 
0.001 M NaCl but when this solution is replaced by 
0.01 M KCI there is an inwardly directed potential 
of 100 mv. at X so that the net potential across the 
protoplasm is xcro. No precise assumption is made 
regarding the concentration of KCl in the sap. 


cause K+ to move outward at B and reduce the potential at B so that 
the next spot, C, could discharge into it. This appears to be the case but 
it is necessary to apply more than 100 mv. since the resistance at A is now 
higher than in the former case. In describing chemical stimulation it was 
stated that the current entered A where it was in contact with 0.01 M KCl 
and the resistance was only 1% of that in a region in contact with 0.001 M 
NaCl, as in the present case. 

Stimidation occurs with an outgoing electrical current which carries K+ 
outward, not with an ingoing current which carries inward. 

When moves out of the sap this movement is opposed by a process 
which is continually operating to drive K'^ inward and to keep its con- 




550 


PHYSIOtOGY: W.J. V. 0STEREO UT 


Proc. N. a, S. 


centration inside the cell much greater than outside. The following sug- 
gCvStion may be made in regard to the process. 

The experiments indicate that ions at the outer surface of the non- 
aqueous layer (surrounding the protoplasm) may combine with organic 
substances fonned only at this spot and may then migrate through this 
layer to the aqueous protoplasm. If the organic substances are then ir¬ 
reversibly decomposed so as to set the ions free it is evident that as free 
ions they cannot pass out, except very slowly, since they are only slightly 
soluble in the non-aqueous surface layer. Hence they will be trapped 
and accumulate inside. We may assume that the reaction which decom¬ 
poses the organic substances yields energy. 

Recovery.- has moved outward at B and the potential at B 

has fallen K"^ is moved back into the vacuole by the accumulative process. 
This is called recovery.® 

Recovery involves a return to the sap of K + and other electrolytes which 
have moved outward. It also requires restoratioti to normal of surface 
films which have suffered change. 

If an impulse arrives before recovery is complete there may be a loss of 
whatever potential has been recovered at that time but the magnitude of 
the change falls short of the normal response. P'or a short time after stimu¬ 
lation no response is possible (“absolute refractory period”) but as re¬ 
covery proceeds the response increases witli progressive restoration of the 
outwardly directed activity gradient and outwardly directed diffusion po¬ 
tential at y. 

Propagation of Impulses .—When the potential at A falls to a certain 
value so that the next spot, B, discharges into A we see that B be¬ 
comes an electrical sink into which the next spot, C, discharges and in this 
way the disturbance travels along the cell. The rate of travel in Nitella 
at 25^C, is usually about 2 cm. per second but may be much faster. In any 
case it is very much slower than in muscle and nerve. 

If the traveling impulse reaches a spot (known as a “block”), which is 
unable to respond by a discharge, the impulse can progress no further. If 
we have three adjoining spots, A, B and C, with A and C normal and B 
serving as a block, the impulse can travel past B only if we connect A and 
C by a moist thread through which C can discharge into A. The impulse 
can then continue to travel along the cell. A gap between two cells can be 
bridged over in the same way by means of two moist threads which com¬ 
plete the circuit so that the impulse can travel from one cell to the other. 

A block may consist of an area of very low potential or it may be a region 
which has the normal resting potential but does not discharge. Normal 
cells of NUella can be rendered inexcitable by anesthetics or by leaching in 
distilled water. The leaching apparently removes from the cell a sub¬ 
stance (called R for convenience) which makes the cell excitable. It also 
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ensures a high mobility for K+ in the outer protoplasmic film and this pro¬ 
duces the potassium effect. It can be extracted from the distilled water 
used for leaching and applied to the cell which theti reacts normally, A 
substance which has the same restorative effect is found in blood and it seems 
possible that it plays an important part in maintaining the normal ex¬ 
citability of muscle and nerve. 

Mechanical Stimulation .—Mechanical stimulation in Nitella presents a 
picture which differs from that hitherto described. 

The most convenient way to produce mechanical stimulation is by pinch¬ 
ing the cell. This sets up a compression wave which travels along the cell 
(presumably with the speed of sound in water) and causes a loss of potential 
at each spot it reaches. The effect may be reversible or irreversible de¬ 
pending on the violence of the disturbance. 

If the cellulose wall is imbibed with 0.001 M NaCl there is an outwardly 
directed (positive) potentiaP everywhere and when the compression wave 
arrives at any point the loss of this positive potential causes a “negative 
variation.*’ But if the cellulose wall is imbibed with 0.1 M KCl there is 
an inwardly directed (negative) potential at all jx)ints and when the com¬ 
pression wave arrives the loss of this negative potential causes a “positive 
variation." 

It is evident that more investigation is needed at almost every point to 
clear np the mechanisms involved in stimulation. The energy relations 
are of interest since stimulation is accompanied by an increased output of 
CO2 in nerve. 

In conclusion it seems desirable to stress again the importance of the 
non-aqueous surface films. These structures, invisible under the highest 
magnification, play an all-important r61e. They are the seat of consider¬ 
able electrical forces so that when a sufficient number of cells is in series an 
e. m. f, of 500 volts may be available, as in the electric eel. The high elec¬ 
trical capacity and resistivity of the cell is due to them. They regulate the 
intake and outgo of all substances and thus control metabolism. If they are 
destroyed death ensues at once. The behavior of such films involves the 
little understood laws of surface chemistry and physics and deserves in¬ 
tensive study. 

The problems encountered in the study of Nitella are for the most part 
closely related to those we meet in experiments on muscle and nerve. Many 
other cells present different problems of equal interest and complexity. 
It is our hope that this conference may bring us more aid from physicists 
and physical chemists in dealing with these important questions. 

* In some cases larger values ore observed. In HaUcysHs we find 60 mv. The cause 
of this U not known. 

* For convenience activities will be regarded as equal to concentrations in all cases in 
this paper. 
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* If the same standard state is assumed for the solution in both phases 5 would be 
unity» but it is more convenient to assume different standard states so that as long as 
the properties of the two phases remain constant 5 will be constant but as a rule its value 
will not be unity. 

* The partition coefficient includes only the ions and Cl". It would not be 
constant if it included the undissociated KCl in X (but this undissociated part would 
not affect the diffusion potential), cf. Osterhout, W. J. V., J. Gen. Physiol., 26, 293 
(1942-1943). 

• If sufficient K*** is present in the external solution there is no recovery since the 
accumulative forces do not produce a sufficiently great outwardly directed activity 
gradient of K '*“. 

• I.e., cations tend to flow across the protoplasm from the sap to the external solution. 


SOME PHYSICAL ASPECTS OF BIOELECTRIC PHENOMENA 

By Kenneth S. Cole* 

Institutb op Radiobiologv and Biophysics, University of Chicago 
Communicated by D. A. Macinnes, July 8, 1949 


The structure and activity of living systems present many problems of 
physics, chemistry and mathematics and the electrical aspects of these 
problems have been investigated almost continuously for the past century 
and a half. As increasingly powerful concepts, techniques and instru- 
jnents have been developed they have been applied to the study of these 
phenomena and, as a result, we now have available a vast store of infor¬ 
mation on the bioelectric phenomena of organisms, tissues and cells—^both 
plant and animal. Much of this information has been correlated into the 
general principles of electrophysiology and, in some cases, in surprisingly 
successful quantiUitive form. But the further description and interpreta¬ 
tion of the various bioelectric phenomena in terms of physical and ehptni^i^ l 
concepts has been, in general, less successful. Although it has been almost 
impossible to design and execute experiments on living materials which dis¬ 
close their physical characteristics in simple and direct form, some of these 
characteristics have been measured and found to be strikingly to 

phenomena of non-living systems. This is highly gratif3ring to the phys¬ 
ical scientist and very useful to the biologist except for the several impor¬ 
tant instances in which the behavior of these non-living systems has itself 
not been satisfactorily explained. Thus, as is found for other biological 
phenomena, the physical aspects of the electrical phenomena may present 
problems of experiment and theory which are not confined to the living 
systems alone but extend into the physics and chemistry of non-living Uquid 
and solid materials. 

This contribution to the Conference on Bioelectric Potentials presents 
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some of the simpler electrical characteristics of living cell membranes which 
have come from the application of physical principles and techniques to the 
measurement and analysis of the electrical properties of cells and tissues. 
These membrane characteristics may serve the Conference both as back- 
groutid information and as examples of the many unsolved physical prob¬ 
lems of biological systems. 

Although the experimental methods used in these investigations of the 
electrical characteristics of the cell membranes cannot be discussed in de¬ 
tail they should not be ignored completely. The design of the experiments 
and the equipment and the analysis of the results have usually been rather 
straightforward applications of conventional techniques such as those of 
potential theory, circuit analysis, electrochemistry, and communication 
and electronic etigiTieering, But as often as not the conditions imposed by 
living cells have required that the necessary techniques be pushed beyond 
those achieved in current practice and in some cases the equipment has had 
to reach to the natural limits of sensitivity and resolution. 

Membrane of the Cell. -It is well established not only that the interior of 
the living cell is very different from the external inanimate environment in 
composition, structure and electric potential, but also that these differences 
are maintained by a barrier at the surface which is necessary ior the life of 
the cell. Although this barrier may nrjt be positively identified under the 
microscope—as for example a part of the plasma membrane—it is defi¬ 
nitely recognized by other characteristics-*' such as a rather small i^cnnea- 
bility to water and to many solutes. The structure which constitutes the 
barrier to the free flows of ions in and out of the cell is most probably the 
seat of the immediate source of electrical energy and the origin of the prin¬ 
cipal bioelectric effects, 'fhis structure is our primary concern and 
for convenience we shall refer to it as the membrane of the cell. 

Capacity of the Membrane .—The cell membrane was thought of electri¬ 
cally as a "leaky condenser" before 1900 and by 1925 the capacity of this 
condenser had been measured in the red blood ceiF and found to be al>out 
one microfarad per square centimeter. Since that time the membrane 
capacity of an adequate number of cell types has been measured® with suffi¬ 
cient accuracy to justify the hypothesis that all living cells have a mem¬ 
brane capacity and that it is of the order of one microfarad per square centi¬ 
meter. On the assumptions of a macroscopic behavior and a dielectric con¬ 
stant of three, the membrane has a thickness of 30 A. This thickness is 
clearly of molecular dimensions and it suggests the need for more detailed 
information and analysis on thin films. A further complication is that only 
a few of these membranes exhibit a pure static capacity, it being more 
usual to find a belxavior which resembles the dielectric loss of engineering 
insulators. 

The alternating-current characteristics of the membrane capacity are 
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conveniently considered* in two parts— C\ the conservative or “real" com¬ 
ponent and C'^ the dissipative or loss, component—which are combined as 
the complex capacity, 

C* == C' - (1) 

where i — \/—L The membrane capacities are adequately expressed 
empirically^ by 

C* = 

where C is constant, 6>/27r is the frequency and or is a loss index, 0 < a < 1, 
which is related to the phase angle <t> = or7r/2. These results can be ex¬ 
pressed in terms of a resistance and a capacity, both of which vary with fre¬ 
quency, or, as shown in figure 1, in terms of C' and C". 

This behavior of cell membranes is similar to the polarization of elec- 



Complex capacity loci, C' vs. for various ccU membranes; in each case the solid 
line represents the experimentally determined portion of the locus and X is the observed 
or calculated point for a frequency of 1 KC. 

trode systems such as platinized platinum, silver-silver chloride and calo¬ 
mel, and tlxis similarity has led to the attractive suggestion that this mem¬ 
brane capacity also is a phenomenon of ion transport. Although it may 
not be possible either to accept or reject the hypothesis without a better 
understanding of the electrode systems, several factors make it seem rather 
improbable: 

(a) This analytical description of the membrane and electrodes is not 
unique to them but can be applied with equal success to the electrical prop¬ 
erties of dielectrics* and a barrier layer photovoltaic cell® and to the me¬ 
chanical characteristics of some viscoelastic materials.’ 

(5) The capacities of the electrode systems are usually one or more orders 
of magnitude larger than those of the cell membranes. 

(c) Although the electrode characteristics depend to a considerable de- 
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gree upon the method of manufacture and the composition and concentra¬ 
tion of the electrolyte, the membrane characteristics seem quite stable and 
remain relatively unchanged as the cell becomes active, is injured or is 
placed in a chemically modified medium. 

{d) The anomalous reactance, to be mentioned later, has some char¬ 
acteristics which are more closely analogous to those found in ion transport 
processes than have these membrane capacities of one microfarad per square 
centimeter. 

The membrane capacity may—as has been indicated—be dielectric in 
origin. For a dilute solution of dipoles the complex dielectric factor e* is 
given by 

i - u - + {eo — <«)/(! + iu>r), (2) 

where eo and €« are the dielectric constants at zero and infinite frequencies, 
respectively, and r is the relaxation time.“ An equivalent circuit is readily 
interpreted with one capacity for the deformation polarization, anotlier 
capacity for €o ~ «ac, the rotation polarization, and a resistance for r/(6o — 
€«), the viscous dissipation in rotation. For concentrated solutions of di¬ 
poles and polar liquids and solids one often finds*^ 

€* = + («o e„)/[l + (3) 

In the equivalent circuit the resistance is now replaced by an impedance 
If now << e'<< eo and o is near unity the element 2 *** 
is the only one of importance and equation (3) approaches the membrane 
characteristic of equation (1) and figure 1. Then, since c„ has a minimum 
value of unity, the real part of the dielectric factor e', for the membrane 
must be considerably larger than unity. Furthermore, since the static di¬ 
electric constant, eo, in turn is much larger than e' it must be at least ten and 
may be hundreds. In case the static dielectric constant is as low as ten, 
the membrane thickness then becomes about 100 A. 

In the case of dilute solutions and those liquids and solids which follow 
equation (2) the dipole rotation is opposed by only a pure viscous resistance 
and a »= 0. But as the concentration of a solution such as beta lactoglobu- 
lin is increased,** or the temperature of a liquid such as glycerin^® or a solid 
such as ice is decreased, the value of a increases. This suggests a gradual 
replacement of the viscous opposition to rotation by intermolecular forces 
of an elastic nature which becomes almost complete for some solid poly¬ 
mers—and for the Arbada egg membrane. The index a and the inter¬ 
molecular forces may be expressed as a rather special distribution of relaxa¬ 
tion times which varies from a single component for a » 0 to an increasingly 
brood and flat distribution as a approaches unity,^ If then the cell mem¬ 
brane capacity is of a dielectric nature and this interpretation of liquid and 
sdid dielectrics is correct, the cell membranes are to be thought of as rather 
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solid structures in which the energy of thermal agitation is small or negli¬ 
gible in comparison with the intermolecular potential energy. 

Conductance of the Membrane .—If equation (1) is a complete and correct 
description of its electrical characteristics, the cell membrane has no direct- 
current conductance and consequently is completely impermeable to ions. 
And indeed it has not been possible to demonstrate a conductance of the 
membrane with any certainty in the large number of experiments which 
have been done with small cells of irregular or poorly defined shapes and in 
media of rather high conductivity. As a result, serious consideration lias 
been given to the possibility that materials can only be transported across 
the menibratie as neutral molecules. However, by the use of long cells such 
as Nitella^^ and various nerve fibers,^^ a large cell such as frog egg in pond 
water'* or an internal electrode as in Valonia^'^ it has been possible to meas¬ 
ure resistances ranging from 100 ohm-cm.- to 100,000 ohm-cni.* for the 
membranes of a number of cells in a resting state. Since membrane resist¬ 
ances as high as these could not have been detected in the other experiments 
it is possible to assume that all cell membranes have a similar conductance 
and ion permeability.'® 

When a cell becomes active,'® is narcotized,^® ivS subjected to changes in 
the composition of the external medium,®' is injured or dying or is polarized 
by current flow®® this membrane conductance changes. The conductance 
change correlates closely with the physiological state of the cell and may 
amount to several orders of magnitude while the change of tlie capacity, if 
any, is usually not more than 10 or 20%'®. C)n this basis one may picture 
the capacity as characteristic of an ion-impermeable, inert structure compos¬ 
ing usually more than 90% of the effective membrane area with the func¬ 
tional ion permeable asj>ect relegated to the small remaining area of the 
membrane. 

On the assumption that the membrane has a thickness of 100 A its spe¬ 
cific resistance is about 10'® ohms-cm or about 10® times that of proto¬ 
plasm and tlie nonnal euvirouTnents of many cells. Although this high 
resistance may be a result of either a very low concentration or a very low 
mobility of the ions in the membrane, it is more probably that both of these 
factors are involved to a considerable extent. 

It is to be expected that the resting potential and the conductance of the 
membrane are both functions of the ion permeability and so should be 
closely related. At the present time there are only a few cells in which the 
resting potential has been measured in the absence of current flow and prac¬ 
tically none in which the resting potenti^ and the membrane conductance 
have been measured simultaneously. 

The indications in the squid axon®' are that the membrane resistance de¬ 
creases for all increases of extenml potassium concentration, although the 
membrane potential is but slightly altered until the external potassium |$ 
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about three times its normal value. Changes of the external calcium seem 
to be almost without effect on the potential but the resistance becomes very 
high for a tenfold increase and practically vanishes as the external calcium 
is reduced toward zero. A more extensive use of internal electrode tech¬ 
niques should produce more satisfactory and complete evidence as to the 
nature of the relation between these two characteristics of the cell mem¬ 
brane. 

Rectification of the Membrane .—^The current flow through a membrane is 
proportional to the change of the potential difference for small changes— a 
few millivolts for the squid axon—and the ratio of current to potential 
change is quite properly expressed as the conductance discussed above. 
But several lines of evidence have made it highly probable that the relation¬ 
ship is not so simple for larger changes of potentials as has been verified by 
direct measurements on nerve fibers'** and plant cells.*® As the potential 
difference was decreased more than a few millivolts the outward current in¬ 
creased more rapidly than it did for small changes, while for the large in¬ 
creases of the potential difference the inward current increased more slowly 
than for the small changes of potential. This highly non-linear relation¬ 
ship between the current and the potential difference is of the type which 
characterizes a rectifier. In the squid axon the ratio of the maximum con¬ 
ductance for outward flow to the minimum conductance for inward flow is 
about a hundred to one.** If this effect is ascribed to an ion, such as potas¬ 
sium, which has a higher concentration inside than out, the concentration of 
this ion should be higher for an outward than for an inward current flow 
at every point in the membrane. As a result the outward conductance 
should be higher than the inward which is in qualitative agreement with the 
experiments. 

The problem may be approached quantitatively by means of the equa¬ 
tion for the ion concentration, «, under the influence of diffusion and electric 
forces, 


bn 

% 


-( 

i>x\ 


n.X - kT^). 


( 4 ) 


where p is the friction coefficient and X is the electric field. This equation 
has been applied to the barrier layer rectifier and solved on the assumption 
of a negligible space charge. Although this assumption does not appear 
to be justified in the present problem and a more rigorous solution is not 
available, it has been possible to obtain reasonably good agreement with 
some of the experimental results on the rectification characteristics and the 
membrane potential of the squid axon.*® 

Anomalous Reactance of the Membrane .—When definitive data were taken 
on the membrane of sqmd axon at frequencies below 1 kc. another physical 
characteristic made its appearance.** This is a reactance in addition to the 
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membrane capacity of one microfarad per square centimeter which, unlike 
the latter, is closely correlated with physiological and chemical factors 
and may be either capacitative or inductive.^® The present indications are 
that it is normally present in the squid axon membrane and somewhat capac¬ 
itative although it is rather variable. A cursory inspection of the data on 
other biological systems suggests rather strongly that this anomalous react¬ 
ance is not a unique feature of the squid axon membrane although indica¬ 
tions of an inductive reactance have not been found except in nerve fibers. 

The reactance of the squid axon membrane becomes highly capacitative 
with excess calcium in the external medium and highly inductive as the nor¬ 
mal calcium is removed from the medium. An excess of external potassium 
up to five times the normal value gives rise to an inductive reactance which 
then disappears for still higher concentrations. .The investigations of the 
effect of membrane current flow on this anomalous reactance have not been 
satisfactory but the preliminary results indicate that the reactance tends to 
become inductive for outward current flow and capacitative for an inward 
flow. 

The most attractive explanation of this reactance® is that it is a perfectly 
general consequence of the non-linear characteristic of the membrane. Let 
us assume that the mechanism which is responsible for the non-linearity of 
a system cannot respond to instantaneous or sufficiently fast variations. 
In electrical terras we have e ~ where e and i are small rapid variations 
of the potential difference and the current, respectively, and is the instan¬ 
taneous variational resistance. We will now assume that this instantane¬ 
ous response is modified by the non-linear mechanism to approach the 
steady-state response, e »= m at a rate — ni), where ro is the steady 
state of variational resistance and 0 is the rate constant of the mechanism. 
The phenomenon is then described by the equation 


(It 



“• rot). 


The transient solution for a constant current to applied at f ~ 0 is 
e{t) » (fo - (ro - 
and the steady-state impedance is 




r« 


+ 


ro - fo 
1 + iwr 


where r « 1//3. According as ro r, is greater or less than zero both the 
transient and the steady-state solutions are represented by equivalent cir¬ 
cuits containing resistances and a single capacity or inductance* mpec- 
lively. The values of the reactive elements for one circuit are 

C * T/(ro -- r«) and L «* (r« - ro)r. 
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This formal consideration indicates that an anomalous reactance is to be 
expected in a non-linear system, but for an interpretation of the velocity 
constant it is necessary to make a detailed analysis of the mechanism in¬ 
volved, Although either a chemical reaction or a transport process may be 
primarily responsible for this velocity constant we shall use only the simple 
potassium diffusion model already discussed as an illustration. 

In this model, the distribution of ions at equilibrium is such that the out¬ 
ward diffusion is prevented by the inwardly directed electrical field, At the 
instant when the field is changed by a sudden increase or decrease of the po¬ 
tential difference across the membrane the initial current flow is deter¬ 
mined by the ion distribution which was present before the potential was 
changed. But as time goes on the ion distribution and the current change 
to approach the steady-state values required by the alteration of the poten¬ 
tial. For an increase of potential, the current decreases from its initial 
value to a lower steady-state value which corresponds to the presence of an 
equivalent capacity in the membrane. For a decrease of potential, the 
current rises to a higher value indicating an equivalent inductatice. The 
details of these processes have been calculated from equation (4) and it is 
found, as can be seen by normali7jng the equation, that the order of magni¬ 
tude of velcKity constant is given by 


« XhVpkT, 


The available data indicate that ^ is of the order 100 sec.“^ for the squid 
axon. A crude combination of this value and the conductance data leads 
to an ionic concentration in the membrane n — 5 . 10 ^^ ions/cc. or about 
0.001 N and a friction coefficient p ^ dyne sec./cm. which is larger 

than the value for the potassium ion in water by a factor of about 10*. 

Conclusion. —Although this discussion has been limited to a few of the 
simpler physical aspects of bioelectric phenomena, it is apparent that no 
one of the membrane properties mentioned has as yet been adequately ex¬ 
plained in tenns of physical or chemical principles and that the description 
of the structure and function of the living cell membrane in elementary terms 
is still far from complete. 
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THE SOURCE OF THE BIOELECTRIC POTENTIALS IN LARGE 

PLANT CELLS 

By L. R. Blinks 

Hopkins Marine Station op Stanford University 
Communicated by D. A. MacXnnes, July 8, 1949 

The use of large plant cells for the study of bioelectric potentials was 
originated by Professor Osterhout, and received much of its advance in his 
laboratory.^ The advantages of such multinucleate cells are several: 
they occur either singly, or easily separable from tlieir neighbors with a 
minimum of dissection or injury, and they survive well in the laboratory, 
often for days or even weeks with a fine glass tube making connection with 
the cell sap. The large and measurable surface allows expression of resist¬ 
ance and capacity in definite terms; the capacity being often as high as 
several microfarads in a single cell, and resistances as high as one megohm 
(KKl.OOO ohms per square centimeter of surface). New solutions may be 
quickly applied over the whole surface, or at definitely separated areas for 
the study of concentration effects, etc. The cell sap may be analyzed for 
its constituents, or obtained in sufficient quantity to apply to the exterior 
(see below); in two genera it may be replaced within the vacuole by per¬ 
fusion with sea water or other new solutions. Through these means the 
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effect of ionic and other changes has been studied at both the outer and 
inner (or vacuolar) protoplasmic surfaces, leading to a better understanding 
of the gradients, and the origin of the bioelectric potential. 

Normal p,D.“Some nine or ten genera of large cells have now been 
studied. The results are tabulated in table 1. The majority display a 
normally positive potential difference (p.d.) across the protoplasm, the 
outer surface being positive to the external measuring circuit. As in the 
case of many animal cells IlalicysHst Bryopsis, Baiophora, NiteUa, Chara and 
Hydrodictyon all display positive potentials of 50 to 80 mv. (Nitella some¬ 
times higher). However, Valoniat perhaps the most studied genus, dis- 

TABI.H 1 

Potential Dteferencu (p.d.) Across the Protoplasm of Multinuclkatb Px.ant 

Cells 

The sign is that of the outer solution; when positive, the current tends to flow outward 
across the protoplasm to the outer solution and to the measuring instrument. Values 
in millivolts. ( ) signifies few observed values; (?) questionable. 



IM». IN NORMAL 

cmvironmknt (ska water 

r.o. IN natural or 

oroanism 

OR RONn watrr), mv. 

ARTtVlClAL RAF 

, MV. 

Marine: 





Valonia macrophysa 

6 to 10 

- 

20 to 80 


V. ventricosa 

10 to 20 

- 

20 to 80 

— 

Ernodesmis verticillata 

o 

o 

- 



Chamaedoris annulate 

(5) 

— 



Batophora Oerstodi 

60 to 80 

+ 

(5 to 10) 

+ 

Halicystis omits 

76 to 80 

+ 

20 to 60 

+ 

H, Osierhoulii 

66 to 70 

+ 

40 to 60 

+ 

Bryopsis hypnoides 

(60) 


(0) 


j3. corticulans 

60 to 60 

+ 

(0) 


Fresh water; 





Nitella ftexilis 

100 to 200 

+ 

0 to20 


N. mucronata 

100 




N. elevate 

100 to 160 

4- 



Chara coronata 

76 to 100 

+ 



Hydrodictyon patenaeforme 

50 to 60 


0 to 10 

— 


plays a low negative p.d. of 8 to 15 mv. in the sea water that is its natural 
environment. Its close relatives Ernodesmis and Chamaedoris are likewise 
negative. However, both these negative and positive p.d.’s are repro¬ 
ducible, not only as to sign, but even as to magnitude. 

ApplicaHon of Sap: Protoplasmic Asymmetry. —Since the vacuolar sap of 
most <rf these plants differs from the external solution (especially in its po¬ 
tassium content), it is often supposed that the resulting ionic gradients 
account for the p.d. If so, the latter should become zero when nattital or 
artificial sap is applied externally. Table I shows that this is seldom the 
case. It is most nearly true in Nitella and Bryopsis^ although even in these 
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genera the p.d» is sometimes reversed to slightly negative values by this 
treatment. In most other genera the p,d. is only slightly lowered* as in 
Halicystisp or is even increased, as in Valonia. Obviously, in the appar¬ 
ently symmetrical system: 

Sap I Protoplasm | Sap 

there must be some residual asymmetry within the protoplasm itself, as 
originally emphasized by Osterhout, ei al? The simplest assumption is 
that the two protoplasmic surfaces differ in their response to identical solu¬ 
tions. The nature of this response will be next considered. 

External Cation Effects, —^The outer surface of the cell has long been 
known to respond electrically to changes in the ion concentration or com¬ 
position of the medium. Although various causes have been ascribed to 
these responses (e.g., phase boundary potentials, adsorption effects, col¬ 
loidal alterations or effect upon metabolism), the most generally useful in¬ 
terpretation has been based on diffusion potentials through the protoplasmic 
surface or ‘‘plasma membrane,’' likewise taking into account the differing 
partition coefficients (5) of salts in this surface -presumably a non- 
aqueous phase, since it is not miscible with the cell sap or with water. 
These effects are clearly very different from those in water, since KCl dis¬ 
plays practically no diffusion potential in water, but has a marked influence 
on the bioelectric potential of most plant cells, increasing in a regular fash¬ 
ion with concentration. In Nitella this is perhaps the most striking,® where 
the P.D. change plotted against log of concentration of KCl gives a straight 
line over a wide range of concentration (0.001 M to nearly 0.1 M), The 
slope of this line is nearly 58 mv. per tenfold dilution, or close to the limit 
for a perfect “potassium electrode.” If the Nernst equation for diffusion 
potentials is applied, a relative mobility of ion equal to 73 must often be 
assumed to account for this slope, if that of Cl“ is taken as 1.0. The rela¬ 
tive mobility of Na*^ in Nitella is ordinarily much smaller, usually between 
2.0 and 3.0 when Cl““ is unity; this gives a concentration effect of 20 to 30 
mv. per tenfold dilution. In botli these cases dilute solutions are more 
positive to the measuring circuit than are more concentrated ones; conse¬ 
quently the normally positive p.d. of Nitella is decreased by higher concen¬ 
trations of either KCl or NaCl. Other cations such as Li+ and Cs*^ re¬ 
semble Na“^; Rb**^ is nearly as high as while NH+ 4 , Ca+, and Mg**" lie 
between these (see table 2). On going from otie salt to another, it is fre¬ 
quently necessary to assume a different solubility or partition coefficient 
{S) to account for the change of potential. With this addition mixtures of 
two salts may also be calculated with the Henderson equation.^ 

In contrast to Nitdla, in both of the marine genera most studied (Va- 
Imia and HaUcysiis), the relative mobility of Na+ must be assumed as Uss 
than that of Cl^, since dilution of the sea water (largely NnCl) causes the 
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P.D. to become less positive (more negative in the case of Valoniat with a 
negative p.d. already). This dilution effect is especially reproducible in 
Valoniaf^ where a regular stepwise increase of p.d. occurs on successive two¬ 
fold dilutions of sea water (or of the NaCl of sea water) with isotonic glyc¬ 
erol, up to Va the normal concentration. A straight line results when the 
P.D. change is plotted against log (1/ concentration), the slope being such as 
to demand a relative mobility of 0.114 to 0.33 for Na*^ when Cl“ is unity. 
Somewhat similar values result in Ilalicyslu for Na“^, though the cells toler¬ 
ate less dilution, and the p.d. changes are transient, with the time course ex¬ 
hibiting an extremum or cusp. 


TABLE 2 

Relative Mobilities of Ions in Outer Protoplasmic Surface op Several Plant 

Cells 

(Calculated with the Ncruat and Henderson equations on the a.ssurnption that the 
salt effects are due to differing relative mobilities in the surface.) Mobility of chloride 
ion assumed as unity. The figures enclosed in parentheses represent values obtained 
under special conditions. 



Valonia 

Uaiievstis 

{Onttrhouiii 


ION 

macrophysa 

OK oralis) 

NiUlta Jltxilis 

Cations; 




K 

18 to 20 

16 to 18 

73 (8.7) (2.2) 

Na 

0.2 to 0.11 

0.2 to 0.3 

2.2 (8.7) 

Li 

0.2 

0.2 to 0.3 

2.04 

Cs 

0.2 

0.2 to 0.3 

1.72 

Rb 

18 

16(0.3) 

73 (?) (8.76) 

NHi 

(37) 

(10?) 

4.06 

Ca 



7.5 

Mg 


1.9 

20.7 

Anions 




Cl 

1.0 

1.0 

1.0 (assumed 




as unity) 

Br 


(0.6) 


NO, 

Formate, acetate, 

(0.2?) 

0.1 


etc. 

(0.2?) 

0.1 



Conversely, in both marine genera, K+ appears to have a higher mobility 
than Cl“; an increase of the originally low KCl content of sea water (doub¬ 
ling, quadrupling, etc.) tending to make the p.d. become less positive (or 
more n^ative in Valonia). But instead of the approximate independence 
of the time in the regular stepwise effects just mentioned, the time course is 
strongly cusped, with a prompt decline and a slow recovery. Damon* has 
interpreted this time course as due to the initial diffusion potential of KCl 
into the protoplasmic surface, followed by the rather rapid entrance of KCl 
into and across that surface, with consequent abolition of the diffusion gra- 
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dient, and loss of the diffusion potential. The same transient time course 
has been found with KCl increase on Ualicystis by the author,^ who now 
prefers to interpret the cusp as due to a “desensitization^' of the surface, 
which ceases to discriminate between Na*^ and K+ after 5 to 10 minutes’ ex¬ 
posure to the latter. (Temperature influences this/ as does pH/) In 
cither case, by taking the maximum value of the cusp, it is possible to 
calculate an approximate value for the relative mobility of K+, which is be¬ 
tween 16 and 20 , when that of Cl"^ is again assumed as unity. 

Although it may well be true that the high mobility of K+, and its high 
concentration in the cell sap, accounts for the natural p.d. of Nitella, this can 
hardly be the explanation of the p.d. in Valonia and HaUcystis. In these 
genera: (a) the potassium effects are transient, giving rise to no very per¬ 
manent potential change; (b) the p.d, of Valonia is in the wrong direction 
for the gradient to be operative; (c) in HaUcystis there remains a large 
positive P.D. when sap is applied externally,^ when sea water is perfused in 
the vacuole,® or in a species (//. Osterhoiitii) naturally containing less K+ 
than the sea water itself.^ 

We must conclude that some other gradient must be responsible, and turn 
to experiments with other ionic species. The most fruitful investigations 
have concerned anion substitutions. 

Anion Substitutions in Sea Water.— The most abundant anion of sea 
water, next to Cl”, is SO 4 , which reaches a concentration of about 0.028 
M whereas Cl” averages about 0.550 Af. In both Valonia and Ualicystis 
sulfate is absent from the cell sap, but its gradient to sea water is not very 
significant; it may be doubled, or omitted from an artificial sea water, with 
little effect upon the p.d., showing that it is not important as such in the 
normal environment. However, when the sulfate concentration is con¬ 
siderably increased, the p.d. of Halicysiis is depressed, and a complete sub¬ 
stitution of SO4 for Cl in an artificial “sulfate sea water” produces a very 
striking effect:*® the normally positive p.d. of some 80 mv. is reversed to a 
negative one of 20 to 40 mv.—a total change of over 100 mv. This is not 
transient, but is well maintained at this negative level for an hour or more. 
If such a pure sulfate sea water is now diluted with isotonic glycerol, the 
P.D. becomes less negative, indicating that the SO4” ~ ion has a lower mo¬ 
bility than has Na*^ (which in turn is lower than that of Cl”). If the mo¬ 
bility of Cl” is again assumed to be unity, that of Na'^ is 0.3 and that of 
SO4 — between G.l and 0 . 2 . 

Mixtures of sulfate and chloride sea waters give intermediate values, 
which are very stable, and roughly predictable from the Henderson equa¬ 
tion for mixed electrolytes. As might be also predicted, it is possible to 
make an “indifferent" mixture of these two anions which gives practically 
no change on dilution with isotonic glycerol. 

The behavior of sulfate is pardleled by most of the other anions tolerated 
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by the cells (except bromide^ which resembles chloride, though it is some¬ 
what less mobile). Thus nitrate, formate, acetate, propionate, lactate, 
pyruvate, fumarate, succinate and malate all behaved Cvssentially like sul¬ 
fate; so did a *‘sea water*' made of the amino-acid salt, sodium glutamate. 
(Oxalate and citrate were toxic due to their effect on the necessary calcium.) 
Nitrate and formate were most studied, being most constant and least toxic. 
Both these anions, when substituted for cliloride, maintained the p.d. at a 
very constant negative value of about 40 mv. Mixtures with normal sea 
water, containing 0AM NOs, 0.2 M, 0.3 M, etc., maintained predictable 
intermediate levels. A mixture of 4 or 5 parts NO 3 to one of Cl gave an in¬ 
different solution showing little or no change on dilution with glycerol, the 
negative influence of the NaCl dilution being balanced by the positive one of 
NaNO* dilution. Dilution of pure nitrate sea water showed the relative 
mobility of NO 3 "” ion to be about 0,1 when that of Na+ is 0.»3 and that of 
Cl“ is unity. Since the mobility of K+ is 16 or more, we have the remark¬ 
able alternating sequence: K > Cl > Na > NO*, etc. Clearly no mem¬ 
brane with charged pores could give rise to this alternation of mobilities 
for positive and negative ions. That nitrate has a low actual as well as 
relative mobility in the cell surface is indicated by the increased resistance 
of cells in contact with it, and by the very persistent p.d. changes produced 
by it (instead of the cusps produced by the very mobile K'*" ion). 

Source of PotentiaL —Since a great variety of organic anions behave like 
nitrate and sulfate in having a very low relative mobility in the outer proto¬ 
plasmic surface, we may now postulate a possible source of the normal po¬ 
tential. All we require is to have the total organic anions of the cytoplasm 
approximate 0.5 M: in this we may include not only the fatty acids, lac¬ 
tate, pyruvate, etc,, actually studied, but a variety of amino acids, and of 
course proteins, whose anions would doubtless have an even lower mobility 
in the protoplasmic surface. Analytic data on the very thin layer of cyto¬ 
plasm in these cells are lacking, but it is hoped to obtain them from the re¬ 
lated genus Codium; some estimates in other cells make the assumption at 
least a possible one. But even if such a gradient should set up a large po¬ 
tential across the outer surface, we must know the electrical situation across 
the vacuolar membrane as well; if the latter behaves like the outer surface, 
an oppositely directed potential would be set up cancelling the one at the 
outer. Fortunately, it is possible to leam something about the vacuolar 
surface in HaUcysHs and Bryopd^, 

Vacuolar Perfusion, —This is acoompli^ed by direct substitution of new 
solutions in the vacuole, either by two inserted capillary tubes* (in//aWeyrtfr) 
or by cutting both ends of the cell (in Bryopsis) . In the latter case the sub¬ 
stitution can be accomplished in about a minute; in HoHcystis this requires 
5 to 10 minutes (as shown by tracer dyes). In both cases the replacement 
Of natural sap, fairly rich in KCl, by sea water, has practically no effect upon 
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the P.D. That of IL ovalu remains still at 80 mv. positive, despite the ab¬ 
sence of any net gradient across the protoplasm, in the apparently sym¬ 
metrical system: 

Sea water | Protoplasm | Sea water. 

Clearly again (just as with the external application of sap) a KCl gradient 
between sap and sea water is not responsible for the potential difference, 
which must be referred to an internal asymmetry of the protoplasni. The 
nature of this becomes apparent when anions are changed in the perfusing 
fluid. When nitrate is substituted for chloride, either in artificial sap or 
sea water, there is indeed an effect on the p.d., which increases from its nor¬ 
mal 80 to 100 mv. or more positive. This is to be expected from the low 
mobility of the NOj" ion, compared to CT'. But the amount of change is 
only 20 to 30 mv., instead of the 100- to 120-tnv. change produced by this 
same substitution externally. Evidently the inner or vacuolar surface is 
able to discriminate only V ^4 to W as well as the outer surface between CT“ 
and NOa*". Formate and several other organic anions again behave like 
nitrate when perfused. We may therefore conclude that in the scheme 
suggested below the i)otentiaI established across the surface (F) by the 
organic anions of the cytoplasm will be only V 4 to Vb that set up across the 
outer surface (X). Assuming the concentration of these anions {A) again 
at about 0.5 A/, we might expect the following values: 

Sea water A' Cytoplasm, V Vacuolar sap 
(largely NaCl) NaA, KA , NaCt KCl 

4 --- - 

1(X> -105 mv. 20-25 mv. 

Net P.D. 

--< 

80 mv. 

The net p.d. is obviously due to the same gradient operating across two 
different membranes, one of which develops a diffusion ix)tential four or 
five times as large as the other (and of course in opposite directions). 

I^eversal of p.d, —Independent evidence for the existence and magnitude 
of two such discrete potentials, giving an algebraically additive total p.d,, 
comes from the effect of agents apparently altering the outer surface inde¬ 
pendently of the inner. Dilute ammonium salts are most reproducible in 
this respect: at a threshold of between 0.001 and 0.003 M NH 4 CI in sea 
water, the p.d. of Halicystis suddenly decreases and then reverses in a very 
characteristic time course.^* Raising the pH from 8,0 to 9.0 has the same 
effect in the presence of lower NH 4 CI concentrations. This indicates that 
the penetration of undissociated ammonia is responsible for the effect, the 
“all-or-none" nature of which suggests the complete loss of the positive po¬ 
tential at the outer surface (AO* That at the inner surface (K) inwar^y 
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directed, persists at 20 to 30 mv. negative, and is not influenced by further 
increases of ammonia. It is possible that the entering ammonia, having 
passed across the lipoid outer surface, combines with the polar groups of the 
latter, which are oriented toward the cytoplasm. This must saponify, emul¬ 
sify or otherwise alter the outer surface, so that it loses its power to dis¬ 
criminate between various ions. (Since the resistance rises, it is possible 
that all ionic mobilities are decreased, to become nearly equal.) This is 
borne out also by the fact that under ammonia treatment, the outer sur¬ 
face is no longer responsive to anion substitutions: nitrate sea water has no 
effect when the p.d. is reversed by the weak base. (Various amines, pyri¬ 
dine, aniline and several alkaloids behave like ammonia in producing this 
effect.) The inner or vacuolar surface, on the other hand, seems to be im¬ 
mune, since the inwardly directed potential persists even under much higher 
concentrations of NH 4 CI, or when the latter is perfused in the vacuole. 
The effect on the outer surface is quite reversible, normal positive p.d. re¬ 
turning when ammonia is withdrawn (or the pH lowered). 

Another agent which causes reversal of p.d. is physiological unbalance of 
salts bathing the outer surface: if NaCl is substituted for sea water, the 
P.D. of Halicystis reverses temporarily to 20-30 niv. negative, before coming 
to zero.’"' Addition of calcium causes recovery. Apparently the outer 
surface (A^) is first altered by lack of calcium, with loss of its potential, and 
uncovering of the negative potential at the surface Y before the latter is in 
tuni affected. 

Metabolic Effects: Lack of Oxygen ,—It is well known that many tissues 
respond to critically low partial pressures of oxygen by a decrease of their 
bioelectric potential; Halicystis is no exception. When the siarrounding 
sea water is bubbled with 1 % or less O 2 in N 2 , the p.d. falls from about 80 
mv., to about 10 mv. positive.^* The anion substitution techniqtae again 
supplies the reason for this. When nitrate is substituted for chloride (0» 
being kept low) there is practically no effect on the p.d. ; under anaerobic 
conditions the surface has ceased to discriminate between these two anions. 
Consequently it must have ceased to give a potential due to their gradient 
between cytoplasm and sea water. This accounts sufficiently for the fall 
of potential, even as to time course, since the nitrate effect disappears pari 
passu with the fall of potential under anoxia, and recovers along with the 
P.D. when oxygen is readmitted. The resistance rises markedly as the 
P.D. falls. The reasons for this effect of anoxia are interesting, implying 
some close connection between the cytoplasm and its surface, between the 
products of metabolism and the electrical properties of the cell membrane. 
(It is probably not necessary to assume a rapid change of the ionic gradients 
themselves, but only of the phase which gives electrical expression to them.) 
This might consist of the loss of some substance constantly produced in 
aerobic metabolism (see below), or the increase of some anaerobic fermenta- 



574 


PHYSIOIOGY: L. R. BLINKS 


PROC. N. A. S, 


tion product. It is possibly due to an increase of cytoplasmic acidity (e.g.^ 
lactic acid), for much the same effects are produced by weak acids which 
penetrate the protoplasm, such as carbonic or acetic: the p.d. likewise falls, 
the anion effect disappears and the resistance rises. 

Other Chemical Effects, —The membrane properties can be affected by a 
variety of other substances, some in considerable dilution. Thus a number 
of weak acids and several phenolic substances (phenol, cresol, guaiacol) 
strongly influence the p.d. of Valonia^ rendering it highly positive (like the 
normal p.d of Halicystis). Osterhout^^ found that this positivity was ac¬ 
companied by a marked change of ionic mobilities in the protoplasmic sur¬ 
face, Na and K reversing their usual positons: thus if the mobility of Cl^ 
was assumed to be 1.0, that of became 0.30 (instead of 20), and that of 
Na+ 4.5 instead of 0.3 (see table 2). In Halicystis exposed to such agents, 
Na was also raised above Cl, although K was not affected.^® The direct- 
current resistance of both Valonia and Halicystis rises under these treat¬ 
ments, and marked polarization curves appear (likewise under anoxia) indi¬ 
cating that a change of absolute, as well as of relative, ionic mobilities has 
occurred in the protoplasmic surfaces. Benzene, nitrobenzene, dinotro- 
phenol, hydroquinone, etc., have somewhat similar effects, possibly through 
alteration of the pathways of normal respiration, and the accumulation of 
certain intermediate metabolites. Cyanide and urethane lower the p.d. of 
HaUcystis somewhat, but not as drastically as several of the treatments men¬ 
tioned. Indeed, the actual rate of aerobic metabolism does not seem to be 
directly correlated with the p.d. Thus low temperatures, though decreasing 
respiration (with a respiration quotient for a 10® interval, Qio, of 2 or more), 
scarcely lower the p.d, which has in Halicystis a ^lo of 1.2, i.e,, a 20% de¬ 
crease for a 10® interval, or about that of diffusion. In fact, the p.d. of 
Valonia may even become higher at low temperatures, probably because 
the entrance of K is slowed down, with abolition of the cusps of the KCl 
curves (see above) allowing the KCl of sea water to be more effective.^ 
Nor does increased temperature affect p.d, as much as it does respiration, 
A direct dependence of p.d. on respiration is not indicated. 

Effects of Oxidants and Reductants,—Some theories'* have emphasized a 
direct connection between respiration and bioelectric potentials, via oxida¬ 
tion-reduction potentials as such. This implies that a continuous phase of 
the cell itself, not appreciably short circuited, is interposed between two re¬ 
gions of different redox potential, and can act as an electron acceptor and 
donor, like a gold or platinum electrode, to make such potentials manifest 
in a measuring circuit. The only such continuous phases which are known 
are the protoplasmic surfaces. Those accesable to experimental treatment, 
in Valania and Nitella do not so function.*^ To test this experimentally, 
solutions bathing Nitella were poised with a variety of oxidsmts or reduc- 
tants ranging from ferricyanide (£i^ » + 0.454 volt) to reduced saftanin 
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( — 0.288 volt) a total range of 0.740 volt in redox potential. Intermediate 
systems included ascorbate and dehydro-ascorbatc; di-chloro-phenol-indo- 
phenol; and indigo-disulfonate. When such systems were oxidized or re¬ 
duced, with individual redox changes of 200 to 300 niv. none of them showed 
any appreciable effect upon the p.d. of Nitdla, (The cells responded nor¬ 
mally, however, to different concentrations of NaCl or KCl.) Valonia has 
proved likewise indifferent, except when very powerful oxidants such as 
permanganate or peroxide were employed; these do slowly alter the p.d., 
probably through direct attack on the membrane substance, which then 
shows altered ionic responses. In view of the large response given by vari¬ 
ous concentrations of neutral salts, both inorganic and organic, it seems un¬ 
necessary to invoke redox potentials themselves as the cause of bioelectric 
potentials. This is in agreement with the chemical difficulties met in con¬ 
sidering lipoid or other membrane constituents as electron donors or ac¬ 
ceptors. 

Summary. —Bioelectric potentials may be considered as due to gradients 
of inorganic and organic ions between protoplasm and sap or environment, 
coupled with protoplasmic surfaces across which the ions have markedly 
different mobilities, giving rise to diffusion potentials. The outer and vacu* 
olar surfaces have different properties, giving rise to electrical asym¬ 
metries. The high mobility of K+ may be responsible for the p.d. in some 
cases (e.g,, Nitella), but the very low mobility of organic anions seems im¬ 
portant in others (e.g., Ilalicystis). The properties of the surface are under 
control, anoxia, anunonia and phenolic substances being esj^ecially effective 
in altering the apparent mobilities of ions through them. Oxidation- 
reduction potentials do not seem to be directly involved. 

‘ For reviews of earlier work from his laboratory, see Osterhout, W. J. V., BulL NaiL 
Research Council, No. 69,176 228 (1929); Biol. Rev., 5, 309-411 (1931); Ergeh. Physiol, 
exptl. Path., 35, 967-1021 (1933). References to earlier work ore given therein. 
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QUINOLINIC ACID ACCUMULATION IN THE CONVERSION OF 
3~HYDR0XYANTIIRANILICACID TO NIACIN IN NEUROSPORA^ 

By Davip M. Bonnkr and Charles Yanofsky 
Osborn Botanical Laboratory, Yale University, New Haven, Conn, 
Communicated by E. W. Sinnott, August 15, 1949 

3-Hydroxyant:hranilic acid has been shown to serve as a natural pre¬ 
cursor of niacin in Neurospora.^*^ Little information, however, has been 
obtained concerning the mechanism whereby the aromatic ring of 3- 
hydroxy an thranilic acid is converted to the pyridine ring of niacin. The 
present paper will deal with this latter problem. 

Singal, el have reported that the administration of tryptophan to rats 
results in the urinary excretion of a compound possessing niacin activity for 
Lactobacillus arabinosus after autoclaving in acid solution. This compound 
has recently been isolated and identified by Henderson^ as quinolinic acid 
(2,3-dicarboxyp)nidine). These data suggest that quinolinic acid plays a 
r61e in the biosynthesis of niacin. Quinolinic acid had been tested earlier 
on certain mutant strains of Neurospora requiring niacin for growth, and 
found to be inactive. However, it seemed derirable to determine whetlier 
this compound might not be accumulated by niacin-requiring mutant 
strains, and have escaped attention because of its inactivity. One mutant 
strain has been found which accumulates this compound as a result of a 
genetic block. 

ExperimentaL —The various mutant strains of Neuorspora used in this 
investigation, together with the compounds known to support their growth 
are listed in table 1. The basal medium used throughout is the customary 

TABLE i 

Growth of Various Strains of NburOvSPora 


STRAIN NO 

NO. ADDITION 

3416 
4540 
ysissi 

39401 
75001 
10575 

Wild type + 

Neurospora minimal,® and growth tests were made for 72 hours at 25'^C. in 
125-cc. Erlenmeyer flasks containing 20 cc. of medium, tmks$ otherwise 
stated. The L. arabinosus assay for niacin is that described by the Associa¬ 
tion of Vitamin Chemists/ 


-GROWTH ON MINIMAL MKDTtlM PHIS- 


NIACIN 

+ 

+ 


COTNO- 

3-oh- 



LINIC 

ANTHRA* 

KYNURR- 

TRYPTO¬ 

ACID 

NII.IC ACID 

NXNB 

PHAN 

— 

— 

— 

— 

«- 

— 

— 

— 

- 




— 

-f 

4“ 

4- 

— 

— 

4“ 

4- 

— 


— 

4- 

-f 

4- 

4- 

+ 


ANTHRA' 

NtLlC 

ACID 


+ 

-f 
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Of the mutant strains which require niacin for growth, only strains 4540 
and 3416 are known for which some known substance cannot replace the 
niacin requirement. These two strains are both genetically and biochemi¬ 
cally different. Crosses between 3416 and 4540 give wild-type progeny/ 
and strain 4540 has been shown to accumulate 3-hydroxyanthranilic acid,^ 
while strain 3416 does not. Of the various niadn-requiring mutant strains, 
therefore, only strain 3416 might reasonably be suspected of quinolinic add 
accumulation since the other strains are genetically blocked prior to the 
utilization of 3-hydroxynathranilic acid. 

Extensive tests of strain 3416 culture filtrates failed to show significant 
accumulation of an intermediate which would support the growth of any 
other niacin-requiring strains. Such culture filtrates, however, when auto¬ 
claved for 15 minutes at 15-Ib. pressure in 1 HCI had marked niacin 
activity by Lactobacillus assay (see table 2) whereas similar filtrates not so 
treated had little niacin activity. For the unequivocal demonstration of the 
presence of quinolinic add in culture filtrates of strain 3416, suffident 
culture filtrate was prepared to permit the isolation of this dicarboxy 
add. 


TABLE 2 


3416 CULTURE 

Quinolinic Acid Accumulation by 

- y NTACIN —s 

Strain 3416 

T QUINOLINIC 
ACU) CONVERTED 

y QTriNOLZNIC 

■ILTRATB TESTED 

UUPORB ACID 

ArrfiR ACID 

TO NIACIN PER 

ACID PER ML. 

IN ML. 

AUTOCI.AVINO 

AUTOCI.AVINO 

Ml., filtrate 

piltratb 

0.03 

0.02 

0.3 

9.3 

78 

0.003 

Quinolinic 

0 

0.03 

10 


acid 3*3 y 

0 

0.4 

(12% conversion) 




The method of isolation used was a modification of the method outlined 
by Henderson.* Nineteen liters of basal medium contained in a 5-gal. 
Pyrex bottle, supplemented with 10 mg. of niadn, were inoculated with 
strain 3416 and the strain grown with forced aeration for seven days at 
25®C. The mycelium was removed by straining through cheesecloth, and 
the culture filtrate concentrated to ca. 2 liters. This concentrate was 
filtered and addified to pHl, and shaken with 100 g. of Norit A. After 
filtration the norit was treated with dilute ammonium hydroxide. This 
eluate was evaporated to dryness, and the residue treated with about 30 cc. 
of methanol slightly addified with HCI, The entire methanol-soluble 
fraction was then put on a single sheet of Schleicher and Schuell paper No. 
470-A (0.025 inch thick) by the method of Yanofsky, et a/.,* and devdoped 
as an ascending chromatogram using butanol saturated with water con^ 
taining 8% formic add as the developing solvent. Pure quinolinic add was 
run with the same solvent to determine its Rf value. quinolinic acid 
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band was cut from the dried sheet, eluted with dilute NH4OH in a Waring 
blendor and the resulting eluate evaporated to dryness. Quinolinic acid 
was then crystallized from slightly acidified dilute ethanol. Recrystalliza¬ 
tion gave a material which began to sublime at ca. 165®, and melted with 
decomposition and gas evolution at 188”190®. When this material was 
xnixed with authentic quinolinic acid no depression in the melting point was 
observed. Figure 1 gives a comparison of the absorption spectra of the 



Comparison of absorption spectra of quinolinic acid isolated 
from strain 6416 culture filtrates, and authentic material. 0—O 

quinolinic acid, x—x isolated material. 


isolated material and authentic quinolinic acid in 0.1 N HCl. The crystal¬ 
line material was inactive for growth of L, araJrinosm^ but showed con¬ 
version to niacin after autoclaving in add solution. The isolated material, 
therefore, is identified as 2,3-dicarboxypyridinc. 

In evaluating the significance of these observations, a second pomt must 
be clarified. The accumulation of quinolinic add appears to be assodated 
with niadn synthesis in rats and dogs. Is this accumtdariim charact^ 
of the S3rnthe8is of niadn by Neurospora, or is it a pnique property of strain 
3416? A variety of strains were, thercfom, tested for quinolinic add accu¬ 
mulation as shown in table 3. Quinolinic add accumill^on is deariy asso- 
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dated only with strain 3416, and may therefore be considered as peculiar 
to that particular genetic block. 

Discussion .—The demonstration by Singal, et and by Henderson* 
that quinolinic add results from the administration of large amounts of 
tryptophan to rats suggests tliat quinolinic acid is involved in the conversion 
of tryptophan to niacin, Henderson* further showed that quinolinic add 
resulted from the intraperitoneal injection of 3-hydroxyanthranilic add. 


31881 rVCOOH 
OH 

3-Hydroxy anthranilic acid 


4540 



COOH 


3416 


(^-COOH 
HCO j 

N 

H, 


-HjO 


-HaO 


COOH 

N 

Quinolinic acid 

j^^COOH 

N 

Niacin 


FIGURE 2 

Proposed scheme for the conversion of 3-hydroxyanthranilic acid to niacin and quino* 

linic acid. 


TABLE 3 

Quinolinic Acid Accumulation bv Strains of Nhurospora* 

—-y nmcjn J*KR CC. FII.TRATB- 


5T1LMK HO. 

SBPORtt ACID 
At’TOCLAVIKO 

AFTBR ACID 
AUTOCLAVING 

3416 

0 

9.3 

4540 

0.4 

0.4 

Y31881 

0.4 

0.4 

394(.)1 

0.3 

0.9 

75001 

0.4 

0.4 

10575 

0.0 

0.0 

Wild type 

0.0 

0.0 


♦ Not corrected for per cent conversion. 

suggesting that quinolinic acid serves as an intermediate in the conversion 
of 8-hydroxyanthranilic add to niadn. 

The observations in Neurospora are in substantial agreement with those 
made on the rat, with the exception that quinolinic add is inactive even for 
those mutants which are known to be capable of converting 3-hydroxy 
anthraniHc add to niacin. This inactivity of quinolinic add in turn sug-^ 
gests a medhanism of conversion shown in figure 2- This scheme suggests 
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that 3-hydroxyanthranilic acid serves as the precursor both of niacin and 
quinolinic acid, That 3-hydroxyanthranilic acid serves as a precursor of 
niacin has been previously demonstrated.That 3-hydroxy anthranilic 
acid also serves as a precursor of quinolinic acid may be argued from the 
fact that quinolinic acid is accumulated by a strain which cannot either 
utilize 3-hydroxyatithranilic acid (in place of niacin) or accumulate it. All 
other niacin-requiring mutant strains of Neurospora possess one or the 
other of these two abilities. Quinolinic acid accumulation must, therefore, 
result from a block interposed in the conversion of 3-hydroxyanthranilic 
acid to niacin. Further evidence in this connection is the fact that 3- 
hydroxyanthranilic acid increases quinolinic acid accumulation by strain 
3416, and that in preliminary experiments witli washed resting 3416 myce¬ 
lium, quinolinic acid results from the addition of 3-hydroxyanthraniIic 
add. The scheme given in figure 2 further suggests cleavage in the 3,4 
position with the formation of a dicarboxy aliphatic amino aldehyde. No 
evidence for this step is available other than the general logic of the entire 
scheme and the fact that 3416 does not accumulate an active substance but 
does accumulate quinolinic acid. The proposed intermediate might be ex¬ 
pected to undergo ring closure very readily. In view of the inactivity of 
quinolinic acid, however, ring closure must normally be preceded by de¬ 
carboxylation in the formation of niacin. If decarboxylation cannot occur, 
as the result of a genetic block, ring closure would result in quinolinic acid 
formation. It should be pointed out that the validity of such a scheme rests 
upon the demonstration of the proposed intermediates. The proposed 
scheme, however, is in agreement with present data and gives, perhaps, a 
clearer insight into the general problem of the biological formation of 
pyridine ring compounds. 

Summary ,—Quinolinic add has been isolated from culture filtrates of a 
mutant strain of Neurospora requiring niacin for growth. Quinolinic add is 
inactive in supporting growth of niadn-requiring strains. The observation 
tliat an inactive compound, quinolinic add, is accumulated as the result of a 
genetic block, suggests a mechanism for the conversion of the benzene ring 
of 3-hydroxyanthranilic acid to tlie pyridine ring of niadn. 

Quinolinic acid has been found to have slight activity for strains 4540, 
39401 and 31 SSI. The activity of this’ add, after correction for per cent 
dissociation {pk\ — 3.0, pk% ** 5.0) is at most one-fifth that of niadn. Jn 
view of this low activity, and the fact that the precursor of qumolinic acid, 
3-hydroxyanthranilic acid, is as active as niacin, the authors feel that the 
scheme presented in figure 2 is stiU the most logical. 

* These investigations were supported in part by the WUIiams-Waterraan Fund for 
the combat of dietary diseases, and in part by the RockefeUer Foundation. 

* Bonner, D., Proc. Natl. Acao. Sci., 5 (1948). 

> Mitchell, H. K., and Nyc, J. C.. /Wd., 34, 1 (1948). 
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* Singal, S. A., Briggs, A. P,, and Hankes, L. V., Proc, Soc. ExptU Biol. Med., 70, 26 
(1949), 

* Henderson, L. M., J. Biol. Chem., 178, 1006 (1949). 

» Beadle, G. W., and Tatum, E. L., Am. J. Bot., 32, 678 (1945). 

* The Association of Vitamin Chemists, Methods of Vitamin Assay. luterscience 
Press, New York (1947). 
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THE ROLE OF ORGANIC PEROXIDES IN THE INDUCTION OF 

MUTATIONS* 

Bv Frank H, Dickey, f Gkorge H. Clkland and Carol 
LoTzt 

Kerckhoff Laboratories of Biology, California Institute of Tkchnqlogv, 

Pasadena, California 

Communicated by G. W. Bcjidle, August 16, 1949 

The discovery by Wyss, Stx)ne, and Clark* that bacteria grown on a sub¬ 
strate recently exposed to ultra-violet light are subject to high mutation 
rates shows clearly tliat some meta-stable chemictd substance, probably of 
no great complexity, is an intermediate in at least a part of the mutagenic 
action of ultra-violet light. It was supposed that hydrogen peroxide might 
be responsible for these results, but subsequent work has shown that this 
cannot be the whole explanation.* However, organic peroxides are known 
to be formed by the action of ultra-violet light on many compounds and 
such peroxides might very well be the intermediate agents producing the 
substrate irradiation effect. 

The process by which organic compounds, especially ethers, olefins and 
aldehydes, form peroxides simply on contact with molecular oxygen is not 
wholly understood. In many simple cases, however, a chain reaction of the 
sort pictured below appears to be involved. 

R—H ► R— + H 

R— -j- 0* —► R—00— 

R_00- Jf. R_H —► R—OO—H + R— 

The peroxide-forming process is catalyzed by ultra-violet light* which, 
presumably, supplies the ennrgy for breaking a carbon-hydrogen bond in 
the first step. 

The hypothesis that organic peroxides play an essential rdle in the 
mutagenic action of ultra-violet light has been under investigation in this 
laboratory for some time. One result of dus w<wk, and the subject of the 
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present writing, is the discovery that many simple organic peroxides in¬ 
crease mutation rates. 

Testing Procedure ,—^The organism used for detecting and comparing 
mutagenic agents has been an adenineless, colonial strain of Neurospora 
crassa, the double mutant 70007-38701. The adenineless character in this 
strain is subject to a low spontaneous rate of reversion to adenine inde¬ 
pendence. These occurrences are probably back mutations at the adenine¬ 
less locus, but this has not been demonstrated in the present study. The 
colonial character, introduced into the strain to permit plate counts, ap¬ 
pears to be quite stable. Following essentially a method described by Giles 
and Lederberg^ and by Westergaard and Mitchell,*^ conidiaJ suspensions 
were exposed to various peroxides and the effects calculated from the frac¬ 
tion of tliese spores that gave rise to colonies on adenine-free medium. 
Since as many as 2 X 10* spores may be conveniently treated in a single 
experiment, this method is capable of detecting very weak mutagenic 
activity. 

In a typical experiment a thoroughly mixed suspension of two-day old 
spores was divided into four portions, centrifuged and decanted. Two por¬ 
tions were retained as controls and the other two were re-suspended in an 
aqueous solution of the peroxide and allowed to stand at room temperature 
for 30 minutes. After washing to remove the treating solution, the con¬ 
centration of conidia in each centrifuge tube was determined with a hemo- 
cytometer, and dilution platings on adenine-supplemented medium were 
made from each sample to indicate conidial viability and percentage mor¬ 
tality. Finally, the suspensions were spread on a series of adenine-free 
plates and incubated at 25°C, Mutants formed distinct colonies that could 
be counted during the third or fourth day after treatment. 

Mutation rates were calculated by dividing the number of mutants 
counted by the number of spores plated. By subtracting from the muta¬ 
tion rate shown by spores subjected to a particular treatment the spontane¬ 
ous rate shown by untreated six)res from the same spore batch there was 
obtained the quantity termed the “induced mutation rate.“ It is not 
practical to determine an average value for the fraction of untreated spores 
that produce adenine-independent colonies and to use such a fixed figure for 
correcting the observed mutation rates. Although the spontaneous rate is 
lower than 0.8 X 10“^ in more than 75% of the spore batches, occasionally 
this rate is very high (e.g., 13 X presumably as a result of an early 

mutation in the culture from which the spores were obtained. The same 
problem has been described by Delbrfick^ in connection with mutations in 
bacteria. 

It appears that the largest numbers of mutants aie obtained witii treat¬ 
ments that kill 00 to 80% of the spores. Mutation rates based on the 
numbers of spores surviving the treatment might increase up to very 
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mortalities but in the present investigation more consistent values have 
b^en obtained for mutation rates based on the number of spores treated. 
Accordingly, treatments producing the greatest actual numbers of viable 
mutants have been sought. 

A danger in working with very high mortalities is the occasional ap¬ 
pearance of numbers of adenineless colonies, apparently sustained by ade¬ 
nine released to the medium from dead spores. Such false mutants can 
usually be distinguished by their frail appearance and their failure to de¬ 
velop beyond an early stage, and always by their inability to grow when 
transferred to minimal medium. 

Demonstration of the Mutagenic Action of Peroxides,—Tobh 1 illustrates 
the mutagenic action of ferf-butyl hydroperoxide at various concentrations. 
The data are taken from typical experiments selected from an extensive 
study of this material. The table is intended to show the effect of concen- 

TABLB 1 

MtrrAGBNic Action of tert - Bvr^h Hvdropbroxidb 

(Treatment; 30 minutes exposure to an aqueous solution of /er^b^tyI hydroperoxide at 
the indicated concentration) 


CONCKNTHATION, 
ICOLOtt PBK UTBM 

SPOBBt 

TRBATBD, 

im.LXOBa 

MUTA^rr8 

UDTATtON 

OBSKKVBD 

KATBa X HP 
INDUCBD 

UORTALYTY, 

% 

0.004 

48 

6 

1.2 

0.5 

6 

0.010 

96 

61 

5.3 

2.5 

42 

0.0S9 

70 

106 

15.1 

16.0 

29 

0.089 

72 

140 

19.3 

19.2 

3$ 

0.089 

40 

61 

12.8 

10.6 

80 

0,089 

29 

21 

7.2 

7.1 

91 

0,11 

32 

6 

1,9 

1.8 

86 

0.27 

38 

0 

0,0 

0.0 

100 


tration of the agent and to give a rough idea of the reproducibility of the 
results at a particular concentration. The first objective of this work has 
been to diow that peroxides induce mutations and the values obtained for 
induced mutation rates are only approximate. Variations in the conditions 
of treatment, especially temperature, may account in part for the irregulari¬ 
ties in the results. 

In Table 2 averages of the results of many experiments with six different 
peroxides are presented. The concentrations of the respective agents, 
shown in this table, are the ones which have g^ven the highest mutation 
rates. For comparison the effects of four established mutagenic agents 
have been included and also the results of experiments with four mildly 
toxic substances which had no definite effect on mutation rates. It 
be noted that two of the last named group, phenol and fomteldehyde, have 
\s6m reported to have a weak mutagenic action in experiments with Dro- 
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The active principles in the mixtures of hydrogen peroxide with formalde¬ 
hyde and acetone may be, respectively, HO—CH 2 —00—CHa—OH and 
HO—C(CH 8 ) 2 —00—H. Hydroxymethyl /er/-butyl peroxide, derived 
similarly from the interaction of /er/-butyl hydroperoxide and formalde¬ 
hyde, is a well-defined compound.^ The peroxide derived from diisopropyl 
ether was obtained by extracting old samples of the ether with water and 
freeing the extract of volatile material by passing an air stream through it. 


TABT.K 2 

Mutacbnic Action of Various Agents 


(Treatment: .30 

minutes exi)osure 

to indicated 

aqueous solutions) 




TOTAL 

INDI'CUD 



conckntration 


MITTATION MORTALITY, 

AtiKNT 

MfJtBH PBK LITRK M1I.UON8 

RATE X 10^ 

% 

Hydrogen peroxide 

0 21 

1200 

1.8 

40 

ler(-Butyl hydroperoxide 

0.089 

211 

14.5 

50 

Hydroxymethyl iert hwiyl 





peroxide 

0.089 

270 

16.3 

68 

Peroxide derived from di¬ 





isopropyl ethei 

0.15 

146 

23.0 

61 

Hydrogen peroxide and 





formaldehyde 

0.022 

464 

8.8 

77 


(0.033 in CH,0) 



Hydrogen peroxide and 





acetone 

0.21 

96 

10.4 

32 


(1.36 in (CH,),CO) 



X-rays 


61 

15.8 

37 

Ultra-violet light 

t 

418 

46.0 

32 

Bis{ ^-chloroethyl )sulfide 

0.0002 

103 

4.0 

70 

7? w(/8-chloroethyl )methyl- 





amine 

0.004 

279 

3.6 

85 

Phenol 

0.077 

465 

-0.4 

87 

Kortnaldebyde 

0.0244 

251 

0.6 

73 

Potassium permanganate 

0.00052 

383 

0.0 

35 

^er/-Butyl alcohol 

1.75 

275 

-0.3 

84 


* Approximately 30,000 r units. 

t Exposure of an aqueous suspension with agitation for 76 seconds to 30-watt General 
Electric germicidal lamp at a distance of 10 cm. The incident ultra-violet energy, 
nearly all In the vicinity of 2537 A. U., was 6000 ergs/mra.Vmin, 

The peroxide concentration in the resulting solution was determined iodo- 
metrically. 

Mustard gas, W,r(j(?-chloroethyl)sulfide, and the nitrogen mustard, 
W5(/?-chloroetbyl)methylatmne, were used in borate (pH 8) and acetate 
(pH 5) buffers, respectively. The solution of the sulfur compound con¬ 
tained, in addition, 1.36 moles per Kter of acetone to increase its solu¬ 
bility. 
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In presenting this demonstration of the mutagenic action of peroxides it 
is assumed that tlie adenine-independent colonies appear as the result of 
true mutations. The action of the peroxides certainly produces a heritable 
change since adenine independence of the reverted strains persists through 
repeated subcultures on an adenine-free medium. It has been the general 
eijpi^rience of other workers that non-genetic reversions of Neurospora mu¬ 
tants, which occur spontaneously in some strains, do not persist through 
subcultures. This, together with the observation that known mutagenic 
agents (radiations, mustard gas) produce effects similar to those of the 
peroxides, constitutes presumptive evidence for the view that the action of 
the peroxides is mutational. It is recognized, however, that the results of 
genetic crosses will constitute the only proof that gene mutations are in¬ 
volved. A genetic study directed toward this end is now in progress and 
will be reported in a later communication. 

There can be little doubt that the peroxide treatment induces the pre¬ 
sumed mutations. Selection cannot account for the results since the spores 
are not growing during the treatment and since it is an increase in the actual 
number of adenine-independent colonies that is observed and not merely a 
higher ratio of the number of such colonies to the number of surviving 
spores. 

Conceivably, certain nuclei (the conidiospores are multinucleate) |>ossess 
a latent capacity for adenine synthesis that is only made manifest by the 
peroxide treatment. However, there is no precedent for such a phenom¬ 
enon. This question as well as the question of the mutational nature of 
the peroxide-induced changes will be resolved by the current genetic 
studies mentioned above. 

Finally, it should be noted that the experimental method used here is 
of a rather special sort. In all probability, only the back mutation of a 
single gene is involved. It will be important to confirm these findings by 
different techniques and in different organisms. 

Conclusions .—The foregoing evidence that organic peroxides are capable 
of producing mutations lends substantial support to the idea that ultra¬ 
violet light produces mutations by forming such comp>ounds in irradiated 
media and in cells. A demonstration that this is the mechanism of the 
substrate-irradiation effect may eventually be obtained by correlating the 
mutagenic action of irradiated material with peroxide content. 

The facts that so few mutation-inducing agents are known and that the 
effects of those that are known are in large measure similar suggest that 
they have a common mode of action. Accordingly, the possibility that 
peroxides are in some way involved in the action of x-rays and of the 
mustards is currently under investigation. PosAbly compounds of the 
mustard gtoup or certain products of their intereiction with organic com¬ 
pounds are especially liable to peroxide formation. 
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By determining just what feature of the chemistry of peroxides is respon¬ 
sible for their mutagenic action one might hope to shed light on the nature 
of the mutation process. It seems unlikely that this action is simply related 
to oxidizing power, since oxidizing agents are common and organic peroxides 
are not especially effective ones. Of more interest is the characteristic de¬ 
composition of peroxides by which free radicals are produced. If this is the 
essence of peroxide action non-peroxidic free radical sources (e.g., diazo- 
methanc) should show similar eflfects. It should be noted that irradiation 
of a cell could produce free radicals directly as well as by peroxide forma¬ 
tion. 

Besides affording a basis for speculation on the nature of the mutation 
process, the discovery of the mutation-inducing power of organic peroxides 
substantially increases the number of known mutagenic agents. Organic 
peroxides of widely varied structure can be prepared. It will be of interest 
to compare the action of tliese various agents onMifferent genes and to 
search for agents having'pronounced effects on particular genes. 

* This investigation was supported in part by a research grant from Merck and Co. 

t DuPont Predoctoful Fellow in Chemistry 1948-1949. 

The authors wish to thank Professor Norman H. Horowitz for valuable assistance 
and advice. 

> Wyss. O., Stoner W. S., and Clark, J. B., J. BacL, 54, 767-772 (1947). 

* Wyss. 0„ Dark, J. B., Haas, F.. and Stone, W. vS.. J, Bad., 56, 51 (1948). 

* Milas. N. H., J, Am, Chem. Soc„ 53, 221-233 (1931). 

< Giles, N, H., Jr., and Lederberg, E. Z., Am, J. Bot„ 35. 15CV-.167 (1948). 

»In an unpublished investigation this method for detecting chemical mutagens was 
developed by M. Westergaard and H. K. Mitchell fo whom the authors arc also indebted 
for the stock. >i 

« DelbrOck, M., Ann, Mo, BoL Gard,, 32, 223-233 (1945). 

’ Hadorn, E., Rosin, S., and Bertaui, D., Proc. Sth Int. Congr. Gen,, 256-266 (1949). 
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CROSSING^OVER BETWEEN ALLELES AT THE LOZENGE 
LOCUS IN DROSOPHILA MELAMK^ASTER 

By M. M. Gsben and K. C. Grbbn 

Dbfaktmbnt op Zoology, UNivBRsrry op Missouki, Columbia, Mimouki 
Communicated by L. J. Stadler, July 22,1940 

It has been reported that females of Drosophila melanogaster tuiyilig one 
X-chromosome containing the lozenge allele glossy {hP) and the cKhtt X< 
chromosome the lozenge allele sj>ectacle (fs*). croMed to cSther pr^^ 
males, occasionally produce individuals mid Ih; apfHHtremioe.:^* 
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y<ML. 36, 

The occurrence of wild-type progeny from this cross is unexpected since all 
the progeny of both sexes should have the phenotype of either It or It. 
Furthermore, it has been noted that the production of the non-mutant X- 
chromosome has resulted when crossing over has occurred in tlie vicinity of 
the lozenge locus. These results suggest that either the Iz^ chromosome 
occurred as a result of unequal crossing over between It and h* in the same 
manner as Bar in D. melanogaster,^ or that and It are in fact not alleles 
in the usual sense but represent two closely linked loci, such that an ordi¬ 
nary crossover between them would yield an chromosome* 

In view of the information already obtained, experiments were set up to 
determine (1) v^ether the phenomenon of crossing over between It and 
It Iz^ was peculiar to these lozenge alleles, or whether it occurred be¬ 
tween other lozenge mutants as well;* (2) whether the crossing over in¬ 
volved is equal or unequal; and (S) what is tlie nature of the complementary 
crossover -Y-chromos^ie, presumably bearing two lozenge mutants. 


TABLK i 


Recombination Rbsijlts from 9 9 Heterozygous for Two Different Lozenoe 
Alleles Crossed to cf o' In { l)dl 45?, v 


r.ENOTVPK or 9 9 


TOTAL Fi 1% * 

cT'cj" AND 9 9 & & and 9 9 


lz*-iAKK FKR CKNT 

CT <f C»OdRlNO-OVII** 


Iz ^^/ sn * Iz ^ ras * v 
h^^/ec d® /a® v f 
Iz^/ec ct * vf 


20.554 

9t - 

5$. 

0.09 

16,255 

13S 

sil 

0.14 

16,098 

45 

3!l 

0.06 


* Sec text for methoci of calculotion. 
t All carried Jti*. t All carried r/js* r. 
§ All carried rf®. || All carried p. 


Three lozenge alleles were used in attempting to answer tht^ questions: 
which occurred as a result of X-irradiation in T{1:4)B'^ and which has 
been separated from the translocation which is of spontaneous origin, 
and It, which is the same mutant referred to above except that it has been 
extracted from In{l)dl 49 where it originally occurred as a result of X- 
irradiatton. All these mutants are typical lozenge alleles, recessive to wild 
type, and phenotypically characterized by derangen^ the eye^iacets, 
redMctioii in the eye pigment and female infertiiity related to the absence of 
spermathecae.** * All possible heterozygotes of the three alleles (e-g,, 
are lozenge m phenotype and difficult to separate*phcnotypicalIy 
lipom eith®** homozygote. Compounds among the three mutants < were 
i^ade and back-croased to males of the genotype In{l)dl 49, v It. The te- 
aults Zise K^ted in table 1.^ 

Vtom the reeutts tabtilated in table 1, it may be noted that in the cross of 
toeuiiCf ras^ v X mal« 49, v It (where sn* lies 6,7 units 

to ^ and ^-3 units, respectively, to the right ol 
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lozenge) two unexpected classes of offspring occur. One class is Wild ty;{3>e in 
appearance and carries the marker gene These individuals arc pheno^ 
typically identical to the Iz ^ flies recovered from females The second 

class comprises individuals which carry the marker genes ras^ and v and are 
jihcnotypically completely separable from both and and are in fact 
identical to Iz* in phenotype. While Iz'^ being dominant to both and 
was recovered in both males and females, the /s^~like individuals were 
males only. The failure to recover the /j:*-like chromosome in females stems 
from its phenotypic inseparability when ctimpounded fo consequently 
only one-half the expected number were foupd. This accounts for the dis¬ 
crepancy between the Iz'^ and /s''-like individuals in table 1 which the¬ 
oretically should be equal in frequency. * 

It may be reasoned that the Iz"^ flies carry an A'-enromovSome which as the 
result of crossing over carries wild-type‘alleles for both and while 
the /z'-like flies represent the complementary cr ossover with and 
on the same X chroinusonie. If this is the case, then it should be possible to 
recover both and Iz^^ separately in the progeny of females of the geno¬ 
type /s’^/7s*-like. That this is the case may be determined from the follow¬ 
ing results. Females were constituted having one >Y-chromosome carrying 
/s'-like (presumably and together) plus the marker genes ras^ and v, 
and the other an-/s^ A'-ctiromoSomc (derived from crossing over between 
and Iz*^) bearing the marker gene sn^. Among 12,900 male oifspring 
from tliese females, three males of the genotype sn^ Iz'^^ ras^v and four males 
vv^ere recovered. These results support the hypothesis that the 
chromosome carries wild-type lozenge alleles and the /z^dike chromosome 
carries both and and therefore mijiht be designated as /s"'*- 
That the Iz'^ chromosome does contain only wild-type lozenge alleles is sujf- 
ported by one addfrional experimental finding. Females were constituted 
having one AT-chromosome carrying ras^ v and*one chromosome 

derived from the Canton-^S wild-t3^3e stock and carrying the marker genes 
5n* and r. Among 9100 male oflspring of these females, one male sn^ Iz^ 
ras^ V and three males Iz^ v were"recovered, thereby confinning the identity 
of the Iz^ chromosome with a wild-type AT-chromosome and therefore as 
baring only wild-type lozenge alleles. 

The results reported thus far indicate that crossing-over is not pecdBar 
^ the alleles and Ir since it occurs also between other alleles, aiid 
|They indicate also that the crossing-over between alleles is equal ahd l 
not unequal as in the case of *Bar, for the following reasons. Pirsti in no 
Stance among many thousands of flies examined have tmexpected indi* 
vtduals or is*-like) been observed from femdfes hom<U!yg0ii^ 
or ^SecQud^ the crossover individuals i^sullmg 

directed in ao far as the marker genes are eqnc^ed* All 
nany the marker ni* while all fe"** iniiivi^^ 
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equal crossing-over were involved then onewpuld expect to get Iz + flies carry¬ 
ing either 5n® or ras^ r, and not always and only sn^ as noted here, vSiinilarly, 
l^0s, 46 fligg would be expected to carry either or ras^ and v, but not 
solely ray* and v. Consequently, it se^nns reavSonable to conclude that 
regular crossing-over has occurred between two closely linked genes, with 
located just to the left of 

It may be noted in tlie cross of females v f X !n(J)dl 49, v 

males (where ec and d** lie 22.2 and 7.7 units, respectively, to the left and 
V and / lie 5.3 and 20 units, respectively, to the right of lozenge) that here 
too unexpected progeny of two types were obtained (cf, table 1). The Iz'^ 
group is phcnotypic^y identical to the /s ^ flies recovered from females 
while the completncntary crossover individuals, presumably 
carrying both and /s® on the same chromost)inc, are phcnotypically in¬ 
separable from flies 46. • As in the case of Iz^ Hies from females Iz^^/ 
the Iz'^' flics derived from females /s"*'^/7;f all carr}-^ the left marker gene 
proximal to lozenge, namely cf. vSimilarly, the flies presumably ^ 
carry the marker proximal to lozenge on the right, namely v. 

These results indicate that the mutant !z^ lies to the riglit of That 

Izff also lies to the right of the and represents a third locus in the lozenge 
group of mutants may be readily deduced from the results obtained when 
females h^^'/ec cf IzP vf are crossed to males In{l)dl 49, v Iz^. It can be seen 
that once again two unexpected classes of progeny are obtained (cf. table I). 
The Iz"^ individuals arc phcnotypically identical to the Iz^ flies referred to 
previously and in this cross all carry the marker gene cf. I'he second class 
of unexpected individuals may again be described as /c*-likc and presumably 
carry both /s*® and Isf on the same chromosome. In adtiition all such flies 
recovered carry the marker gene v. On the basis of the directed distribution 
of the marker genes to the /s^ and the /s'^-like individuals, it seems logical 
tpnrepresent /s*' as lying to the right of fs*®.* 

Discussion .—These observations may be fitted into a scheme which 
specifies that the lozenge allelic series is genetically divisible into at least 
three closely linked loci in the order of proceeding from left to 

right along the X-chromosome. The genetic interval separating and 
is of the order of 0.09% crossing-over, and the interval separating Iz^ 
is of the order of 0.06% crossing-over. (The intervals have been 
calei^ted after first doubling the crossovers giving two lozenge genes in the 
iaiik>e X^chromodoxne since, as noted previously, only one-half of these 
0:>i44 recovet^.^ If this interpretation is correct, then a wild-type X- 
dirpmosome tnay be represented as carrying three wild-type genes each 
oltetic to one of the three lozenge mutant genes. With this as a basis, the 
X^c^tnosotne bearing each of the mutant genes may be represented 
follows: &*** + + +; and +- +■ 

differo^^ have been noted with combinations of any two 
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of the lozenge mutants depending on whether the mutants arA located 
together on the same AT-chromosorae or separately on homologous X- 
chromosomes. Using the genotypic notation proposed, the following com¬ 
binations of mutant genes have been compared and thdr phenotypes re¬ 
corded after each genotype: 

-f- -f/-j- + (mutaut); + -f (wild tyi>e) 

+ +/*4- f (mutant); -f + -f* (wild type) 

-f* 4*/+ + (mutant); + tz^/+ + + -(wild type) • 

It may be noted that in all cases the number of-genes, mutant and wild 
type, is identical. Furthermore in all cases each mutant gene is balanced by 
a wild-type allele on the homologous A^-ch^amosome^^ Yet when a lozenge 
mutant is present on each homologous X-chrornosonie, the wild-type alleles 
behave as recessive genes (or the lozenge mutants, act as dominant genes), 
but when the same lozenge mutants are located together on the Xrchromo- 
some (even when separated by a wild-type allele) and the homologous 
X-chromosome carries only wild-type alleles^ the wild-type alleles together 
act as dominant genes (or the lozenge mutants behave as recessives). 
These dominance relationships may be interpreted as being the result of a 
position effect. Similar observations have been made in the case of the 
interactions of the pseudoalleles Star and asteroid in D. melanogaster* 

A further conclusion which may be drawn in the light of additional in¬ 
formation (unpublished) is that the three lozenge loci represent a reduplica^ 
tion of essentially identical genetic material. A number of other lozenge 
alldes (10 of the 14 which we possess) have been analyzed to determine to 
which locus they may be as>signed/ While this analysis is incomplete, the 
data obtained thus far i>ermit three generalizations which support this con¬ 
clusion. In the first place, it is clear that the mutants at each locus possess 
the same array of phenotypic effects, vis., alteration of eye color and struc¬ 
ture, infertility of females, etc. Secondly, if the mutants are classified quan¬ 
titatively (e.g., with respect to the amount of red eye pigment formed), it 
can be seen that they are distributed at random to the three loci. Lastly, 
there appears to be no correlation between tlie mode of ewrigin bf the 
various mutants (i.e., spontaneous, x-ray induced) and their position* 
These findings are somewhat at variance with the observations made in 
cotton where three closely linked loci determining anthocyanin pigmeiita^ 
tion have been described.** ^ In the latter case, although three Icici 41 ^ 
in some instances interdependent, it cannot be said that ail three pcmiim 
the same array of phenotypic effects, suggesting that these loci repre^nt 
three dosely linked though not necessarily identical genes. 

In addition to the cases cited, additional occurrences of crodSmg^*^c^ 
between what ore apparently alldes have been observed in andi 

Drosophila, *' and pc^bliy in the case of the Bracby series in ■ 

how these cases rdtate to the lozenge series is not at the 
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pktely clear, but it may be that all represent further examples of duplica¬ 
tion or reduplication of the same genic material. It is not possible at present 
to extrapolate the data of the lozenge series to other allelic series. How¬ 
ever, they do not justify the conclusion that all multiple allelic series repre¬ 
sent cases of multiple loci, for the simplest explanation for the situation 
within the lozenge complex itself would appear to be that of three closely 
liiikjithmultiplc allelic series. 

Crossing-over has been observed between three sex- 
linked, recessive lozenge alleles, /s’*®, in D. melanogaster. 

2. From females heterozygous for any two of the mutants, wild type 
-Y-chreimosomes and A''-chromosomes bearing two lozenge mutants have 
been recovered. 

3. On the basis of the crossover results, the lozenge allelic series may be 
subdivided into three closely linked loci. 

AcknoH^ledgment .—The authors are indebted to Drs. C. P. Oliver, H. J. 
Muller and E. Novitski for making available nnihints used in these experi- 
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EXPERIMENTS ON UGHT-REACTIVATION OF ULTRA-VIOLET 
IN A CTIVA TED BA CTERJA 

By a. Novick and Leo Szilard 
Institute OP Rawobiology and Biophysics, ITniveestty of Chicago 
Communicated by H. J. MuUcr, August 15, 1949 

Many types of microorganisms are killed by ultra-violet light and the 
number of siuYivors falls off with increasing dose. A. Kelner^ recited 
recently on his discovery that, if exposure to ultra-violet light is followed by 
exposure to visible li^t, the number of survivors is very much larger. A 
similar discovery was reported by R. Dulbecco* for bacteriophage. 
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We investigated this phenomenon of light-reactivation of ultra-violet 
inactivated bacteria and found some very simple regularities. 

In our experiments we used a strain of coli, B/r, originally isolated by 
E. M, Witkin.* Cultures were grown in a lactate-ammonium phosphate 
medium under aeration to between 5 X 10’ and 10^ bacteria per cc., then 
transferred into saline, and incubated under aeration at 37°C. from 14 to 18 
hours. The cultures were then placed in the icebox, kept at about 6‘^C. and 
used for experiments over a period of about one week. 

Figure 1 shows in semi logarithmic plot the result of one series of experi¬ 
ments. Eight other such series were conducted with similar results. 



Experiment of May 11, 1949, A{D), left scale, gives in 
semi-log plot the number of survivors as function of ultra¬ 
violet dose, D, in seconds of exposure to 16-watt germicidal 
lamp at 60 cm. distance (no light reactivation). B{D), left 
scale, gives in semi-log plot the number of survivors as 
function of ultra-violet dose, D, with light reactivation by 
1-hoiir exposure to light of 1000-watt projection lamp at 8 
itiches distance. L{D), right scale, gives in linear co¬ 
ordinates L as function of D satisfying equation B{D) « 

A{L), 

In these series of experiments the survivor curves, A{p)^ were obtained in 
the following manner: The bacteria were exposed in saline to different 
ultra-violet doses, D, characterized by the number of seconds of exjxisure, 
then plated on nutrient broth agar, incubated, and the survivors determined 
by colony count. A 15-watt germicidal lamp was used as the source of 
ultra-violet radiation with the mercury line at 2536 A. predominatiag in the 
spectrum. A 15-cm. Petri dish containing 20 cc. of the bacterial suspension 
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was exposed at a distance of 50 cm. from the lamp and was agitated during 
exposure. 

The survivor curves, 2?(Z)), were obtained in a similar manner, except that 
immediately following exposure to tlie ultraviolet lamp the bacterial sus¬ 
pensions were exposed for one or two hours, at Sdnch distance, to the light 
of a 1000-watt projection lamp, and then plated on nutrient broth agar* 
The col<^r temperature of the lamp was close to S.'loO'^K. The bacterial 
suspensions were kept at 37°C. during exposure to the light of the projection 
lamp. In most of the series a 1-inch layer of a 0.05 molar solution of CuCb 
was interjKJSed between the lamp and the bacterial suspension. 

As can be seen in figure 1, in semilogarithmic plot, both survivor curves 
A and B drop with increasing ultra-violet dose, D, slowly at first, then 
faster, and finally go over into a straight line. 

As figure 1 shows, light-reactivation is a striking phenomenon. For an 
ultra-violet dose oi D ^ 190 sec,, for instance, the number of survivors falls 
in the absence of light-reactivation (curve A ) from 10^ to 700. With light 
reactivation, however, (curve B) the number of survivors only falls from 10** 
to 3 X 10’; i.e.,due to light-reactivation the litre of viable bacteria increases 
by a factor of about 40,000. In order to obtain the same droj) in the sur¬ 
vivors (from 10^ to 3 X 10’), in the absence of light-reactivation, a lower 
ultra-violet dose of Z> = 75 sec. would have to be employed. For every 
ultra-violet dose, D, which is followed by light-reactivation and thus leads 
to a certain number of survivors, B(D), there can be found a lower ultra¬ 
violet dose, L, which in the absence of light-reactivation would lead to the 
same number of survivors; i.e., for which we have B(D) = A (L). 

Plotting L as a function of D in figure 1 we obtain for L(D) a straight line 
going through the origin, for which we may write L(D) = qD^ where is a 
dose-independent constant smaller than 1, This means that there is a 
simple relationship between the survivor curves A and B which we may 
express by writing 

B(D)^A(qD). (1) 

This relationship is confirmed by the nine series of experiments that were 
carried out. In any one of them the bacteria were light-reactivated by an 
exposure to the light of a projection lamp, at 8-inch distance, either of one 
hour or of two hours. After exposure of two hours the number of survivors 
obtained is, within the limits of experimental error, indistinguishable from 
the maximum reactivation that can be obtained with longer exposures to 
light. After exposure of one hour the number of survivors is lower, but the 
difference is not great. The q values obtained in these experiments vary 
slightly from series to series within the range of 0.32 < q< 0.42. In the 
experiments shown in figure 1 we have q « 0.4. 

If the light intensity used for light-reactivation is doubled by placing 
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the bacterial suspension closer to the projection lamp, the maximum 
number of survivors obtainable remains the same, only it is obtained with a 
shorter exposure to the light. 

From the relationship (1) it follows that if we extrapolate in tlie semi- 
logarithmic plot the straight line portions of the survivor curves A and B to 
zero ultra-violet dose, we must be led back to the same point. This is 
shown by the dotted straight lines in figure 1. 

In order to interpret our results we assume for the sake of argument that 
when bacteria are irradiated with ultra-violet light a ‘‘poisonous’' chemical 
compound, P, is produced in an amount which is proportionate to the ultra¬ 
violet dose, D, We assume that this “poisonous" compound is produced in 
two forms: a form P^, which is not sensitive to light and which is produced 
in the amount and a fonn P^, which can be destroyed by light and which 
is produced in the amount so that Z> =» xo + yo. We further assume that 
the ratio Xo/yn is independent of the ultra-violet dose D, And finally we 
assume that the number of survivors after exposure to ultra-violet irradia¬ 
tion, with or without subsequent light-reactivation, is determined by the 
amount of “poison" that is present in the bacteria at the time they are in¬ 
cubated with nutrient medium and permitted to multiply. 

On the basis of these assumptions, we may now account for the relation¬ 
ship (1) between the survivor curves A and B by saying that if we follow up 
the ultra-violet irradiation of a bacterial suspension by exposure to strong 
light for one or two hours we destroy all the poison present in the form P^, 
and leave only the poison P^, and by further saying that the amount of the 
poison present in the form P, is given by Xo where g is a dose-inde¬ 

pendent constant. The amount of “poison" left in the bacteria after light- 
reactivation is then given by gZ), and therefore the number o^urvivors 
after light-reactivation, can be taken from the survivor curve 

obtained in the absence of light-reactivation, A{D), by writing BiD) « 
A{qD), 

If we now further assume that the light-sensitive variety of the poison, 
Py, which is present in an amount y, is destroyed by light at a rate which is 

dy 

proportionate to its amount, y, we may wnte « —ay, where a is a 

dt 

function of the light intensity and independent of the dose, D, From this 
assum])tion it follows that if a bacterial suspension is exposed to an ultra¬ 
violet dose, D, and immediately afterward is exposed to strong U^t (say, to 
the light of a 1000-watt projection lamp at 8-inch distance) for a period of 
time, /, the total amount of poison, L » x -f y, present in the bacteria is at 
any time, I, given by . 

L « xo + (I>—Xo)e (2) 

For an infinitely long exposure to li|^, we haveX« » xo. Wc may then 
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write 


_ _In(L-L«) = (3) 

The result of an experiment undertaken to check this rdationdiip (3) is 
shown by curve I in figure 2. In this experiment we first exposed the 
bacterial suspension to the ultra-violet lamp for D ^ 250 sec. and then to 
the light of a 1000-watt projection lamp at 8-inch distance. We determined 
the number of survivors as a function of t, the time of exposure to the pro¬ 
jection lamp, by plating on broth agar from aliquots taken from the bac¬ 
terial suspension at different times, t, up to a time of 2 hours. From the 
number of survivors, we computed by means of the survivor curve, A (L), 
the corresponding L values. As wc took the L value corresponding to 
the number of survivors obtained after 2 hours of exposure to the projection 
lamp. 



TIME Of HEACTIVATION (miniiltH- - 

FIGURE 2 


Experiment of June 23, 1949. Curve I gives in seinidog 
plot L Lot as a function of time of reactivation at 8 
inches from 1000-watt projection lamp for bacteria that 
had received an ultra-violet dose, D, of 250 sec. Curve 
II is the satne for bacteria that had received an ultra¬ 
violet dose of 150 sec. The interval r represents the 
latent period of the process of reactivation. 


As can be seen from curve I in figure 2 the points obtained fall on a 
straight line’'in accordance with equation (3). This type of relationship was 
confirmed in five series of experiments, giving values of a ranging from 2.19 
to 2.38 per hour. 

It should be noted however that the straight line I in figure 2 does not ex¬ 
trapolate back to tlie experimental point for zero exposure to light and the 
discrepancy corresponds to a latent period, r, of about 3 minutes. 
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Line II in figure 2 differs from line 1 only in so far as it was obtained with 
an exposure to tlie ultra-violet lamp of D — 150 seconds. The fact that 
these two lines are parallel is in accord with the thesis that a is independent 
of the ultra-iviolet dose, D, The latent period r manifested by line II is 
again about 3 minutes. Two series of experiments were performed to dem¬ 
onstrate in this manner the independence of a of the ultra-violet dose D, 
Figure 3 shows the result of three experiments iti which light-reactivation 
was carried out by exposing the ultra-violet irradiated bacterial suspension 
to the light of the projection lamp for t = 20, 25 and 30 min., respectively. 
From the number of survivors observed we computed, by means of the 
survivor curve, A(D), the corresponding L values, and in each case we ob¬ 
tained for L(Z)), as can be seen from figure 3, a straight line passing through 
the origin. 



Experiment of June 23. 1949, gives L as a function of 
the ultra-violet dose, D, for 20, 25 and 30 minutes of light 
rcacti\'ation at 8 inches from l(M)()-watt projection lamp. 


This result is to be expected provided that both a and r are independent 
of the ultra-violet dose, D. Two such series of experiments were performed 
with identical results. 

We were also interested to see in what manner the value of a depends on 
the intensity of the light which is used for reactivation. We varied this 
intensity by placing the bacterial suspension at different distances from the 
projection lamp. In such experiments we found that the value of a de¬ 
creased with decreasing light intensity, but the decrease was less than strict 
proportionality with intensity would lead one to expect. The latent period 
T increased in these experiments with decreasing light intensity. 

We did not, however, in any of these experiments lower the light in¬ 
tensity very much below the value that obtains at Sinches from the pro- 
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jection lamp. We kept the intensity comparatively high in order to be 
able to neglect a reaction which takes place in the dark and therefore, of 
necessity, must also manifest itself if light-reactivation is carried out by 
means of very weak light. This dark reaction is easily observed if the 
bacterial suspension is irradiated with ultra-violet and then incubated in 
the dark at 37for instance for 3 hours, prior to being reactivated at 8- 
inch distance from the projection lamp. The number of surviva)rs after 
light-reactivation is then found to be much lower than is ol)tained when no 
dark incubation is interi)osed between ultra-violet inactivation and light- 
reactivation. 

This concludes the rej)ort on our findings concerning the light-reactiva¬ 
tion of ultra-violet inactivated bacteria in so far as these ilndings relate to 
the elTect of light-reactivation on the number of survivors. 

It is known that ultra-violet radiation not only kills bacteria but also 
produces mutants among the progeny of the survivors. We were interested 
to find out how light-reactivation affects the number {)f mutants which 
appear among these progeny. Particularly convenient for this j^urpose are 
mutants which manifest resistance to a bacteriophage, ami we chose for the 
purpose, of our investigation mutants resistant to the coli ]:>hages 7'4, Ti\ 
or n. 

M. Demerec* had studied the ultra-violet-induced mutations in coli to 
resistance to phage Tl and discovered that the great majority of themutants 
do not appear immediately following ultra-violet irradiation, but that most 
of the bacteria have to go through several cell divisions before their muta¬ 
tion becomes phenotypically expressed. 

A small minority of the mutants is phenotypically expressed prior to 
any cell division and A. Kelner finds that the appearance of such mutants 
is suppressed if the ultraviolet irradiation is followed by light-reactivation 
(see A. Kelner, abstracts of papers presented at the 40th General Meeting 
of the Society of American Bacteriologists, page 14, May 1948). 

In our experiments we allowed, following irradiation, the survivors to go 
through ten generations in liquid culture and determined among the progeny 
the number of phage-resistant mutants per 10® bacteria. 

If we are right in assuming tliat a poison is produced by the ultra-violet 
rays employed in our experiments, that the amount of this poison is re¬ 
duced by light-reactivation, and that the amount of poison whidi is present 
in the bacteria when they are allowed to multiply determines the number of 
survivors, it then seems possible that this same "poison'' might also de¬ 
termine the number of mutants—resistant to one of the phages—that ap¬ 
pears among the progeny of the survivors. In this case we should expect 
that the number of mutants appearing among the progeny of the bacteria 
which were given a certain ultra-violet dose, Z>, and which were subse- 
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cjuently light-reactivated will be the same as the number of mutants ap¬ 
pearing among the progeny of the bacteria which were exposed to a lower 
ultra-violet dose, qD, but which were not light-reactivated. 

In our experiments the bacteria were exposed in saline suspension to 
different ultra-violet doses, D, Aliquots were then taken which were either 
incubated with lactate-ammonium phosphate medium at 37°C. under 
aeration or they were first exposed to the light of the projection lamp at 8- 
inch distance for one hour and were subsequently thus incubated. In 
either case the bacteria were allowed to go tlirough about ten generations in 
liquid culture and were then assayed for mutants resistant to one of the coli 
phages J'4, T6 or 7'1. 



Experiment of July 2, 1949, gives in log-log plot the 
number of phage resistant mutants per 10* bacteria as a 
function of the ultra-violet dose D both without {DARK) 
and with {LIGHT) light reactivation for phages r4, TG 
and 74 in figures a, b, and c, respectively. The bacteria 
went through 10 generations in liquid culture prior to 
assaying for the mutant.s. The values shown in the graph 
are corrected for the spontaneous mutants which amounted 
to 800, 40 and 170 per 10* bacteria for T'4, Tfi and TX, 
respectively. 

Figure 4 shows the result of one series of experiments in log. log plot. The 
symbols M$(D) and Mi(D) relate to bacteria which were exposed to 

ultra-violet, were not light-reactivated, and went through ten generations in 
liquid culture (corresponding to an increase in bacterial litre by a factor of 
about 1000). ^milarly Ni(D) , N^{D) and A^i(I>) relate to bacteria which were 
exposed to ultra-violet, were light-reactivated, and went through ten genera- 
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tions in liquid culture. These symbols designate the number of mutants 
resistant to phages T4^ TG and Tl, respectively, which were found per 10** 
bacteria in the cultures—corrected for the spontaneous mutants tliat were 
obtained for zero ultra-violet dose—and plotted as a function of the ultra¬ 
violet dose, D. 

Within the range of this experiment and within the limits of its accuracy, 
the lines M{D) and N(D) are represented in the log log plot by straight 
lines which are all parallel to each other. For each phage and for atiy given 
ultra-violet dose, D, the value of M is higher than the value of N. For 
every ultra-violet dose, D, which leads, when followed by light-reactiva¬ 
tion, to a certain number of mutants, N{D)t there can be found a lower 
ultra-vdolet dose, Z, which in the absence of liglit-reactivation leads to the 
same number of mutants; i.c., for which wc have Nil)) MiL), 

Because the lines M{D) and N{D) are rej)resented by parallel straight 
lines in the log log plot we may write: 

Ni(D) - Mi(md)); N,(D) - Ni(D) - (4) 

where mt and m\ arc dose-independent constants. The values of m 4 , 
Wfl and mi taken from the experimental series plotted in figure 4 arc 0.3, 0.3 
and 0.32, respectively. For the same series of experitnents the value of q 
was also determined and was found to be 0.35. Within tlie limits of our 
experimental accuracy we have thus found; nu » me = ~ q. Two other 

series of experiments which were undertaken also gave, within the limits of 
experimental error, identical values for m and q. 

It should be noted, however, that our experiments establish the v^didity 
of relationsliip (4) with much less accuracy than tlicy establish tlie validity 
of relationship (1). In general, in our ex})eriinents the determination of the 
number of the mutants in any oue single measurement was affected by an 
error of =*=50%, whereas tlie determination of the number of survivors in 
any one single measurement was affected only by an error of =*=20%. And 
more important, due to the shape of tlie survivor curve A{D), a large per¬ 
centage error in the number of survivors leads only to a small percentage 
error in tlie corresponding L values taken from the survivor curve j 4, 
whereas an error of 50% in the number of mutants, according to the curves 
M and N plotted in figure 4, leads to an error in the corresponding ultra¬ 
violet dose, Z>, of about 25%. 

We have not investigated the ultra-violet-induced mutations to phage 
resistance with the same thoroughness as we have the effect of ultra-violet 
exposure on the number of survivors. Therefore at this time we can only 
say that our results to date are entirdy consistent with the view that the 
effect of light-reactivation on the appearance of mutants among the progeny 
of the ultra-violet-irradiated bacteria is the same as is its effect on the 
number of survivors and that this effect consists in the reduction of the 
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effectiveness of the ultra-violet dose by the dose-independent factor q. 
This makes it possible to surmise that in our experiments the killing of the 
bacteria and the production of the mutants might be due to the same 
chemical effect produced by the ultra-violet irradiation. 

^ Kehicr, A., Proc. Natl. Acad. Sci., 35, 73 (1949). 

* Dulbecco, R., Nature, 163, 949 (1949). 

3 Witkin, E. M., Genetics, 32, 221 (1947). 

* Deinerec, M., Proc. Natl, Acad. Sci., 32, 36 (1940); Denicrec, M., and Latarjet 
R.» Cold Spring Harbor Symposia, 11, 38 (1940). 


SOME TWO^PERSON GAMES INVOLVING BLUFFING* 

By Richard Bellman and David Blackwell 
Stanford University and Howard University 
Communicated by J. von Neumann, August 4, 1949 

i, Introduciion. —It is now possible, with the aid of the von Neumann 
theor>" of games, to give a systematic theoretical treatment of the two- 
person zero-sum game. The techniques of tliis modem theory have 
been shown to have wide and important applications in such fields as 
economic theory, the theory of statistics and so on. Unfortunately, 
although the foundations of the theory are now classic, the actual solution 
of any particular game is generally a matter of some difficulty, involving 
a combination of frontal attack, applying routine methods, and a type of 
mathematical ingenuity that has been described as “low cunning."' 

Consequently, it is of interest to present a class of games, which may be 
handled by uniform techniques, in the hope that an accumulation of such 
examples will eventually render visible the mechanism behind the par¬ 
ticular solutions, hitherto discovered only by artifice. Such has been 
the history of the theory of differential equations, the theory of probability 
and many of the other components of the mathematical edifice. 

Consider the following two-person game where we call one player B, 
for bettor, and the other D, for dealer. Before play begins both players 
ante one. D then deals a card xi to B, where xi is a random number in the 
interval [0, 1] having the distribution function Fi, and a card yi to himself, 
yi also belonging to the interval [0, 1] with distribution function Gi. B 
initiates the betting, with the alternate possibilities of folding, in which 
case D wins the ante, or of betting an amoimt/(jc), 1 < f(x) < M. Once 
B has bet, D has a choice of folding, in which case B wins the ante, of 
covering jS"s bet or of raising an amount g(/(jc), y), 1 g < Af. If i> 
raises, B has a choice of covering or raising and so on, for at most Ni raises 
by either player. 
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After the initial betting, D deals two more cards, jcj to B and y% to him¬ 
self, and again B initiates the betting* This continues for at most Nt 
draws. At the end of the betting, the hands are compared and the stronger 
hand wins the total amount wagered. The strengths of the hands are 
certain functions, S{xu , Xn)t T{yi, ^ 2 , ..., 3'») of the cards, x^ yi. 

For the case of a deal and one draw, the above describes a poker game 
with two players; the case of several draws is analogous to Stud Poker; 
the case of several draws, but not simultaneously by both players, with 
one stage of betting and no raises, corresponds to Blackjack, sometimes 
called Twenty-One, with its arithmetically simpler cousin, Seven-and-a* 
Half; the case of no draws with the dealer always covering tlie bet is illus¬ 
trated by Red Dog, and clearly many other common card games arc de¬ 
scribed in many essentials by the above game. 

Consequently, it is of some interest to investigate the problem of deter¬ 
mining the best method of play for both players, where by ‘‘best” we mean 
the method that yields a maximum expectation. 

The general problem seems quite difficult. In this paper we treat the 
simplified game where no draws are made after the initial deal, where 
there are only a finite number of bets allowed, 1 < si < Sa < ... < jSm 
with no raises, and where the distribution functions, F and G, are both 
equal to x. 

However, it seems probable that the methods we present to treat the 
simplified version will be applicable to the ^V-draw game, and we hope to 
investigate the general question in the future. 

That our procedures are applicable to the continuous case, and not to 
the discrete case, dej^ends upon the result which is stated precisely below, 
that in certain continuous games only pure strategies are necessary, whereas 
the discrete game, in general, requires mixed strategies. Here the terms 
“pure” and “mixed” are used in the sense of game theory, and have no 
connection with the possible motives of either player. Given a card x, 
there are always several alternate procedures or strategies for either player 
to follow. A pure strategy is one which compels him to follow a miique 
course of action whenever he receives a card x; a mixed strategy is one 
which furnishes a rule for mixing the alternate available courses of action 
in certain proportions determined by x. A pure strategy then is a limiting 
form of a mixed strategy. 

This result, that only pure strategies are required in the continuous case, 
seems quite unexpected, and at first sight to run counter to the known 
(heuristic) theory of bluffing. However, the paradox is easily resolved. 
In a continuous game, one allows the game, which furnishes a random 
card, to do the bluffing. It turns out that if the cards are dealt at random, 
any farther randomization furnished by mixed strategies on the part of 
the players is superfluous. 
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This is not to say that there is no bluffing. Rather, one bluffs uniformly. 
This wli be seen by examining the solution of the one-deal, no-draw game 
presented in the following paragraphs. 

To the best of our knowledge, there have been only two previous mathe¬ 
matical discussions of the game of poker, the first by Borel,^ and the second 
by von Neumann.* Borel’s treatment depends more upon probabilistic 
considerations and involves no systematic use of game theory. One of 
the games discussed by von Neumann involves a choice of two bets for 
high or low (but no ante), and a choice for Z>, after having seen B’s bet, 
of seeing or not. The game described in paragraph 3, following, differs 
from this only in allowing B the additional privilege of folding, at a cost, 
however. The solution obtained by von Neumann is, as in our case, a pure 
strategy for both players, with blufling for B, Our methods, which lean 
heavily upon Theorem 1 below, are different from those of von Neumann. 

2. A Fundamental Theorem ,—The solution of a game is often simplified 
if it is known in advance that one of the players has a good pure strategy. 
Even if it is known in advance only that every mixed strategy for player 
I can be approximated by pure strategies, the value of the game can still 
be found by solving the restricted game in which both players are limited 
to tmre strategies, but 11 discovers /'s strategy. If in the restricted game 
I has a good strategy, this is also a good strategy in the original game. 

There is a simple condition which sometimes ensures that mixed strategies 
may be approximated by pure strategies: if, at the beginning of the game, 
there is a chance move whose outcome is known to only one of the players, 
it may happen that he can use this chatice move as a substitute for mixing 
strategies, so that a formally pure strategy, depending in an intricate way 
on the outcome of the chance move, can be constructed to approximate 
any given mixed strategy. This principle guarantees the existence of 
such approximating pure strategies in the one deal-no draw case of the 
game described above, and most probably in the general case too, although 
we have not as yet investigated this. That the actual good strategics are 
pure is not guaranteed by our principle, and, so far as we see, could not 
have been predicted in advance. 

For our purpose, the relevant features of the game are the following, 
from 7's point of view. 

1, At the beginning of the game, there is a chance move consisting of 
the selection of a number x at random from the unit interval, x is known 
to I but not to IL 

2. /*s strategy is the choice of a number i ^ 1* ..,, iV, dependitig on 
x, i.e,, a function i(x), assuming only values 1, ..., JV. 

' 8* The outcome w(x:, i; s), where Zi /Ts strategy, may now vary over 
an arbitrary space, is for fixed t and s, a function of x consisting of R 
(fixed) continuous pieces, the modulus of continuity df the pieces being 
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imifomt over (i, z). (In the poker game described, w consists of two 
constant pieces over the sets x < y, x > y.) Moreover, w is uniformly 
bounded; say | | < M, 

The payoff to player /, i.e,, the expected outcome for fixed pure strategies 
of I and //, is then 

v{iix)-, s) - X*w(x, t(x); z)dx. (1) 

Theorem 1. In a game satisfying 1, 2, 3, for every mixed strategy F 
for I and eoery « > 0, (here is a pure strategy i{x) such thatt for every Zt 

v(F; z)<t(i(x); z) + e. (2) 

Proof. A mixed strategy F for player i is a choice of N functions pi(x), 

N 

• • •» Pnix), pi{x) > 0, y] pi{x) “ 1 for each x, pi{x) specifying the proba- 

bility he chooser i with a given x. Then v{F; «) — 53 i; z) 

pi{x)dx. Divide the interval 0 < X < 1 into disjunct subintervals /i, 
m{Ij) < 6, where 6 is chosen so that each continuous piece of each 
yv(xt i, z) varies by less than € over any interval of length 6. Now divide 
If into N intervals Ijsso that 

mihk) = J'iiPk{x)dx. (3) 

Then the pure strategy i{x) ^ on /«, j = 1, .. .,n,k = 1, .. .,N\s the 
required approximation to F. For 

n N 

D = v{F; z) - v(i{x); s) = E Z (4) 

kml 

where 

D,h *• J'lf k; z)pt(x)dx — fitt Wix, k; z)dx. 

N 

Hence, i-Dt < E £ IA*I 4- 2MNR6, where C contains tliose fs for 

j # C * * 1 

which every w(x, k, z) for the. given 2 is a single piece over I,. The bound 
2MNRi follows from the fact that there are at most NR fa not in C. For 
j * Ct 

^ y'lj Pit(x)dx — Zry* ./'t)kdx\ < (5) 

where U, L are the upper and lower bounds of w{x, k, z) over the interval 
Ij. Then 

iDl ^ E « "*(/,) + 2MNRd < « + 2MNRd. (6) 

J'C 

Since 9 ut arbitrarily small, the proof is complete. 

S. The SoluHon of a One^Draw Poker Gam .—^In this section we present 
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the solution to the one-draw poker game with no raises and two bets of 
magnitude si, Sa, S 2 > Zi> Zo, a constant specified below, the size of the ante 
being one. Complete details and discussion of the general case involving 
raises and a wider selection of wagers will be presented subsequently. 

The solution shows that i>’s strategy is unique and involves no bluffing, 
in the sense that he never calls with a weak hand, while B's strateg>" is semi- 
determinate and involves one type of bluffing, betting high in low hands 
but not the otlier type, betting low on high hands. 

strategy is shown diagramrnatically by the following decomposition 
of the X interval [0, 1]. 


Low and High 


where 

ai I - Cl ( 2 ) 

(where we have set Ci » 2/2 + Zu = 2/2 + Zz). 

B bets high if as < rc < 1, low if oi < x < and if 0 < < ai must bet 

high H on a set of measure (1 ~ C 2 )ciC 2 / 2 , low on a set L of measure 
(1 — Cl) (ci — ciC2/2)t and fold on the remaining part of [0, ai]. The sets 
H and L arc of fixed measure, but their location is arbitrary within [0, ai]. 
D's strategy is exhibited by 


0 bi bz High 1 . 

where bi ai, 6? =« 1 — C 2 * D folds if 0 < y < bu sees a low bet if y > 
and a high bet if y > From this it is clear why the exact location of the 
sets on which B bets high or low when he has a card in the interval [0, ai] 
is of no importance. The value of the game is 

V ^ - {1 - Ci)2 + Cic*(ci - Cs), (4) 

which is always negative for 0 < c* < ci < co, where co is the smallest root of 

- 8c® + 16c - 8 * 0. (5) 


Co ^ 0*76. The constant to mentioned above is 2 


(^) 


<=>i0.62. Thus, 


we see the character of the solution changes at the point where the game 
becomes fair to B. We have not as yet investigated the game in the 
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case 2i < to, since the most interesting case is ts > > 1 (the amount of 

the ante). 

* The results contained in this paper were obtained in the course of research conducted 
for The Rand Corjjoration, Santa Monica, California. 

1 Borel, E., and collaborators, Traite du Calcul des Probahilites el de srs Applicntions^ 
Voh IV, 2, Chapter V. Paris, 1938. 

* von Neumann, J., and Morgenstern, O., The Theory of Games and Economic Behavior, 
Chapter 19, Princeton University Pres.?, Princeton, 1947. 


ON FLUCTUATIONS IN COIN^TOSSING^ 

By Kai Lai Chung and W. Feller 

Cornell University, Ithaca, New York 
Communicated by J. von Neumann, August 4, 1949 

In the classical cfiin-tossing game we have a sequence of independent 
random variables A%, v - 1,2, ... each taking the values * 1 with prob¬ 
ability 1/2. We are interested in the signs of the partial sums * 
*1 

23 X,. To eliminate the zeros of S„ we make the following convention: 

r - 1 

Sn is positive" if Sn > 0 or if — 0 but Sn^i > 0; otherwise S„ is “nega¬ 
tive." The elegance of tlic results to be announced depends on this 
convention. Let Nn denote the number of “positive” terras among 
..., 5„. We shall confine ourselves to an even n, noting only that 0 < 
Nn+i ^ Nn < 1. In the following r and m arc positive integers and 
P(5 |j 4) is the conditional probability of B under the hypothesis A. 

Theorem L 



Theorem 2A. 

P{N,n » 2ri5i, - 0) « 

W "T" 4 


Tbboiibm2. 

P{Ntn 2r|Si, « 2m) 


i: L-„)(TT) 


i(n ^ i + 1) ’ 
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From these theorems it is easy to derive the following limiting forms 

n 

htn P{Nn < an) =» - arc sin 0 < a < 1 (a) 

(with the corresponding density «■“*(« ~ and 

lim P{Nn < aM|5, » \n'') - 

X _ „,xv<. (^*(« - 1) + cty)y-''' dy (b) 

for 0 < a < 1 and for every fixed X such that \n^' is a possible value of 5#. 
As X 0 the last integral tends to a and for X =« 0 we get in the limit the 
uniform distribution as suggested by Theorem 2A. 

The limiting form (a) of Theorem 1 is contained in a result of Erdds 
and Kac,^ An analog to Theorem 1 for continuous random variables 
was proved by E. S. Andersen;® however, his result does not hold for 
arbitrary discrete variables, and Theorem 1 is not contained in Andersen^s 
result. 

The most surprising information is contained in Theorem 2A. To see 
this, note that the distribution of Theorem 1 departs radically from the 
familiar bell-shaped pattern. The limiting probability density curve 
resulting from Theorem 1 is U-shaped with the mean at the minimum. 
More precisely, while lim E{Nu/^^) ** i this is the least probable 

*t 06 

value of Nin/2n. This means that although the game is a symmetrical 
one (hence “fair'’) it is nevertheless more Ukely that one party “leads" 
in an overwhelmingly large proportion of the time than that each party 
leads about half of the time. In Theorem 2A it is plausible that the 
knowledge that vanishes should reduce the probability of extreme 
values of It is noteworthy that this is true to the extent of a uniform 
distribution: at a moment when there is a tie all possible guesses about 
the fraction of time during which one partly has been leading are equally 
probable. This result contrasts not only with Theorem 1 but even more 
with a result of Paul L^vy® (Corollary 2, pp, 303-304). According to L^vy, 
if the condition S^n » 0 is replaced by the hypothesis that at the 2nth 
trial Stn vanishes for the kth time, the limiting distribution as A ■“> <» of 
Theorem 2A is again the arc sin law (a) and no longer (i). 

These results should serve as a warning to statisticians who might 
assume that fluctuation phenomena always follow the bell-shaped pattern 
and who would easily discover secular trends. If a coin is toss^ once 
a second for a total of 305 days, the probability that one of the players 
will lead for more than 364 days and 10 hours is about 0.051 However, 
if it is known that the game concluded at a moment where neither player 
had a gain or loss, then the probability of such an extendled lead is less tWn 
0 . 0002 . 
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Proof of Theorem 1. Let 

ptr(2n) =» P{N 2 n =« 2f) for « > 0 
/>o0^) ” L Pr(0) =0 forr > 0. 

/ 2 ft = P{Si 0 for 1 < / < 2*; Sn ^ 0) for * < 1; /o ^ 0 

m = E = 1 - (1 - 

0 

Unless r == 0 or r = n, there is a smallest k such that 1 < ^ < n and 52* 0. 

All 5; with \ < j < 2ky are either all positive or all negative. These con¬ 
siderations lead to the recurrence relation 


p2f{2n) 


ly H f 2 kpir^n{ 2 n - 2k) + i fupir{2n - 2k), 


(I) 


For r « n we must add the probability that 52* > 0 for I < ^ < 2w, which 
is equal to 


1 

2 


k 


X) /** ■” 


* H 4- 1 



( 2 ) 


For r = 0 we must add the same quantity which now represents the 
probability that 52* < 0 for i < 2n. 

Introducing the generating function 





ptr{2n)s^\ 


we obtain from formula (1) 

g2«(A’) « g ^fugtn^ikis) + —~2^* 

(3) 


We now introduce the double generating function 


Gm - E gu{S)PK 

i « 0 

Then from formula (3), 

G.U) - + G.{t)ni)\ + gld - + (1 - (4) 

where F{t) ■» 1 — (I — as implied by formula (2). Solving for 
G,(<) we get 

ri,\ d - + d 1 

’ d - 0’^’+ d - (1 - iY'V - st)^' ■ 
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The coefficient of is piri^n) and is that given in Theorem 1, 

Proof of Theorem 2. We use the same notations as in the preceding 
proof except that now 

pir{2n) « P(iNu *= 2r; « 2m), 

The formula (1) remains valid except that for r «= » we must now add 

W, = P(5*> 0for0< ^< «; 5,„ * 2m) - ~ ^ 

by a well-known formida (see reference 4, p. 153). For r == 0, formula (1) 
is valid as it stands with both sides vanishing. Using the generating 
function 

rxu ^ V' 2 n fl - (1 - 

n m L ^ J 

we obtain, instead of fonnula (4), 

G,{t) = ^MG.it)Fist) + G.{t)F(t)\ + ir(i0. 

Hence 


Gsit) 


2fF(s«) 


(1 - <*) ''* + (1 - sV) 


Vi 


2Pr(«/) 


(1 -- - (1 -- 


t\l - s^) 


(5) 


For m 0, W^(5) ss 1. The coefficient of s^P^(r < n) in the right-hand 
side of formula (5) is tliat of in 

- 2(1 - py^\l - 


Thus it is the same for all r, 0 < r < n. This means that pir(2n)t and 
consequently also P{N%n « 2r|58„ « 0), is the same for all r, 0 < r < n, 
1 

Hence it is equal to — Theorem 2A is proved, 
n + 1 

If w > 0, tlie same coefficient is easily seen to be 



Wit, 


This is equivalent to the formula given in Theorem 2. 


* This paper t$ connected with work under an ONB. contract for research iu proba¬ 
bility theory at Cornell University. 

1 Erdbs, P,» and Kac, M., "On the Number of Positive Sums of Independent Random 
Variables," BulL Am. Math Soc„ 53> 1011-'1020 (1947). 

* Andersen, E. S., "On the Number of Positive ^ms of Random Variables," 
Akiucrielid, 1950, to appear. 

* L^vy* P., "Sur certains processus stochastiques homogftnes," CompasUio Math,, 7, 
283-339 (1939). 

* Uspensky, V., lnUroductim to Maikmedkal ProhahUUy, McGraw-Hill, New York, 
1937. 
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A GENERALIZAriON OF THE SCHWARZ^CHRISTOFFEL 
TRANSFORMA TION* 

By D. Gilbarg 
Indiana University 

Commumcated by T. Y. Thomas, August 30, 1949 

The classical Schwarz-Christoffel transforiimtion provides a formula for 
the conformal mapping of the half-plane onto a plane polygon. A generali¬ 
zation enlarging the class of image domains to include many-sheeted plane 
polygons with interior winding points was known already to at least 
Schwarz and Schlafli.^ This note is concerned with a further simple ex¬ 
tension of the formula which delivers a useful class of mappings defined by 
multiple-valued functions. These mappings have been applied elsewhere 
by the author to certain hydrodynaraical problems.® 

Let w(z) be a multi pie-valued analytic function defined on the half- 
plane, Im z > 0. It is assumed that any regular function element of w{z) 
can be continued along arbitrary paths to all but a finite number of points. 
It will be convenient in what follows to consider the image of a single¬ 
valued branch of w{z) obtained by making a suitable cut or cuts in the half¬ 
plane which connect all the branch points of w{z) with the boundary. If, on 
the image Riemann surface thus defined over the ty-plane, the images of 
opposite points on the two edges of the cut are identified, we obtain an 
id^ Riemann surface or Riemannian manifold in the sense of Koebe.* 
(The image of a branch point, if it exists, is included as interior point of the 
surface.) This domain is a single-valued image of the half-plane under the 
mapping defined by (a branch of) w{z). In the following we consider the 
conformal mapping of the half-plane onto certain Riemannian manifolds 
with polygonal boundaries. We have first, 

Theorem 1, Let w{z) be a possibly multiple-valued analytic f unction de¬ 
fined on the half-plane, Imz > 0 . Let the function elements for w{z) be such 
that in the neighborhood of any point z ^ a, 

w'(z) “ (z-ay P(z-a), P(0) 9 ^ 0 , (1) 

where P{z--a) is regular at z — a, and a is non-zero for at most a finite number 
of points, z » Lei w(3) map the half-plane onto a Riemannian manifold 
M with a closed polygonal boundary having interior angles vertices which 

are images by w{z) of the points z » 6*(6jb real ). Then w{z) is of the form, 

w(js) - A f | 1 I [(2 - (* - 5,)"^ n (« - dt + B, (2) 

i * 

vAme A and B are complex constants. 

Proof : The proof follows basically that of the dasmcal Sdiwarz-Christof- 
fcl forimila. We observe first that any two ftindion elements for w{z) over 
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the same point are linearly related, by virtue of a standard argument based 
on equation (1). Therefore the image of the real axis under the mapping 
determined by any branch of w{z) is polygonal, the vertices being images of 
the points z - and the magnitude of the corresponding angles. 
Hence w{z) (whatever the branch) caji be continued analytically into the 
lower half plane by reflection across the real axis. On the real axis ta(z) 
satisfies equation (1), the exponent a being equal to at s 6* since 
the straight angle at h maps into an angle of magnitude a is zero else¬ 
where on the real axis. Consider now the function By virtue of 

equation (1) and the foregoing, this function must be regular in the finite 
plane except for simple poles of residue at s — a,, hk, re¬ 

spectively. At the point at infinity, which is mapped by w(j5) into a bound¬ 
ary point, w^lw' must be regular and also vanishes. It follows that w^lw^ 
is single-valued in the full 0-plane, and regular except for the above-men¬ 
tioned simple poles. We therefore have, 

Gti . dci . iSft - 1 

-OK - -- --V- 

w' z aj z ^ Qi z -- bjt 

from which equation (2) is obtained by integration. 

If the exponent a in equation (1) is zero for all interior points, then 
equation (2) reduces to the classical Schwarz-Christoffel formula. Under 
certain circumstances, for example, if all the non-zero exponents a, are 
positive integers, the (single-valued) mapping in equation (2) sends the 
half-plane into a many-sheeted Riemann surface with polygonal boundary, 
the images of the being winding points of the surface. 

The most general algebraic and logarithmic singularities are obviously 
not included in equation (1), and whether a generalization of equation (2) 
can be obtained for functions having such singularities is an open ques¬ 
tion. 

Any Riemannian manifold M which is image of the half-plane under the 
mapping, equation (2), evidently has a polygonal boundary, is simply con¬ 
nected and contains a finite number of algebraic winding points. In addi¬ 
tion, tlte coordinating transformations (Koebe: Bezugstransfonmtion) 
which identify arcs on M are linear. For, it follows from equation (2) that 
if C is any arc in the s-plane containing no branch points of w(a;) in its in¬ 
terior, and C'^, two arcs in the u^plane which are images of oppewfite 
edges of C, then a linear transformation of the Ttf-plane transforms into 
The vertices of the coordinating transformations (namdy, the images 
of the branch points), are finite in number, 1 

Converselyi let Af be a Riemannian manifold with the above properties. 
Then by the principal theorems on the cotdatxnsd mapptUg of Rkmanniaii 
manifoMs,* there is a function w a 1^1 mapffing cl 

the open haif^plaue^ any pair of oo^dinated arcs on K mapping 
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same arc in the s-plane. Hie latter arcs, considered as cuts in the s-ptane, 
define the branch of the inverse function w{z) having^ M as image. Let 
m-(s) be function elements for w(r) on opposite sides of an arc C of 
such a cut, assuming for convenience that C contains no branch points of 
w{z). Consider the analytic continuations of w+(s) and w-.(«) across C; 
(that such continuation is always possible follows from the definition of 
Riemannian manifold). Tlien, since wh-(s) and are linearly related 
on C, this relation holds in a full neighborhood of C. It follows that the 
functions and are identical in this neighborhood, and, 

by a simple consideration, that w^/w' is single-valued in the entire half 
plane. Hence, by using the Laurent expansion for the function ele¬ 

ments for w(z) are seen to satisfy at any point a. 

w'(z) » (s—a)“ a) exp Q{l/z—a), 

where P(z-“a), Q(l/z—a) are, respectively, power series in s—a and 
l/(s—a). However, the exponent Q{l/z^a) must be constant, for other¬ 
wise, lim w(z) would not exist and define an interior point of A/, as re- 

i —♦ d 

quired. Thus, the function elements of w{z) satisfy equation (1); and 
since the number of winding points and vertices (of coordinations) on M is 
by assumption finite, the conditions on w{z) for theorem 1 apply. There¬ 
fore, we have, 

Theorem 2. Let M be a simply connected Riemannian manifold over the 
w-plane with polygonal boundary. Let the coordinating transformations on M 
be linear^ the number of veriius of the transformations being finite. All other 
points on M are to be regular except for a finite number of algebraic winding 
paints. Then there is a function wiz) which maps the half-plane, Im z > 0, 
onto M, where w{z) is of the form, 

wiz) - ^ {n{(s - iz - n(« - w^-'t dz + B. 

j k 

In this expression, ^*3r are the interior angles of the polygonal boundary of M, 
and A , B, a/, 6*, a/, are constants, with Im a, > 0 , bjt 

The actual determination of the constants in equation (2) is a matter of 
great practical difficulty, as it is for the classical Schwar«-Christoffel 
formula. The preceding theorem establishes only the existence of appro¬ 
priate constants so that a branch of the function defined by equatiem (2) 
the desired mappiug^ Since a transformation of the half-plane into 
itself preserves the mapping, three of the constants 6* may be preassigned, 
or one at/ and 5*. 

JPre^wtmi under Navy Contract No. Ndonr-lSO, Task Order 5, with Indiana Uni¬ 
versity. 

VSchwar3^,H. Jtfo#iit.445A,lL77(^ ^hmi,L,J.reima»gew. Math.,7$s 
fiMO 0874). 
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* Gilbarg, D., and Serrin, J*. Free Boundaries and Jets in the Theory of Cavitation^ 
forthcoming publication, 

* Koebe, P.. "Allgemeine Theorie der Riemannschen Mannigfaltigkciten/* Acta 
Math., 50, 27-157 (1927). See also Courant, R., DirkhleVs Principle, Interscience (to 
be published); this uses the terminology Rtetwann dowoin. 


ON SOME GENERALIZATIONS OF THE CAUCHY^FRULLANI 

INTEGRAL* 

By a. M. Ostrowski 

University of Basle, SwiTZERLAm); U. S. National Bureau of Standards; and 
University of California at Los Angeles 

Communicated by E. U. Condon, July 28, 1949 

1. A beautiful result attributed often to Frullani is contained in the 
general formula 

[‘ M .j r . Ml .dt = (/(a.) -/(o)) log Ua,b> 0). (1) 

4/0 / 0 

where /(O) lim/(^),/(oo) ss lim/(^) and S{x) is assumed L-integrable 

over any interval 0<.4<x<B< 

2. Suppose that the integral 

p&d, m 

exists for any -4 > 0. Then the above formula can be replaced by 

j-VjsS^m *./(.) ? (., t, > 0 ) ( 3 ) 

if /( 00 ) s lim f{x) exists. It can be expected that this fonnnla remains 

valid if /(«>) is replaced by appropriate mean values^ 

Suppose, for instance, that/(3i:) is periodic with period p and the integral 

1 

(2) exists for any ,4 >0. Then /(<») can be replaced j / f{x)dx 
and we get the following very useful formula 

3. Thus we obtain from 


( 4 ) 
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^ |tan x^dx 


(0 < a < 1), 


cos 


the formula 


f (jtaii a;cj“ “ |tan bx^) — = — ^ — log? (0 < a < 1; a, 6 > 0)» 

4/0 CKTT ^ 

cosy 

(5) 

Similarly, it follows from 

^ log [cos x\dx — TT log Va 


that 


/: 


, cosax (lx , , , , « / i -S. ,t,\ 

log-- = log V» log ~{a,b> 0). (6) 

cos bx X b 


4. The condition of the periodicity of f{t) can be replaced by an essen¬ 
tially more general one, that of the existence of the mean value 


Mif) « lim 


1 r 

itn ~ I 

-►o® X^Q 


At)dt 


(7) 


and we obtain the following general theorem: 

If the integral {2) exists for any A > 0 and the mean value (7) exists, we 
have for all positive a and b 


i: 


iu - 


m 


5. To prove (8) we use the fact that 


F(x) 


U 


f{t)dl (x > 0) 


is continuous for all a: > 0 and tends to J|/(/) as x —♦ <*>. We have on 
integrating by parts 

rmL,fFiaA)-Fi,bA)^ 

JtA I 

" ^dt>- FiaA) - F{bA) + F(t) log 

bA * 


r 

JhA 


f 


dt 


where M < f <aA. It follows 

lim M(f) logt 

A-*»JbA t b 
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On the other hand we have 


rm,, - rfM,, . rma^ _ nM,, = 

Jo t Jo t Jo ^ Jo ^ 

Jo t 

and our theorem is proved. 

6. The assumption of the existence of (2) can be decomposed into two 
parts: (1) /(O is L-integrable over any interval 0 < c < / < ^ < «>; (2) 


/(O: 


is L-integrable over any interval 0 < ^ < €. The second part can be 


replaced by the assumption that; 


lim f 

*\f0 J • 


m 


di exists or by the hypothesis 


that /(O) «« Um/(/) exists and has the value 0. Both hypotheses are 

only special cases of a more general one which is obtained from the as¬ 
sumption about the behavior of /(/) at / oo by the transformation 

- . We come thus to the assumption 


t 


(€ i 0). 


More generally if we assume that together with (7) 
m{f) 

exists, we have 


• 10 J* 


i: 




t 


di = iM(f) - m(J)) log'- 


(9) 


( 10 ) 


7, The result obtained in (10) is in a certain sense the best result obtain¬ 
able. It can be shown that if the integral at the left in (10) exists for some 

pairs of positive values a, b such that ^ runs through a set of positive 

measure, then both limits M{f), mif) exist and we have (10). However, 
the proof of this result is difficult and will be given in another publication. 

Since finding the formula (10) I have discovered that tlie problem of 
convergence oi the integral at the left in (10) has already been investigated 
and solved by K, S. K. Iyengar.’ The necessary and sufficient conditions 
given by Iyengar consist in the existence of the four following limits: 
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lim f Hmi f f{t)df.. (12) 

x\0 Jx x\OXjo 

It can be directly proved that both conditions (11) are equivalent to 
the existence of M(f). Similarly, both conditions (12) are equivalent to 
the existence of m(/). Iyengar’s proof of his theorem and the simplified 
proof of it given by Agnew^ are, however, still difficult since in both proofs 
certain theorems about non-uniform convergence are used which, although 
usually proved only in the case of convergent sequences, have to be used in 
the case of continuous approocimation. Our proof of the necessity of the 
existence of Mif) and m{f) makes use of the theorem of Osgood, but exactly 
in the form proved by Osgood, that is for the case of sequences of functions. 

8. Formula (1) can be considerably generalized by replacing al and bl 
by functions of t which to a certain extent are arbitrary. In this way 
we obtain a *‘three-function formula” giving the value of definite integrals 
containing three “arbitrary” functions. 

This general formula cannot be directly reduced to (I) by substituting 
a new variable of integration. However, the interval of integration and the 
range of values of two of the functions can be reduced by such a trans¬ 
formation to the interval (0, <»). We obtain thus the canonical form of 
our formula 





log 



- tw (vgCv)) log 


f 

V>/»-0 


(13) 


The functions and ^(x) are supposed in (13) to be positive and 
absolutely continuous for 0 < x < «> and to tend to 0 with x | 0 and to 
to with X —» «. We assume further that with x i 0 and x —► <» the 

limits of ~~ exist and are positive. The function g(x) is assumed to be 

Hx) 

integrable over any closed interval of the positive x-axis atid such that 
M(xg(,x)) and m{xg{x)) exist. 

9. Three special cases of (13) have been previously given. In 1823 
Cauchy* gave the formula 



tfx 

1 - VP/ 


/(I) log 

4'{l) 


(14) 


Here/(x) is continuous in the closed interval < 0, 1 >; tp and ^ are differ¬ 
entiable in <0, 1 > with jwsitive derivatives and. it is assumed that 
^(0) ^(0) “ 0, ^(1) “ \/'(l) *= 1. In 1841 Cauchy* published another 

formula 
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In this formula ^ and ^ are positive in (0, <») and have continuous deriva¬ 
tives which are positive at 0. Further we assume that v?(0) » ^(0) »= 0 
and that as a: <p{x) and tend to <», About/(«) Cauchy assumes 

continuity for all > 0, However, about the behavior of f{x) for jc —^ oo 
Cauchy erroneously gives the condition f{x) 0. This condition is not 
sufficient for the validity of the above formula but Cauchy's argument 

remains valid if 

Finally, 1891, M. Lerch* gave the formula 

b 

igix) - <p'gi<pix)))dx = 

{(x - a)g(x))^^a log tp'(a) - ((x - log »j'(6 ) (16) 



the existence of 


f 


VM 


dx is assumed. 


that is obtained from (13) by obvious specializations and transformations. 

Some of the restilts given in this note have been discovered independently 
by Professor Tricomi of the California Institute of Technology in his work 
on the Bateman manuscript project and are going to be published in the 
Bulletin of the American Mathematical Society, Professor Tricomi dis¬ 
covered our formula (4); further, a case of our formula (8), namely the 
case in which 

'f(x)dx ^ xMif) 

is 0(1)-" while in oiur theorem it is assumed that this difference is o(:r); as 
to the three-function formula, be finds the special case in which ^(a:) has 
finite limits at 0 and <», respectively, and xg(x) is periodic, 

* The preparation of this paper was sponsored (in part) by the Office of Naval Re¬ 
search. 

» This forraula was first published by Cauchy in 1823,* and more completely 1827»* 
with a beautiful proof which is used as standard In all textbooks today. Abmit 1829 
FruUani® published the same formula and mentioned that he had communicated it to 
plana in 1821. However, Frullani’s proof is completdy illusory, 

* Agncw, R. *Ximits of Integrals,** Duke Muik. J,, 9, 10-19 (1942), 

* Cauchy, A„ /. Ecole Fol^ch, (Pam), 12 (1823); Oeuvres compl, (2), 1,335-'339, 

•“ Cauchy, A., Exercises de Matketftatiques, 18^; Oeuvres cofnpt. (2), VII, 157. 

* Cauchy, A., Exercises Analyse, 2 (1841); Oemres compl, (2), Xll, 41dHil7. 

»Fruflani, G., '*Sopra OH Integrali Definitl (Ricevuta adl 21 Novcmbre (1829)/^ 
Memorie della Sociela lialtana delle Saciense, 20, 448-467 (1828), 

» Lerch, M., “Sur une extension de la formulc de Frullam,” VerhaM* Prager Akad,, 
muih,^phys, Khsselu 123-131 (1891). 

’ Iyengar, K. 8. ;K„ *‘On Fndlanl Integrals,” I. Indian Mol*, Sac. (2), 4i 145-150 
(1940); reprinted in Pw/Ca«»6f»dgtfP5f/.5<Mr,,87i 9r*13 (1941), 
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FIRST AFPROXIMATION OF PRESSURE DISTRIBUTION ON 
CURVED PROFILES AT SUPERSONIC SPEEDS 

}3v T, Y. Thomas 

Department of Mathematics, University of Indiana 
Communicated Septeml>er 14, 194ft 

L Introduction, In a paper^ recently written we considered the 
problem of pressure distribution on curved profiles in a field of uniform 
supersonic gas flow under the assumption that a shock wave originated at 
the vertex of the obstacle. Behind the shock the flow was assumed non- 
isentropic and rotational, although viscosity and thermal conductivity 
were neglected. The pressure p was represented by a function S) 
where denotes the inclination of the stream lines and S the entropy. 
Choosing the arbitrary constant in the entropy function so that 5 - 0 
along the profile the required pressure distribution is given by = 
/>(w, 0) in which w is the inclination at points of the profile. A formal 
solution of the flow problem is obtained which satisfies the boundary and 
shock conditions, provided that the function d((xi) satisfies an ordinary 
differential equation of infinite order. This differential equation appears 
in the form of a power series with coefficients which are functions of the 
inclination w of the profile; moreover the coefficients, after the first, 
involve derivatives of the function When this power series is termi¬ 

nated after the sum of its first n terms, we obtain an equation for the 
«th approximation of pressure on the boundary. 

It is the purpose of this paper* to treat the determination of pressure by 
means of the first approximation which is given by 

1 ) + 1 , ( 1 ) 

Pi T + 1 

whexe the Mach Number of the uniform flow before the (diock, /^ its 
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pressure, and the inclination w of the profile is related to the parameter 
a in (1) by the equation 


tan oj 


2[{hP - 1 ) - 1 ] _ 

t (7 - DM^ + 2] tan* a + [(y + l)Af* + 2] tan a 


( 2 ) 


We tiike the constant y to have the usual value 1,405. T'he pressure given 
by this approximation at a point of the profile at which the inclination is 
is the same as that immediately behind the shock line at the point where w 
gives the inclination of the stream line. 

2. Computations and Graphs. —Consider the profile formed by two cir¬ 
cular arcs of radius r 150 and chord length 60 as shown in figure 1. We 
shall calculate the pressure distribution on the 
upper contour of this profile for various values of 
the angle of attack a when the incident flow 
has Mach Number M = 2.13, This particular 
profile and Mach Number are selected, since 
these have been used by A. Ferri* in connection 
with his pressure determinations at the high¬ 
speed tunnel at Guidonia. Thus we shall be 
in a position to compare our calculated values of pressure with experi¬ 
mental determinations. . 

Table 1 shows the relation between a and w computed in accordance 
with equation (2) for values of a ranging between 10.2667 (for which 
$/pi vanishes) and 6«5, inclusive. By interpolation from this table, we 
can find the value of a corresponding to any point of the profile at which 
w is known and hence by means of (i) we can find the value of the pressure 
ratio 6/pi at this point. At the per cent chord of the profile having the 
value it is easily seen that the value of w is given by 

sin w • 0.2 - 0/250. 



-SO 




nr.uRK 1 


Using this relation, we can find the value of u at the per cent chord 0 
^d hence the values of a and 0/pi as above stated. 

In tabulating his results Perri has referred the values of the pressure 
along the profile to the value of the pressure before the shock, and for 
purposes of comparison we shall adopt the same procedure. Thus, instead 
of the ratio tf/Pi we shalUist the Values of the ratio 

Pl 

At a point of the profile at which the pressure is greater than pt the value 
of P will be positive and the value of P will be negative whenever the 
pressure is less than the pressure in front of the diock. 

The results of thate edoulations ate entered in tidtles 2 to 11. Baeh 
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table corresponds to a different angle of attack a which is given at the top 
of the table. Also the experimental value of the pressure p\ is shown at 

TABLE 1 




e/Px 

P 

a(oBO.) 

w{PI£0.) 

P/pi 

P 

10.2667 

-36.3330 

0.0000 

-l.OOOO 

38 

11.0110 

1.8411 

0.8411 

11 

-34.3208 

0.0246 

-0.9755 

39 

11.9278 

1.9307 

0.9307 

12 

-3M333 

0.0606 

-0.9394 

40 

12.8167 

2.0219 

1.0219 

13 

-28.1875 

0.f>999 

-0.9001 

41 

13.6777 

2.1136 

1,1136 

14 

-26 4600 

0.1417 

-0.86a3 

42 

14.6167 

2.2(H9 

1.2049 

15 

-22.9000 

0,1868 

-0.8132 

43 

16.3167 

2,2970 

1.2970 

16 

-20.6112 

0,2345 

-0.7666 

44 

16,1042 

2.3898 

1,3898 

17 

-18.2612 

0,2848 

-0.7152 

45 

le.srxK) 

2.4821 

1.4821 

18 

-16.16(K) 

0.3379 

-0.6621 

46 

17.5777 

2.5743 

1.5743 

19 

-14.1722 

0.3935 

-0.0066 

47 

18.2722 

2.6671 

1.6671 

20 

-12.2778 

0.4518 

-0.6482 

48 

18.9417 

2.7588 

1.7588 

21 

-10.4833 

0.5128 

-0.4872 

49 

19.5792 

2,8610 

1.8510 

22 

- 8.7888 

0.5753 

-0.4247 

60 

20.1888 

2.9422 

1.9422 

23 

- 7.1612 

0.6405 

-0.3595 

51 

20.7722 

3.0328 

2.(X128 

24 

- 6.608.3 

0.7084 

-0.2916 

52 

21.3167 

3.1230 

2.1230 

26 

- 4.1222 

0.7784 

-0.2210 

53 

21.8333 

3.2125 

2.2125 

26 

- 2.6888 

0.8604 

-0.1496 

54 

22.3167 

3.3010 

2.3010 

27 

- 1.3222 

0.9242 

-0.0768 

56 

22.7626 

3.3890 

2.3890 

28 

- 0.0000 

0.9999 

-O.OOOl 

56 

23.1750 

3,4744 

2.4744 

29 

1.2722 

1.0773 

0.0773 

67 

23.6500 

3.6603 

2.6603 

30 

2.6000 

1.1568 

0.1668 

58 

23.8888 

3,6435 

2.6436 

31 

3.6888 

1.2374 

0.2374 

69 

24.ia33 

3.7267 

2.7267 

32 

4.8388 

1.3201 

0.3201 

60 

24.4376 

3.8073 

2.8073 

33 

6.96<X) 

1.4038 

0.4038 

61 

24.6458 

3.8863 

2.8863 

34 

7,0278 

1.4892 

0.4892 

02 

24.8055 

3.9636 

2.9636 

35 

8,0667 

1.5766 

0.6766 

63 

24.9167 

4.0399 

3.0399 

36 

9.0778 

1.6631 

0.6631 

64 

24.9750 

4.1137 

3.1137 

37 

10.0612 

1.7616 

0.7518 

65 

24.9792 

4.1868 

3,1858 


TABLE 2 




a »■ 0; 

Jh - 52 ,1; g 

166.6 



% CHcmo 



CAt. P 

BXF. P 

CAL. Q 

Kxr. Q 

0.0 

a.5388 

88.6757 

0.8927 

.... 

4.2014 

.... 

4.0 

10.6000 

37.6673 

0.8024 

0.8263 

3.7764 

3,8973 

12.5 

8.6278 

86.5549 

0.6242 

0.6566 

2.9377 

2,6284 

21.6 

6.5445 

39.5516 

0.4509 

0.3839 

2.1221 

1.8127 

SIO 

4.3612. 

31.5847 

0.2858 

0.2399 

1.3461 

1.1329 

40.5 

2.1778 

29 7376 

0.1359 

0,0960 

0.6396 

0,4632 


- o .aer 

27,9117 

-0.0068 

-0.0289 

-0.0320 

-0.1360 

a».o 

- 2.0612 

26.4692 

-0.1167 

-0.1440 

-0.6445 

-0.6798 

■ m.& 

- 4.2445 

24 9177 

--0.^4 

-0.2691 

-1.0702 

-1.8236 

■ 

- 6i5945 

23.3640 

-0.3847 

-0.3651 

-1,6752 

-1.6767 

87.5 

- 8i6722 

22.0716 

-0.4200 

-0.2975 

-1,0767 

-1.4048 


-10.8338 

20.8050 

-0.4991 

-0.8975 

-2.84^ 

-1.4048 
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TABLB 3 

a « “ 2 ; pi « 52 . 2 ; ^ « 166 


% caukD 

w(dbo.) 

a(DBO.) 

CAL. J* 

BXP. P 

CAL. Q 

BXP . 0 

0.0 

13,5388 

40.8387 

1.0988 


6.1714 

• • . » 

4.0 

12.6000 

39.7662 

0.9997 

0,9962 

4.7060 

4.6988 

12,5 

10.6278 

37.5965 

0.8060 

0.7471 

3.7887 

3.5241 

21-5 

8.5446 

35.4726 

0.6170 

0 . 7184 * 

2.9038 

3 . 3886 * 

31.0 

6.3612 

33.3815 

0.4364 

0.4216 

2.0539 

1.9880 

40.6 

4.1778 

31.4252 

0.2726 

0.2874 

1.2830 

1.3654 

50.5 

1.8333 

29.6611 

0.1219 

0.2107 

0.5737 

0.9940 

59.0 

- 0.0612 

27.9537 

- 0.0036 

0.0675 

- 0.0169 

0.2711 

68.6 

- 2.2446 

26.3251 

- 0.1266 

0,0000 

- 0.6911 

0.0000 

78.5 

- 4,5945 

24.6822 

- 0.2438 

- 0.0766 

- 1.1474 

- 0.3614 

87.5 

- 6.6722 

23.3149 

- 0.3381 

- 0.1628 

- 1.6912 

- 0.7681 

97.0 

- 8.8333 

21.9737 

- 0.4266 

- 0.1916 

- 2.0073 

- 0 . 9 a 36 


* The figure in the table of experimental results given by Ferri, from which these 
values are derived* appears to be a misprint. We have therefore not indicated the 
corresponding experimental point on the graph in figure 3. 


TABLE 4 




a + 4 ; 

pi « 52 . 3 ; 

q m 166.6 



% CHORD 

m(dbg,) 

«(obg.) 

CAL. P 

KXP. P 

CAL. Q 

EXP. Q 

0,0 

7.6388 

34.4919 

0.6317 

.... 

2.6024 


4.0 

6.6000 

33.6031 

0.4553 

0.4685 

2.1428 

2.2072 

12.6 

4.6278 

31.8166 

0,3049 

0.2581 

1.4360 

1.2162 

21.5 

2.5445 

30.0374 

0.1698 

0.1052 

0.7621 

0.4956 

31.0 

0.3612 

28.2839 

+ 0.0221 

- 0.0382 

+ 0.1040 

- 0.1802 

40,6 

- 1.8222 

26.6341 

- 0.1028 

- 0.1062 

- 0.4838 

- 0.4956 

50.5 

- 4.1167 

26.0038 

- 0.2213 

- 0.2103 

- 1.0416 

- 0.9910 

59.0 

- 6.0612 

23.7084 

- 0.3114 

- 0.3250 

- 1.4656 

- 1.5316 

68.5 

- 8.2445 

22.3344 

- 0.4029 

- 0.3824 

- 1,8062 

- 1.8018 

78.5 

- 10.5946 

20.9380 

- 0.4910 

- 0.3174 

- 2.3108 

- 1.4955 

87.6 

- 12.6722 

19.7918 

- 0.6603 

- 0.3059 

- 2,6370 

- 1.4414 

97.0 

- 14.8333 

18,6657 

- 0.6251 

- 0.3059 

- 2.9420 

- 1.4414 




TABLE 5 






a — 6 ; 

■* 52 r 3 ; 

q - 166.6 



% CHORD 

w(OBO.) 

a<D«o,) 

CAL. P 

BXF. P 

CAL. 0 

nxp. Q 

0.0 

17.5388 

46.9465 

1,6690 

. » . f 

7.3886 

. . * • 

4.0 

16.6000 

44.3352 

1.4207 

1.4340 

6.6864 

6.7568 

12.6 

14.6278 

42.1389 

1:2177 

1.1090 

6.7310 

5.2252 

21.5 

12.6445 

39.6938 

0.9940 

0/8087 

4.6782 

4.2342 

31.0 

10.3612 

37.3157 

0.7799 

0.7076 

3.6706 

3.3333 

40.5 

8.1778 

35.1099 

0,5652 

0.6545 

2.7542 

2.6126 

60.5 

5.8333 

32.8950 

0/3960 

0.4015 

1.8590 

1.8919 

50.0 

3.9399 

30.2112 

0.1738 

0.2406 

0.8180 

1,1712 

68.5 

1.7566 

29.3936 

0 , X 086 

0.1338 

0 . 5 H 1 

0.6806 

78.6 

- 0.5945 

27,4496 

- 0.0418 

0.0382 

- 0.1967 

0.1802 

87.5 

- 2.6722 

26.0121 

- 0.1487 

-^ 0.0705 

- 0:6998 

- 0.3604 

97.0 

- 4.8333 

u.mi 

-0 2561 

- 0/1912 

^%:2m 

- 0.9009 
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TABLE 0 




a - + 8 ; 

Pi - 62 . 2 ; 

g « 166.5 



% CHORI> 

mCdko.) 

ffCOBO.) 

CAI,, P 

BXF. P 

CAL . 0 

BXI*. Q 

0.0 

3.5388 

30.8738 

0.2272 

* • f - 

1.0093 


4.0 

2.6000 

30.0841 

0.1636 

0.1534 

0.7700 

0.7207 

12.5 

0.6278 

28.4936 

4 - 0.0881 

- 0.0192 

0.1793 

- 0,0901 

21,6 

" 1.4666 

26.9026 

- 0.0830 

- 0.1246 

- 0,3906 

- 0.6866 

31.0 

- 3.6388 

26.3372 

- 0.1973 

- 0.2682 

- 0,9286 

- 1.2013 

40.6 

“ 6.8222 

23.8623 

- 0.3028 

- 0.3448 

- 1.4261 

- 1.6216 

60.6 

- 8,1167 

22.4129 

- 0.3978 

- 0.4023 

- 1.8722 

- 1,8919 

69,0 

- 10.0612 

21.2492 

- 0.4716 

- 0.4698 

- 2.2195 

- 2.1622 

68.6 

- 12.2445 

20.0186 

- 0.5471 

- 0.4406 

- 2.6749 

- 2.0721 

78.6 

- 14.6946 

18.7822 

- 0.6186 

- 0.4023 

- 2.9114 

- 1.8919 

87.6 

- 16.6722 

17.7527 

- 0.6762 

- 0.4023 

- 3.1778 

- 1.8919 

97.0 

- 18.8333 

16.7467 

- 0.7280 

- 0,4023 

- 3 . 426:1 

- 1.8919 


TABX-E 7 




0 - - 10 ; 

pi ^ 62 . 2 ; 

q 166 



% CHORD 

w(dro.) 

a(DKO.) 

CAL. P 

EX1». P 

CAL. Q 

BXP. Q 

0.0 

21.6388 

62,4299 

2.1616 

.... 

10.1729 


4,0 

20 , 60 ( X ) 

50.7048 

1.9810 

1.9349 

9.3234 

9.1218 

12.6 

18.6278 

47.6311 

1.7168 

1.6284 

8.0752 

7.6767 

21.6 

16.6445 

44.5904 

1.4416 

1.3793 

6.7843 

6.5026 

31.0 

14.3612 

41.8147 

1.1880 

1.1494 

5.6912 

5.4189 

40.5 

12.1178 

39.2137 

0.9502 

0.9578 

4.4720 

4.5157 

50.5 

9.8333 

36.7683 

0.7311 

0.7950 

3.4408 

3.7480 

50.0 

7,9388 

34,8760 

0.6650 

0.5747 

2.6591 

2.7094 

68.6 

6.7566 

32.8260 

0.3892 

0.4693 

1.8317 

2.2127 

78.5 

3.4065 

30.7617 

0.2182 

0,3257 

1.0269 

1.5363 

87.6 

1.3278 

29.0453 

0.0811 

0.1916 

0.3817 

0.9031 

97.0 

- 0.8383 

27.6302 

- 0.0281 

0.0479 

- 0.1322 

0.2258 


TABLE 8 




a - 14 ; 

Pi “■ 52 . 2 ; 

a - 166 



% chord 

w(DBO.) 

a(DRQ.) 

CAL. P 

BW . P 

CAL. Q 

BXR. (? 

0.0 

- 2.4612 

26.1666 

- 0.1373 

.... 

0.6462 

.... 

4.0 

- 3.4000 

26.5036 

- 0.1863 

- 0.1149 

- 0.8721 

- 0.5419 

12.6 

- 5.8722 

24.1589 

- 0.2805 

- 0.2586 

- 1.3201 

- 1.2192 

21.5 

- 7.4555 

22.8102 

- 0.3713 

- 0.3448 

- 1.7475 

- 1.6267 

31.0 

- 9.6388 

21.4084 

- 0.4600 

- 0.4406 

- 2.1461 

- 2.0772 

40.5 

- 11.8222 

20.2539 

- 0.5327 

- 0.5172 

- 2.5071 

- 2.4386 

50.5 

- 14.1167 

10.0280 

- 0.6040 

- 0.5747 

- 2.8469 

- 2.7094 

50.0 

- 16.0612 

18.0449 

- 0,6596 

-0 6034 

- 3 ; 1043 

- 2.8449 

08,5 

- 18:2445 

17.0079 

- 0.7148 

- 0.5172 

- 3,3541 

- 2.4385 

7 $ 5 

- 20,5946 

15.9651 

- 0.7170 

- 0.5172 

- 8.3745 

- 2.4386 

87:6 

- 22.6722 

16.0054 

- 0.8086 

- 0.5172 

- 3.8056 

- 2.4385 

07.0 

- 24.8383 

14.2418 

- 0,8474 

- 0.4980 

- 3.9882 

- 2.3482 
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Proc. N. a. S. 


TABLE 0 




a «» 18; 

pt - 52.2; 

a - 166 



% CHORD 

w(DI£0.) 

a<080.^ 

CAL. P 

Bxr. f 

CAL. 0 

ttXR. 0 

0.0 

- 6.4612 

23.4508 

-0.3289 


-1.5479 


4.0 

- 7.4000 

22.8533 

-0.3691 

-G.2490 

-1.7371 

-1.1741 

12.5 

- 9.3722 

21.6657 

-0.4462 

-0.3927 

-2.1000 

-1.8614 

21.5 

-11.4655 

20.4582 

-0.6202 

-0,4789 

-2.4433 

-2.2679 

31.0 

-13.6388 

19.2816 

-0.5901 

-0.5364 

-2.7772 

-2.6238 

40,5 

-15.8222 

18.1667 

-0.6529 

-0.6135 

-3.0728 

-2.8001 

50.6 

-18.1167 

17.0684 

-0.7116 

-0.6826 

-3.3491 

-2.9804 

59.0 

-20.0012 

16.2000 

-0.7554 

-0.5761 

-3.6662 

-2.7034 

68.6 

-22.2446 

15.2744 

-0.8(X)1 

-0.6761 

-3.7666 

-2.7004 

78.6 

-24.5945 

14.3365 

-0.8432 

-0.5560 

-8.9684 

-2.6101 

87.5 

-26.6722 

13.6635 

-0.8770 

-0.5660 

-4.1276 

-2.6191 

97.0 

-28.8333 

12.7808 

-0.9087 

-0.6368 

-4 2767 

-2.5288 


% CHORD 

itf(OBO.) 

d - 20; 
(ir(DRO.) 

TABLE 10 

pi ^ 52.2; 

CAL. P 

9 * 166 
RXP, P 

CAL. 0 

mxR. 0 

0.0 

- 8.4612 

22.2013 

-0.4116 


-1.9372 

• • • t 

4.0 

- 9.4000 

21.6393 

-0.4472 

-0.3834 

-1.8044 

-1.8063 

12.5 

-11.3722 

20.5047 

-0.6174 

-0.4793 

-2.4351 

-2.2679 

21.5 

-13.4665 

19,37a3 

-0.5844 

-0,6751 

-2.7504 

-2.7094 

31.0 

-15,6388 

18.2586 

-0.6477 

-0,6422 

-3.0483 

-3.0256 

40.6 

-17.8222 

17.3068 

-0.6974 

-0.6901 

-3.2822 

-3.2613 

50.6 

-20.1167 

16,1547 

-0.7577 

-0.6422 

-3.5660 

-3.0266 

59.0 

-22.0612 

15.3611 

-0.7966 

-0.5943 

-3.7486 

-2.7997 

68.6 

-24,2445 

14,4727 

-0,8370 

-0.5943 

- 3:9393 

-2,7997 

78.5 

-26,5945 

13.5819 

-0.8758 

-0.6943 

-4.1219 

-2.7997 

87.6 

-28,6722 

12.8356 

-0.9066 

-0,6043 

-4.2668 

-2.7997 

97.0 

-30.8333 

12.1083 

-0:9864 

-0.5943 

-4.4024 

-2.7997 


% CHORD 


a m 

TABLE 11 

pi « 62 . 5 ; 

CAL . P 

q « 166 

Bjcr. F 

CAL . 0 

AHR. 0 

0.0 

- 14,4612 

16.8539 

- 0,6146 


- 2,8926 

■. , . 

4.0 

- 16,4000 

18.3792 

- 0.6410 

- 0.5048 

- 3,0168 

- 2,3933 

12.5 

- 17.8722 

17.4211 

- 0.6928 

- 0,6619 

- 3.2606 

- 2.6643 

21.5 

- 19.4566 

16.4692 

- 0,7419 

- 0.6190 

■* 3.4917 

- 2.9352 

81.0 

- 21.6388 

15 5280 

- 0:7880 

- 0.0667 

- 8.6616 

-3 1610 

40.5 

- 28.8228 

14.6884 

- 0,8296 

- 0 . 7048 , 

* 3,9040 

-83416 

50,5 

- 26.1167 

18.7565 

- 0.8686 

- 0;6671 

- 4.9875 

- 3 :1158 

59.0 

- 28.0612 

13.0461 

- 0.8982 

-0 6881 

- 4.2273 

- 3,0255 

68,6 

- 80.2443 

12.3018 

- 0,9276 

- 0*6881 

- 4,3652 

-3;osaS5 

78,6 

- 32 . 694 S 

11.5416 

- 0^9550 

- 9:6881 

* 4.4988 

- 3.0255 

87,5 

- 34.6722 

10,8961 

-09789 

- 9:6881 

- 4 : 60 n 

- 8:0235 

07.0 

- 86.8333 

10,2716 

- 0^9998 

- 0:6881 

-S4.1I0I68 

- 8.0235 
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the top of each table, as well as the value of the dynamic pressure q defined 

by ff *• 2 where pi is the density and W the magnitude of the velocity 

of the flow in front of the shock. In addition to the calculated values of 
P(CaI. P), we have given the experimental values of this quantity (Exp, P) 
which are obtained directly from the tables of experimental values given 
by Ferri.* We have also given in these tables the calculated and experi¬ 
mental values of the quantity Q (Cal. Q and Exp, Q) defined by 


The experimental values of Q are obtained from the tables given by Ferri 
by use of this relation. It is easily seen that the corresponding calculated 
values of Q are given by the formula 


Cal. Q 


3Q(Cal. P) 
yM* ’ 


The graphs of Exp. Q and Cal. Q are constructed from the data in tables 
2 to 11 and appear in figures 2 to 11. Figure 2 is obtained from table 2, 
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figure 3 from table 3, etc. Full lines with experimental values indicated 
by small circles are used for the graphs of Exp. Q; dotted lines are used 
for the graphs of Cal. Q. In these graphs positive values of Q, which occur 
at points the profile where the pressure is greater than the pressure in 
front of the shock, are measured upward from the heavy line and negative 
values of Q, where the pressure on the profile is less than the pressure 
before thO shock, are measured downward from this line. The lengrii of 
the side of a small square in the vertical direction, along which Q is meas¬ 
ured, represents V> unit ; the length of the side of each large square (side 
lengths of lotor smaU squares) in the horisontal direction, along which 
per cent chord values are measured, represents IQ units. The left end of 
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the heavy line corresponds to the 0% chord and the right end of this line 
to the 100% chord. The ^*8 rather than the jP's or the direct-pressure 
ratios B/p\ are used to permit a more direct comparison between our graphs 
and those given by Ferri, who has employed the quantity Q for the graphical 
representation of his results. 

3, Conclusions .—^The graphs of the Cal. Q show excellent agreement 
with the graphs, ^own in the paper by Ferri, of the calculated values of 
this quantity obtained by the method of flow around a comer.* Hence it 
appears that the method of pressure calculation based on the theory of flow 
around a corner can be replaced^ for practical purposes ^ by the simple formula 

(i)- 

At certain points of the profile where the pressure is less than the pressure 
px and the flow is expanding, a shock wave originates which causes a sudden 
increase in the pressure as shown on the graphs. Since this method of 
pressure determination makes no provision for the occurrence of such 
shocks, there results a considerable deviation between the calculated and 
experimental values of Q. Moreover, at certain points of the profile 
preceding these shocks differences between the calculated and experimental 
values of Q occur which appear too large to be attributed to experimental 
error. These differences can be accounted for in part by the presence of 
viscosity, attended by separation of flow from the boundary, which has 
been neglected in the theory, and in part by the obvious fact that the first 
approximation formula (1) cannot be expected to yield results of complete 
accuracy. 

A determination of pressure distribution on curved profiles by the 
second approximation formula is now indicated. This involves the solu¬ 
tion of an ordinary differential equation of the first order for the determi¬ 
nation of the pressure function A high-speed calculating machine 

is deemed advisable for the solution of this equation. If arrangements 
can be made for the use of such a machine the results on pressure dis¬ 
tribution obtained will be presented in a later communication. 

^ ''The Petenuinatioa of Pressure ou Curved Bodies Behind Shocks/* to appear ui 
Communicatiens on AppHtd Mathematics, New York Univ. Inst, for Math, and Mech. 

* Prepared under Navy Contract NSonr^lSO, Task Order No. 5, with Indiana Uni¬ 
versity. 

* Karri, A*, Atcuni RisuUaU sperimntaU riptardanH profili atari prmUi alia gftUeria 
uUrasonora Si GuUmia* Atti di Outdonia, No. 17, 1939, pp. 337-372, Translated as 
N.A.C.A., Technical Memorandum No. 946. 

* Sec Coorant, H., and Friedrichs, I. O., Supersonic Hm and Shock Wtms, Inter¬ 
science PubUabers, New York, 1948, Chap. IVB, for a feneral discussion of die probkia 
cd flow around a comer. Specific procedures for pressure determinarion based on the 
method of flow around a comer have been given by Bdmooson, Mumaghan and Snow, 
the Johns Hopkins University, Applied Physics Laboratory, Bumblebee Beport, No. 96. 
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A GENIC SERIES CONTROLLING CHWROPLAST PIGMENTS^ 
PRODUCTION IN DIPLOID ZEA MA YS L* 

By Herbert L. Everett 

Dbpaktmknt op Genetics, Connecticut Agricultural Experiment Station, 
New Haven, Connecticut 

Communicated by D. F. Jones, Scpletiiber 16, 1949 

Introduction. —Inheritance of chlorophyll deficiencies controlled by 
single genes in Zea mays has been widely reported. Review articles by 
de Haan (1933)’^ and Eyster (1934)* describe many such cases of mono¬ 
factorial control of plant pigment formation. Several studies have 
demonstrated the interaction of two or more genes in causing chloroplast 
pigment deficiencies. Lindstrom (1921)* described the interaction of two 
recessive factors termed LLll and Ww^ showing this type of inheritance: 


Gentotype 

LLw 

avVznd LLW 
Uw 


Phenotype 
Virescent—white 
Green—normal 
Yellow 


Bach (1920),^ Rasmusson (1920)^ and Stroman (1924)® have also reported 
the existence of interacting genes which may be considered duplicate or 
supplementary in action. In more modern terms these would be termed 
suppressor gene mutants characterized by 15:1 ratios in segregating 
progenies. Demerec (1923, 1924, 1925, 1926)’^“^® carried out the most 
detailed studies of albino linkage and inheritance in maize that have been 
published to date. Demerec described duplicate and presumably triplicate 
genes for the formation of normal chloroplast pigments. Working with 
maize seed stocks which were segregating white and normal seedlings, 
Demerec demonstrated 15:1 ratio segregations in two stocks and later 
obtained two pedigrees which segregated in 63:1 ratios. The former 
condition indicates that two factors act as duplicate genes producing white 
seedlings in the double recessive only, while in the latter case, possibly 
three duplicate genes are present. 

In an intriguing review of studies on the inheritance of chlorophyll, 
Demerec (1935)^^ suggested that qualitative differences as well as quanti¬ 
tative differences may occur in the various plant pigments. Such quali¬ 
tative differences, it was suggested, might account for the variations in 
color which the maize breeder encounters as an everyday experience in 
observations of normal nurseries of com inhreds (or families). 

Recently, several studies concerning the inheritance of plastid pigments 
in Zea mays have attacked the problem of ‘‘physiological** or, more correctly, 
multigenic control of pigment formation. Elaborating upon the earlier 
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investigations of Emerson (1929),** Sprague and Shive (1929)^* and Jenkins 
(1929),*^ Sprague and Curtis (1933)*^ studied the chlorophyll content as an 
index of the productive capacity of selfed lines of corn and their hybrids. 
Sprague and Curtis concluded that “mean values for chlorophyll con* 
centration and total chlorophyll of selfed lines are reasonably reliable 
indices of the total yield that will be produced by their hybrids." This 
work, while highly suggestive, has not been entirely confirmed by the more 
recent studies of Miller and Johnson (1938).*^^ Their research utilized 
larger groups of material selected from the Minnesota Corn Improvement 
Program. After pigment extraction and spectrophotometric determi¬ 
nations, evidence was obtained that a highly significant positive correlation 
existed between the total chlorophyll and total carotinoids in the parental 
inbred lines and in their Fi crosses. However, no significant correlation 
could be established between the total chlorophyll concentration in the 
leaf tissue and the grain yield of these hybrids. Further work by Miller 
and Johnson (1939, 1940)*^’ has shown that there is no correlation 
between the concentration of carotinoid pigments in seed endosperm of 
an inbred and that in the leaf tissue of the same inbred. Moreover, 
maternal inheritance was shown to be insignificant when reciprocal crosses 
of both high and low chlorophyll inbred lines were measured for chlorophyll 
content. Apparently, the male and female parents contributed equally 
to the Fi crosses in respect to chlorophyll concentration. Hence, genotype 
in these studies determines phenotype without significant cytoplasmic or 
plastid influence. 

Experimental Materials .—problem of chlorophyll inher tance in¬ 
volves an understanding of the chloroplast pigments, their genic control 
and their correlation to plant production. Six Zea mays inbreds of varying 
phenotypic chlorophyll appearance were chosen: Dark (inbreds designated 
ClOfi and Tl), Medium (A 158 and C.L 4-8) and Light (PF23 and 05420). 
Chloroplast pigments were extracted and measured from seedlings of both 
the sdected inbreds and Fi generation seedlings of these inbreds crossed 
with a tester stock. This tester stock contributed both a pleiotropic gene 
and a suppressor gene mutation to the Fi chlorophyll test crosses. Since 
an understanding of these genic types as well as the duplicate gene type 
is necessary for a clear comprehension of the results and discussion to be 
presented, the following deWtions are given (after Knight, 1948)*®: 

Pleiatropism: The controlling of more than one character by a single 
gene. (This may also be termed Genuine Pleiotropism.) 

Suppress Muiatim: A sudden change occurring at a particular chromo¬ 
somal locus sudi that a gene is formed capable of nullifying the effect of a 
particttlar major gene. 

DupUaUiG^: Identical genes but situated at different loci and showing 
no cumulative effect. 
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Polymeric Genes: Non-allelic ji^enes governing the same character and 
having a similar effect on it. 

Extraction of the plant pigments followed the analytical methods and 
utilized the constants for calculating total amounts of pigment presented 
by Griffith and Jeffrey (1944).^ However, use of Skellysolve-B, a purified 
petroleum ether, as the solvent for all plant pigments extracted was found 
to expedite the entire procedure and thus reduce the time involved, and 
permit a larger number of samples to be run. 

Since the absorption maxima obtained from Beckman spectrophotometric 
determinations of pigment extracts tended to be the same or very similar 
to those utilized by Griffith and Jeffrey, and since reproducibility of results 
was good, it was felt that quantitative calculations based on their formulae 
probably give a fair approximation of the pigment amounts present in the 
original seedlings. 

Data from field plantings to be presented in conjunction with the plant 
pigment extractions and the segregation ratio counts (from seedlings grown 
under conditions of constant light and temperature) were based on Latin 
squares prepared by Fisher and Yates (1938).®^ 

Experimental Results ,—Table 1 presents the data from extracts of the 
six field corn inbreds while table 2 shows data from extracts of these six 
inbreds crossed by the tester stock. This tester was chosen because the 
line carries a pleiotropic gene that causes a kernel endopserm color change, 
wherein the germinated light kernel type yields a chlorophyll deficient 
seedling, while the dark kernels germinate to give perfectly normal plants. 


TABLE i* 



USUAL 

CMLOK. a, 

CULOX. b, 

TOTAl. 

caLox., 

mo./q, 

% rt 

TOTAL 

CAXOTBNB, 

XAN., 

K./O. 

IMBMBD 

rHBNOTVPB 

KO./O. 

MO./O. 

CHLOS. 

MO./O. 

05420 

Light 

0,764 

0.566 

1.320 

57.9 

0.068 

0.032 

vm 

Light 

0.613 

0.138 

0.761 

81.6 

0.040 

0.026 

4158 

Medium 

0.609 

0.102 

0.801 

87.3 

0.057 

0.026 

CL 4-8 

Medium 

0.688 

0.262 

0.960 

72.4 

0.047 

0.023 

n 

Lark 

0.768 

0.303 

1.071 

71.7 

0.070 

0.027 

C 106 

Bark 

0.762 

0.466 

1.218 

62.6 

0.066 

0.030 


• Average of duplicate samples—based on fresh weight. 


A second gene which tends to overcome the chlorophyll suppression 
action of the pleiotropic gene is also present in the tester stock. These 
genes act independently of each other. Hence, the suppressor gene 
mutant segregates within the progeny of the light kernels and because it 
is incompletely dominant, thi^ chlorophyll color classes are detectable 
in these plants. The classes are designated as albino (white), light*green 
(ydlow-green) and pseudo*normal (practically a normal green). The 
suppressor gene does not affect the endosperm color variation brought about 
through the action of the pleiotropic gene nor does it overcome the lethal 
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effect of the pleiotropic gene for after a few weeks the pseudo-normal 
seedlings take on a watery appearance and quickly die off. 

The segregating progenies of the original inbred color lines crossed 
by the tester stock and subsequently selfed, showed that the light and 
medium inbreds (PF23, 05420, ^4158, CJ. 4~8) contained normal alleles 
of the pleiotropic gene and recessive alleles of the suppressor gene mutant 
in the homozygous state. However, the dark inbreds (n and C106) 
were shown to have both the pleiotropic gene and the suppressor gene 





TABLE 2* 

TOTAI, 


TOTAI, 



PHENOTYPES 

CHLUK. a, 

OMUOM. b, 

CHLOK., 

MO./O. 

7c it 

CAROTENE. 

XAN., 

TEST CKOS» 

CROSSED 

mo./g. 

mg./g. 

CHI.OR. 

MO./O. 

k,/g. 

05420 X 
tester 

Light X 
Medium 

0.641 

0.306 

0.947 

67.7 

0.052 

0.020 

X 

tester 

Light X 
Medium 

O.rV^t 

0 118 

0.649 

81.8 

0.038 

0.018 

.4158 X 
tester 

Medium X 
Medium 

0,650 

0.228 

0.878 

74.0 

0.046 

0.024 

C./. 4 -8 X 
tester 

Medium X 
Medium 

0.671 

0.217 

0.888 

75.6 

0.041 

0.023 

74 X tester 

Dark X 
Medium 

0.650 

0.268 

0.908 

71.6 

0.060 

0.018 

C1O0 X 
tester 

Dark X 
Medium 

0.573 

0.494 

1.067 

63.7 

0,049 

0.020 


* Average of duplicate siimples—based on fresh weight. 


TABLE 8 

Seedling Segrecation—Gbnbrati<>n df Selfs of Inbred W'23 Crossed by the 
Tester Stock (Only Light Kernels Planted) 


EAR 

NO. 

NO, 

SEED 

PLANTED 

No. 

SEED 

GERMI¬ 

NATED 

OBS. 

ALBINO 

EXP. 

LIOHT-GRBEN 
OB*. EXP. 

PSEUDO 

OB.S. 

• NORMAL 
EXP. 

Xt 

1 

50 

60 

10 

12.60 

28 

26.00 

12 

12.60 

0.88 

2 

50 

60 

12 

12.50 

24 

25.00 

14 

12.50 

0.24 

3 

50 

48 

10 

12.00 

23 

24.00 

15 

12.00 

1.12 

4 

50 

47 

9 

11.76 

23 

23.60 

15 

11.76 

1,55 

5 

60 

47 

18 

11.75 

19 

23.60 

10 

11.75 

4,44 

Totals 

260 

242 

69 

(60.60) 

117 

(121.0(0 

66 

(60.50) 


X* baaed on 

individual ears (expected ratio 1:2:1) « 

8.23, where D.F. - 

10 shows 


P. - 60-96%. 

X* based on totals of all ears •• 0.67, where D.F, » 2 shows P, » 60-96%, 

mutant in the homozygous state. In addition to the two chloroplast 
pigment controlling genes, it was seen that the dark lines contained a third 
compktdy dominant gene for normal chlorophyll production which 
incidentally tended to overcome the lethal effect of the pleiotropic gene. 
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This gene may be considered to be semi-duplicate to the pleiotropic gene 
in that it completely masks the latter^s effect upon plant pigment produc¬ 
tion while the endosperm color effect is unchanged. Tables 3 and 4 show 
two representative counts of seedling types --one from a light type {W23) 
and one from a dark type inbred (Tl). 


TABLE -i 

Sbbduxg Segregation —fa Obneratxon of Sblks of Inbrbd Tl Crossro bv the 
Tbstbr Stock (Only Light Kernels Planted) 


KAH 

NO. 

NO. 

HUEO 

PLANTKD 

NO. 

»ttRO 

NATED 

ALBINO' 
LrORT ORkBN 
OBS. Kxr. 

RABUOO'NORMAl. 
OBB. KXR. 

OB». 

NORMAL 

RXP. 

x» 

1 

50 

60 

0 

10 

12.50 

40 

37.60 

0.67 

2 

50 

48 

0 

9 

12.00 

39 

36.00 

1.26 

3 

50 

49 

0 

10 

12.25 

m 

36.75 

0.65 

4 

50 

60 

0 

11 

12.50 

39 

37.50 

0.24 

5 

50 

50 

0 

11 

12.60 

39 

37.60 

0.24 

6 

50 

50 

0 

13 

12.60 

37 

37.50 

0.03 

Totals 

3(K) 

297 

0 

64 

(74.25) 

2;i3 

(222.75) 



X* based on individual ears (expected ratio 3:1) »• 2.98» where D,F. ^ 6 shows P. 
5Chg5%. 

X* based on totals of all ears "■ 1.88, where D.F. » 1 shows F. «* 10-20%. 


In the summer of 1948 the six Fi test crosses (chlorophyll inbreds X 
tester stock) were entered in a 6 X 6 Latin square field trial. Rows were 
planted thickly and later thinned to a uniform stand so that variation in 
the total number of plants per entry was not a factor in the yields obtained. 
Single cross yields as well as other pertinent data from this trial are pre¬ 
sented in table 5, 


TABLE 5 


Yield Triai^Planted May 20, 1948; Harvested Oct. 29, 1948 



TOTAL 

♦VIBLO, POUNDS 

AT 15.6% 

MATURITY, 

»NT*V 

TLAMTS 

MOtSTOXB CONTBWT 

DAYS 

TX X tester 

174 

76.7 

77 

C106 X tester 

166 

67.5 

77 

0^420 X tester 

169 

63.6 

76 

A 168 X tester 

171 

62.1 

73 

W2S X tester 

167 

61.8 

76 

C,L 4-8 X tester 

171 

56.2 

79 


* Just significant difference m l i.i pounds at O.O&P. 


Several significant correlattons may be noted in the pigment extraction 
data and grain 3 rield figures and these significant correlations may be seen 
to be dependent upon the pigment controlling genomes of the inbreds 
involved. These correlations may be summed up as follows: 
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VAt>IT«H COUPAKBD 

1. Total carotene (inhreds): total carotene 
(single crosses) 

2. Total chlorophyll (inbrcds and single 
crosses); total carotene (inbreds and 
single crosses) 

3. Ratio of chlorophyll n/total carotene 
(inbreds and single crosses):yield in 
pounds of grain (single crosses only) 


OBOKBBS or 


PBRSDOM 

***" VALtnCA 

(UONmCANCX 

4 

H-0.934 

High positive 
correlation 

10 


High positive 
correlation 

10 

-0.639 

Significant 


negative 

correlation 


These correlations are in agreement with previous work but show in addi¬ 
tion that the ratios between the ehloroplast pigments are of significant 
importance in determining plant productivity (on a grain basis in this 
case). 

Discussion .—The way in which a ehloroplast is synthesized would seem 
to have a direct influence on the way in which it functions in the process 
of photosynthesis. This being true, the study of plants in which mutations 
have occurred in ehloroplast synthesis is also a study of plants in which 
the photosynthetic capacities have been altered to a greater or lesser 
degree. The data presented demonstrate that even in inbred lines of 
diploid Zea mays the genes controlling the production of the ehloroplast 
pigments are quite variable. Undoubtedly the discovery and isolation 
into separate progeny as shown in the segregating seedling types (tables 3 
and 4) presage the finding of a series of genes controlling the formation of 
the ehloroplast skeleton and, subsequently, the ehloroplast pigments. It 
is suggested that such a series be designated Clicli, Clzcb, CUcla, .. . CljCly. 
Thus, the three genes described may be symbolically represented as follows: 


TYPK OV OBN« 

Pleiotropic 

vSuppressor gene mutant 
Semi-duplicate 


AUUOBBTBD DBBIONATIOIf 

Clicl, 

Cljcl. 

Clacl, 


Utilizing the new series of designations, it is seen that originally tlie 
light and medium inbreds, 0^420, W2S, A 158 and C./. 4-8, had the geno¬ 
type CliCli, cljcla, clicU while the dark inbreds, Tl and C106, had the 
genotype CUCli, ClsCla, CUCU and the tester stock genotype was CUdi, 
CI 2 CI 3 , cUcl». These genotypes show that the dark lines vary from the 
light and medium inbreds in two of the three genes tested. This variation 
undoubtedly accounts for the fact that while plants of the light and medium 
lines are often transitional in color, the dark inbreds are always dis¬ 
tinguished from the medium and light lines with ease. It is probable that 
unidentified modifying genes cause the color variation between the light 
and medium lines. 

From this evidence, it seems probable that the variation in genes con¬ 
trolling tile relative amounts of the ehloroplast pigments accounts for the 
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distinct variation in inbred color and, through aJteration of photos/nthetic 
capacities, for the significant differences in grain production in the single 
crosses with the tester stock. Work is now in progress to determine 
chromosome loci of the three genes described and to discover and isolate 
other genes of the pigment control series. These data as well as a more 
complete publication concerning the genetic, economic and evolutionary 
importance of this genic series will be prepared in the near future. 

* An abstract of a dij^sertation presented for the degree of Doctor of Philosophy in 
Vale University, 
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REPRODUCTION AND DISTRIBUTION OF THE CYTOPLASMIC 
FACTOR FOR MALE STERILITY IN MAIZE* 

By Warren H. Gabelman 

Department op Genetics, CoNNEcnctrr AoiuccrLTXTRAL Brfbiument Station. 

New Haven, Connecticut 

Communicated by D. F. Jones, September 8, 1949 

Recent work of Freer,* Sonnebom** * and L’Hfritier,** * has emphasized 
and helped clarify the rdle of the cytoplasm in the determination and in¬ 
heritance of characters. The present paper deals with the inheritance of 
a C3rtoplasmic factor in maize in such a way as to determine particle number, 
rate of reproduction of the particle and the distribution of the particles 
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within the plant. This is the same cytoplasmic factor previously studied 
by Rhoades,^ Similar cytoplasmic factors causing male sterility have been 
found in onions by Jones and Clarke* and in sugar beets by Owen.® In 
both of these latter cases, an interaction between the cjrtoplasraic factor 
and chromogenes was reported. 

^ Rhoades^ showed that microsporogenesis was normal and that the 
abortion occurred during the development of the microspore into a mature 
male gametophyte. If hie plant was partially fertile, certain of these 
microspores would continue development normally. When this partially 
fertile pollen was used in cross-pollinations tliere was no evidence of a 
transfer of the male sterile factor. This fact suggested the possibility of 
the presence of one or more cytoplasmic factors in a microspore destined 
to abort and the complete absence of the factor in those microspores which 
would develop into normal pollen grains. 

Partially fertile lines were selected for a detailed study of variability in 
pollen production among florets of a given plant. Such a study would 
rule out the possibilities of genic and physiological differences which might 
normally arise in a comparison between plants. The use of partially fertile 
plants makes possible the detection of ^all differences not measurable in 
completely sterile lines. 

The amount of viable pollen was determined by smearing the pollen from 
the anthers of a single floret in a drop of aqueous iodine-potassium iodide 
solution. Those pollen grains which were plump and full of starch were 
considered viable. If there were any shrunken, starch*deficient or other¬ 
wise aborted areas in the pollen grain, it wa^ (^onsidered to be non-viable. 
Cross-pollinations using the partially fertile t 3 %>es as pollen parents were 
successful in direct proportion to the amount of viable pollen shed per 
plant as determined by this method. 

Five tassels from partially fertile plants were chosen at random. The 
per cent of viable pollen was determined by observing 15(K200 pollen 
grains per floret, using a Breed micrometer to limit the amount of the field 
counted. Counts were made at a magnification of 150 X. Five such 
counts at random usually included 16(>~200 pollen grains. When such 
data from any individual tassel were subjected to a 2 X iV chi square test, 
the variation among the florets exceeded that expected by chance (P «« 
<0.001). Frequency distributions were made of the percentages of good 
poUen produced in these florets. Such frequency distributions were bi- 
modal or polymodal with only one approaching unimodality. The modes 
of these distributions were at 36 and 60 per cent viable pollen. Figure 1 
presents these data combined to show these peaks more clearly. 

Each of the five plants used in figure 1 when studied by itself was free 
of genic and physiological differences so that such polymodal differences 
must have been due to the cytoplasmic factor itself. Since the modes 
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from these five plants were at the same points it would indicate that the 
same system was involved in each case. 

An explanation for such a distribution may be formulated in the follow- 
ing manner. 'Assume the presence of k discrete C 5 rtoplasmic particles in 
the microsporoc 3 rtes which give rise to aborted pollen grains. Since 
functional pcjllen produced by a partially fertile plant does not transfer 
the cytoplasmic factor it can be assumed to b|& free of the male sterile 
particle. It follows that the aborted pollen grains contain one or more of 
these particles. The particle number must remain constant through 
successive cell divisions. If, at mitosis, the particles were distributed to 
daughter cells by chance alone, cells should arise devoid of the particle. 
The descendents of such a cell .should all be devoid of particles and a 



PERCENT VIABLE POLLEN 

FIGURE 1 

Frequency distribution of number of florets plotted against percentage of 
viable pollen, grouped in intervals of 3 per cent, accumulated from 5 plants. 

pollen fertile chimera should result. No such chimeras have been found 
in any of the plants tested. From inspection of the variability in figure 1, 
it is evident that at some late cell division, such as during meiosis, the 
control which previously had insured equal division must be impaired. 
If this distribution at meiosis were random, a Poisson series would be 
expected. 

The Poisson series is the basic discontinuous random distribution. It 
may occur when a variable is not able to take all possible values, but is 
confined to a particular series of values, such as whole numbers. If a 
variate can take the values 0,1, 2, ..., X, ..., and the relative frequencies 
with which the values occur are given by the series , 
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then the number is distributed in the Poisson series.**^ The mean is the 
only unknown parameter of the Poisson series. If m is the mean number 
of particles per pollen grain, the proportion of samples containing none is 
The pollen grains, free of the particle, would be viable* If each 
peak (Fig- 1) represented the mean of a component Poisson series, the 
average number of particles per pollen grain would be Va and 1 for 60 and 
36 per cent viable pollen, respectively. 

If the number of particles per cell were constant throughout the plant 
and only two types of pollen could be identified, p<>llen free of the particles 
and pollen containing one or more particles, it should be possible to plot 
the percentage of viable pollen in successive samples as a unimodal fre¬ 
quency distribution. Figure 1 is polymodal although only two modes 
predominate. 

Two possibilities may explain such a divergence from the Poisson. 
Occasionally particle division and cell division might not coincide during 
mitoses, leading to an increase or decrease in the number of particles per 
daughter cell. Alternately, the distribution of particles to daughter cells 
may not always be exact. 

Either of these possibilities could lead to a heterogeneous population of 
particles within the cells of a single plant. Random samples drawn from 
such a population would take the form of a negative binomial distribution.^^ 
In experimental sampling the negative binomial arises from a single 
extension of the conations underl 3 ring the Poisson series. The Poisson 
series arises when equal samples are taken from perfectly homogeneous 
material. It is completely determined by the average number of particles, 
m per sample. If unequ^ samples were taken, or, if the material was not 
perfectly homogeneous, the value of m would vary from sample to sample. 

If an atypical division happens only occasionally, a stage should be 
reached as meiosis is approached where a significant discrepancy in particle 
number and consequently in the percentage of viable pollen would be 
expected in some cases and not in others. This can be tested by comparing 
the percentages of good pollen in the anthers of the two florets which com¬ 
prise the spikdet. Although still many cdl divisions from mdosis, the 
anthers represent a much later common derivation than can be claimed for 
florets on diflferent spikdets. In consequence, a 2 X iV chi square thst 
should diow agreement with the binomial in some cases and not in othds. 
Comparison <A the viable pollen in the anthers of the five spikelets studied 
showed probabilities of 0.78, 0.22, <0.01, <0.001 and <0.001. This 
shows that a binomid distribution is fit occasionally as meiosis is ap^ 
proached which is in agreement with the proposed hypothesis. 
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If the male sterile factor is distributed at random during microsporo- 
genesis^ it is of fimdaniental interest to see what type of distribution is had 
during megasporogenesis. Is this random distribution a function of 
meiosis? 

This problem was tested by studying six florets (at random) from each 
of 78 plants from a three-way cross. These data are shown graphically 
in figure 2. 

In making such counts the accuracy is very limited below 10 per cent 
and above 90 per cent. Actual counts were only made on those florets 
about 5 per cent or more viable. It should be noted that three definite 
peaks can be found at 15, 36 and 57 per cent. This is in agreement with 



PERCENT VIABLE POLLEN 

FIGURE 2 

Frequency distribution of number of florets plotted against percentage of 
viable pollen, grouped in intervals of 3 per cent, accumulated after determin¬ 
ing per cent of goe d pollen In 6 florets at random on each of 78 plants. 


mean particle numbers of 2, 1 and Vs» respectively. It should also be 
noted that the variability is greater in figure 2 than in fi^e I, which 
indicates that the random distribtflion probably took place at megasporo- 
genesis of the parent pliant as wdl as microsporogen^s of the progeny 
and is a function of meiosis. 

The female plant in the three-way cross used in this study produced 
49 per cent viable pollen in 1947.' This corresponds to 0.714particle per 
pollen grain. The median of the 'florets (Fig^ 2) y^as 0,741 particle. In 
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a second study the female had 0.891 particle per pollen grain (1947) and 
the progeny 0.9(i7 particle per pollen grain (1948), These data suggest 
that there was no appreciable increase or decrease in the number of particles 
per cell during the life cycle of these two families. 

One of the basic premises of the Poisson series is that the variate must 
be confmed to a particular series of values, such as whole numbers. If 
the number of particles per cell must be one or more (as shown previously 
by the absence of pollen fertile chimeras), a mean number of Vs needs to 
be justified. 

The assumption that the particle number is relatively constant at mitosis 
seems to be valid. It has also been assumed that at some stage, presumably 
at rneiosis, the forces in control during mitosis arc absent and distribution 
of the particle becomes random. Since the division of particles pre¬ 
sumably paralleled that of the chromosomes during mitosis a similar 
parallelism during rneiosis would suppress particle division at the same time 
and lead to the random distribution of undivided particles. If the cyto¬ 
plasmic particles were to divide only once during rneiosis as do the chromo¬ 
somes, a mean number of 1 per somatic cell will be reduced to Va per micro- 
spore. Similarly, peaks arose at V 2 and 1 particle per microspore. Never 
was there any variance from this distribution. Therefore, the numerical 
difference between these peaks (Vs) should be the equivalent of a whole 
particle per somatic cell. Similarly modes were not found between 0 and 
Va particle per cell. 

Discussion .—The significance of plasmagenes has been the subject of 
much speculation. Sonnebom*'^ has recently reviewed the numerous 
views presented by many workers. From the evidence presented here 
it is possible to characterize partially the cytoplasmic factor causing male 
sterility in corn. 

The male sterile factor is particulate. If it were not a whole unit or 
particle its distribution would not follow a negative binomial made up by 
a series of Poisson distributions. 

The reproduction and distribution of this particle are quite similar to 
the reproduction and distribution of chromosomes. The similarity in 
reproduction holds both at rneiosis and mitosis. The similarity of dis¬ 
tribution holds quite well at mitosis but is completely random at rneiosis. 
It must, therefore, have many characteristics in common with the ebromo- 
some. It might also be suggested that this is a virus. All attejnpts to 
transfer it artificially have failed. It is doubtful that a virus would be so 
dependent on chromosome division for its reproduction and distribution. . 

* This paper is a part of a dissertation predated for the degree of Doctor of Philosophy 
at Yale University. 

‘ Freer, J. R., Proc. Nat. Acad. Set.. 32, 247-233 (1946). 

* Freer, J. R.. Genetics, 33, 349-404 (1948). 
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THE EFFECT OF OXYGEN ON THE FREQUENCY OF X^RAY 
IND UCED CHROMOSOMAL REARRANGEMENTS IN 
TRADESCANTIA MICROSPORES* 

By Norman H. Giles, Jr., and Herbert Parkbs RiLBYf 
Biology Division, Oak Riogb National Labokatoky 
Cotnmunicated by Karl Sax, Aupist 31, 1849 

The recent studies of Thoday and Read,’ using root tips of Vida faba, 
indicate that the availability of oxygen to cells is a very important factor in 
radiosensitivity. Under anaerobic conditions, sensitivity to x>rays is 
markedly reduced, as measured both by inhibition of growth and by fre¬ 
quency of anaphase figures showing chromosome aberrations. The results 
of Hayden and Smith’ on x-radiation of barley seeds in a vacuum also sug¬ 
gest that the absence of oxygen results in reduced radiosensitivity. In 
view of these results it seemed of interest to test the effect of oxygen on the 
frequency of x-ray induced chromosomal rearrangements in Tradescantia, 
especially since there is already available a wealth of information on radia¬ 
tion effects in this organism as a result of the pioneer investigations of 
Sax' which, together with those of other investigators, have been sum¬ 
marized by Lea' and by Catcheside.* 

Materials and Methods.—Tradescantia paludosa Anderson and Woodson, 
clone 5 of Sax, was used-in all experiments. Observations were made at the 
first postmeiotic mitosis in the microspore by means of acetocarmine 
smear preparations at the four- to five-day inter^ following treatment, at 
which time only chromosome-break types axe present. The principal aber¬ 
ration t}ipes analyzed at this period are interchanges (dicentrics and centric 
rings). In addition, interstitial deletions (intercalary deletions or isodia- 
metric fragments) are numerous. Acentric rings and terminal deletions 
were also recorded but, because of their comparative rarity, were not used 
in later calculations. 
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The x-ray source, a Coolidge self-rectifying tube with tungsten target was 
operated at 250 kvp. and 15 ma. The inherent filtration was equivalent to 

mm. aluminum. In addition, all exposures were made inside a lucite ex¬ 
posure chamber whose top was V 4 -inch thick. The inflorescences were in¬ 
serted in an upright position through holes in a very thin lucite platform 
in the center of the box in order to insure uniform exposures and to avoid 
back-scattering. Dosages were measured inside the exposure chamber at 
the position of the inflorescences with a 100-r Victoreen thimble ionization 
chamber recently calibrated by the U. S. Bureau of Standards. In all ex¬ 
periments, unless otherwise noted, the dosage rate was constant, 45 r/min ~ 
different total dosages being administered by increasing the time of expo¬ 
sure. 

In order to make exposures in different gases, inflorescences were first 
placed in a suction flask, evacuated with a water pump for approximately 
two and one-half minutes, and the appropriate gas then admitted into the 
flask. This procedure was rej)eated five times. The purpose of this opera¬ 
tion was to remove the air enclosed by the sepals and petals of the buds. 
The inflorescences were then quickly placed in the lucite exposure cham¬ 
ber, which could be made airtight, the air evacuated and the appropriate 
gas admitted. This operation was perfonned twice. The lucite chamber 
was next placed in the x-ray machine and the inflorescences irradiated at 
room temperature. After exposure, the inflorescences were kept in the gas 
chamber for approximately ten minutes, following which they were re¬ 
moved, re^vacuated in the suction flask and air permitted to diffuse in. 
This procedure was repeated five times, as previously. Commercial cylin¬ 
ders of the various gases were utilized, the indicated purity in all cases being 
at least 99.5%. 

In the first control experiment in which inflorescences were exposed to 
x-rays in air inside tlie lucite chamber, the same initial series of evacuations 
was carried out, except that air rather than some other gas was permitted to 
enter the flask following each evacuation. A repetition of this control ex¬ 
periment in air without prior evacuation of the buds gave essentially 
sitnilfiu* results indicating that the evacuation procedure itself did not 
modify the results. Observations of other control buds, exposed to atmos¬ 
pheres of nitrogen, oxygen and other gases in an identical manner but not 
x-rayed, indicated that exposure to the gas alone did not result in any de¬ 
tectable cytological abnormalities. 

In general from 10 to 15 inflorescences were exposed at each treatment 
and as many slides as possible made at the four- and five-day interval 
following irradiation. Tlie aberration frequency for each dosage was cal¬ 
culated from the total number of interchanges and interstitial deletions re¬ 
corded in either 50 or 100 cells on 3 to 15 (average ca. 7) slides. Chi-square 
tests did not reveal any excess variation among slides from one treatment 
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and standard errors were calculated by the tnethod discussed by Catche- 
side, Lea and Thoday.® 

Rtstdis and Discussion .—The results of comparative experiments in 
which inflorescences were irradiated in air, in nitrogen and in oxygen are 
presented in table 1 and shown graphically in figures 1 and 2. All the data 
in experiment 1 (exposures in air) were obtained by one investigator 
(N. H. G.)* Combined data from the scorings of both investigators for 
interchanges (dicentrics and centric rings) are given in all succeeding ex¬ 
periments since the scorings of these aberration types by lx)th investigators 
are quite comparable. However, there is considerable individual variation 



X-ray dosage curves for interchanges (dicentrics and centric rings) induced in 

Tradescantia microspores exposed in atmospheres of air, nitrogen and oxygen. 

Vertical bars indicate limits of standard errors. 

in the scoring of interstitial deletions because of the small size of some of 
these aberration types and the more extensive data of only one investigator 
(H. P. R.) have been used in all except the first experiment. In general, 
these values are lower than those obtained in comparable scorings by the 
other author (N. H. G.) by approximately 20%. Despite this, the relative 
differences from one experiment to another are consistent in both sets of 
data. 

It is clear from these data that the aberration frequency is strikingly re¬ 
duced when exposures are made in nitrogen instead of in air, Further, 
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there is a signihcanl tliough not as marked a difference when oxygen is used 
in place of air, the result in this instance being an increased aberration 
yield. The magnitude of these differences is very considerable, the increase 
in both interchanges and deletions in exposures made in oxygen as com¬ 
pared with nitrogen being as much as fivefold at higher dosages. These 
results strongly suggest tliat the presence of oxygen has a marked influence 
in increasing radiosensitivity in this material as measured by chromosomal 
aberration frequency. 

There is no reason to believe that the observed effects can be accounted 
for by a modification of the timing of the cell cycle as a result of exposure 



X-ray dosage curves for interstitial deletions induced in Tradescantia micro- 
spores exposed in atmospheres of air, nitrogen and oxygen. Vertical bars indi¬ 
cate limits of standard errors. 

to the different gases such that variations in mitotic sensitivity are in¬ 
volved. Observations of the x-ray effects were not made until the fourth 
and fifth days following treatment, by which time any effect of a possible 
acceleration or retardation of the mitotic cycle should have little if any 
consequence. It has been shown by Sax* that there is very little change in 
x-ray sensitivity throughout the five- to six-day-long resting stage. Fur¬ 
ther, there is no evidence from the present data of significant differences in 
aberration frequencies in comparisons of four- and five-day material within 
individual experiments. 
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In order to eliminate the possibility that the presence of nitrogen rather 
than the absence of oxygen might be responsible for the observed decrease 
in radiosensitivity, further experiments were performed in which other gases 

TABLE i 

FRBQUiCNCIES OF IimiRCHAMGBS AND iNTBRSTITtAL OELBTtON^S It^DUCBO IM TRADES- 
CANTTIA MjCROSPORBS ExFOSBD TO X-RAYS IN AlR, IN NiTROOEN AND IN OXYGEN 
All Dosages Administered at a Constant Intensity of 46 r/min. 

(For further discussion, see text) 



CtU^Li* 

mcHN- 

CKNTKIC 

TOTAL 

VKTRR- INTBRCHANOita 

CBLLS 

INTBR- 

BTITlAl, 

DKLB- 

INTBHBTITIAt. 

DBLKTIONN 

DUttK 

HCORRD 

TRJCB 

XINOtt 

cuakobs PRR CBLI. 

BCORBD 

TIONS 

PftR CBLL 

90 

600 

29 

11 

RXPOHKO IN AIK (bXPT. 1) 

40 0.08 0.01 

m) 

48 

0,10 


0.01 

180 

276 

45 

20 

65 0.24 0.03 

276 

71 

0.26 

#2 

0.03 

270 

160 

44 

10 

54 0.36 ^ 0.05 

150 

76 

0.51 


0.06 

360 

2W 

92 

29 

121 0.61 A 0,06 

200 

144 

0.72 


0.06 

m 

1160 

23 

9 

UXPOBBID IN NITROOBN 

32 0.03 ^ 0.006 

800 

32 

0.04 

Nn 

0.01 

180 

400 

15 

4 

19 0.05 ^ 0.01 

400 

30 

0.08 

ski 

0.01 

270 

1267 

107 

40 

147 0.12 0.01 

m) 

90 

0,11 


0.01 

360 

460 

59 

20 

77 0.17 ^0.02 

450 

93 

0.21 

•*; 

0.02 

90 

105<) 

52 

HO 

RXPOBBN IN Al* (NXPT. S) 

82 0.08 ’•t 0.01 

8(H) 

65 

0.08 

J* 

0.01 

180 

600 

88 

44 

132 0.22 0.02 

m) 

139 

0.23 


0.02 

270 

m) 

166 

73 

238 0.40 *0.03 

400 

143 

0.36 

ak 

0.03 

360 

160 

68 

25 

93 0,62 * 0.06 

160 

88 

0.59 

:±: 

0.06 

90 

800 

60 

15 

KXPOBBD IN OXYGBN 

65 0.08 * 0.01 

800 

72 

0.09 

db 

0.01 

180 

900 

166 

77 

242 0.27 * 0.02 

900 

231 

0.26 

db 

0.02 

270 

600 

175 

78 

263 0.51 * 0.03 

360 

195 

0.66 

d* 

0.04 

360 

300 

157 

80 

237 0.79 * 0.06 

300 

244 

0.81 

db 

0.06 


TABLE 2 

Frequencies of Chromosomal Interchanges and Interstitial Deletions Induced 
in Tradescantia Microsforbs Exposed to 360 r at 46 r/min. in Atmospheres of 
Nitrogen, Argon and Helium 


TKMAtMItNT 

360 r in 
nitrogen 
360 r in 
argon 
360 r In 
hethini 




CULLS 

Rcoluin 

WCJfN- 

TRICR 

TOTAL 
CBNTHC INTBR- 
RIN08 CHANORA 

INTRJICHANOBS 
PSR CBLL 

CBLL5 

RCORKD 

BTtTIAL 

DKLB- 

TIONS 

INTBRATiriAL 
OBLirriONS 
PBR CBLL 

600 

96 

36 

132 

0,26 *0.02 

160 

66 

0.19 *0.06 

500 

130 

60 

180 

0.36 * 0.03 

800 

164 

0,27 *0,04 

300 

38 

14 

52 

0.17 * 0.02 

160 

40 

0.13 * 0,(M 


wtfre substituted for nitrogen. The results of such an experiment are pre¬ 
sented in table 2. In this instance, comparative exposures were made at a 
single dose. 860 r at 45 r/min., in nitrogen, in helium and in argon. It will 
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be noted that heliutn is even more effective than nitrogen in this experiment 
in reducing the frequency of interchanges and deletions* the values obtained 
in this gas being as low as or lower than those found in the nitrogen exposure 
at 360 r in the first series of experiments. The value for interchanges in 
nitrogen is somewhat higher in this experiment than in the previous one, but 
is still markedly less than that obtained in air. The aberration frequencies 
in argon, although much lower than those in air, are higher than those ob¬ 
tained in nitrogen or helium. The reason for this difference is not apparent 
but is probably due to uncontrolled variables in the experimental tech¬ 
niques. It is clear from this experiment, however, that the reduced aberra¬ 
tion frequencies as compared with air cannot be attributed to the presence 
of a particular gas, such as nitrogen, but must result from the absence of 
oxygen. 

As yet no exposures in atmospheres of oxygen of known intermediate 
percentage composition, such as 5 or 10%, have been attempted. However, 
some experiments were performed in which the oxygen percentage was 
probably close to these intermediate values. These results were inad¬ 
vertently obtained when an undiscovered air leak was present in the ludte 
exposure box resulting in a mixture of air and the gas being introduced. 
The interchange frequencies per cell at 360 r (45 r/min.) under these con¬ 
ditions were all intermediate between those obtained in exposures made in 
air and in the pure gases. These values were as follows: nitrogen, 0.43 

0.03; helium, 0.54 0.03; argon, 0.52 * 0.03 and 0.44 * 0.03 (dif¬ 

ferent experiments). The frequencies of interstitial deletions were also in¬ 
termediate between those obtained in air and in the pure gases. The values 
(H. P. R. only) were: nitrogen, 0.53 * 0.04; helium, 0.41 ^ 0.03; argon, 
0.42 ^ 0.04 and 0.32 * 0.03. It thus appears dear that the aberration fre¬ 
quency increases as the percentage of oxygen increases, but it is not yet 
possible to make a quantitative evaluation of this relation. 

In attempting to interpret the mechanism by which oxygen increases the 
radiosensitivity of Tradcscantia chromosomes, it is immediately necessary 
to dedde whether this effect results from an increase in the initial frequency 
of x-ray-induced breaks or from an effect on the reunion of broken ends, such 
that recombination is favored over restitution. It is of course possible that 
both of these effects may be present, A preliminary analysis of the dosage 
curves for interchanges at a constant intensity of 45 r/rain. utilizing 
Lea’s^ formulation for the recoveiy time, suggests that the oxygen effect 
tuay be exerted prindpally by way of the recovery mechanism. However, 
it appears necessary to perfbrm further exposures at higher and lower in- 
tendtses in order to obtain more data on this point. Additional evidence is 
also being sought by means of another experimental approach. Previous 
investigations of a number of workers have indicated t^t in Tradcscantia 
x^ray4nduced chromosome breaks may remain open (i.e., available for 
partidpation in interchanges) for a considerable period of time. The 
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average restitution time as calculated by Lea^ is about four minutes. Thus 
it should be possible, if oxygen exerts its effect on the recovery mechanism 
so as to favor recombination, to increase the yield of rearrangements by 
transferring inflorescences irradiated at high intensity in nitrogen to oxygen 
as soon as possible after exposure. An initial attempt to perform such an 
experiment has not been conclusive. Buds were evacuated and nitrogen 
admitted in the usual fashion. The buds were then exposed to 300 r at 200 
r/min. in the lucite box in air in order to facilitate removing half of the 
inflorescences to oxygen as rapidly as possible at the end of the irradiation. 
This transfer required approximately one minute. It was foimd that the 
frequency of interchanges was the same in both the control half (remaining 
in the ludte chamber) and in the experimental half (transferred to oxygen). 
The actual value obtained in the control group not transferred to oxygen 
was higher than expected as compared to comparable exposures in air at 
this intensity, however, and may indicate that the replacement of air by 
nitrogen in the buds alone is not suificient, but that it is necessary to make 
the exposure in an atmosphere devoid of oxygen as well. This problem is 
being investigated further. 

Summary .—Experiments have been performed which indicate that 
oxygen has a marked effect in increasing the radiosensitivity of Tradescantia 
Chromosomes. Comparative exposures of inflorescences to x-rays were 
made in air, in nitrogen and in oxygen. A cytological analysis was then 
made of chromosomal rearrangements (interchanges and interstitial dele¬ 
tions) in microspores at the four- to five-day interval following irradiation. 
The frequency of aberrations was strikingly reduced when nitrogen re¬ 
placed air and increased when oxygen replaced air. The magnitude of this 
effect is very great, the increase in aberration frequency in exposures made 
in oxygen as compared with nitrogen being as much as fivefold at higher 
doses. Aberration frequencies were also reduced in additional exposures 
niade in other gases such as hehura and argon, demonstrating that the 
availability of oxygen is a very important factor in the production of 
chromosomal rearrangements by x-rays. It is not possible on the present 
evidence to decide whether this effect of oxygen is exerted on the initial 
breakage mechanism or on the recovery process. 

* This work was done under Contract No. W-7405-eiig-26 for the Atomic Energy 
Commission. Oak Eidge, Tennessee. 

t On leave from the University of Kentucky, ' 

I Thoday, J: M., and Read..John, Nature, 1<H), 608 (10147); NatHre, 163,133 0049)^ 

* Hayden. B.. and Smith, L., GeneHcs^^H^ 26 (1949), .. .. 

« Sax. Karl. Ibid., 23, 494 (1938); Z% il (1949), *. 

* Lea,, D. E„ Actions of Radiations on Living Cells, Ctobridge Univ, Press. Cambridge. 
England. 1945. 

> Catcheside, O. G,. w 2, 271 (1948): 

« Catcheside. O. G.. Lea. O. E., and Thoday. J. M., J .Genetics, 47, 113 (1946). 

/^Thc wthoirs' wop{diUke.to express;their appreciatiofn W. A. ^nc^d.bl.t^ 

laboratory for making these calculations. ' ‘ 
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THE INFL UENCE OF THE Y-CHROMOSOME ON X-RA Y TND UCED 
MUTATION RATE IN DROSOPHILA MpLANOGASTER 

By Jean Kerschner* 

Department of Zoology, University op Pennsylvania, Philadelphia, 
Communicated by C. W. Metz. September 10, 1949 

* 

introduction, —There is an increasing interest in the r61e played by hetero- 
chromatin in the synthesis of cellular proteins.' Heitz coined the term 
"heterochroniatin’’ in 1928, and later^ postulated from purely cytological 
evidence that heterochromatin would probably prove to be genetically 
inert. Subsequent work has borne out tJie essential correctness of this 
hypothesis. Although practically devoid of genes, heterochromatin, 
nevertheless, is not inactive. 

There are several lines of evidence which indicate that heterochroniatin 
plays a rdle in cellular metabolism. (1) Excessive amounts of hetero* 
chromatin may cause sterility, as in the case of the XYYY male of Droso¬ 
phila melanogaster.^ (2) The amount of heterochroinatin in the nucleus 
influences the amount of cytoplasmic nucleic acid. Caspersson and 
Schultz* found that XX Y ovaries of D, melanogaster are richer in cytoplas¬ 
mic nucleic acid than XX ovaries. (3) Heterochromatin causes instability 
in certain genes upon their transtx)sition from normal euchromatic sites 
to ones located in or near heterochrornatin.® Paradoxically, some of these 
unstable genes are rendered more stable by the addition of extra hetero¬ 
chromatin in the form of supernumerary F-chromosomes.® (4) The F- 
chromosome of Drosophila is instrumental in increasing mutation rate. 
According to recent work of MampelP' ® there are two actions of the Y: 
first, in D. pseudoobscura the F-chromosome is necessary for the activity 
of the “mutator” gene, a recessive factor, located on chromosome 2, which 
causes increased mutability; second, the F-chromosome of one species 
can apparently cause an increased mutability in flies of another species^ 

It is of interest, therefore, to determine the effect of heterochromatiti 
on x-ray induced mutation frequency. The experiments described here 
were designed to test the effect of an extra F-chromosomc on x-ray induced 
visible and sex-linked recessive lethal mutation frequency in D, melano¬ 
gaster. 

Materials and Methods, —The stock used, No. 760 Stock from the Lanke- 
nau Hospital Research Institute,® is one in which the AT-chromosome 
carries the white-mottled-4 (te***) inversion (breaks to the left of white, 
at band 3C2, and to the right of band 20, the bobbed locus), and in which 
the autosomes are from the Oregon-R wild stock. 

The w”* mutant type, first described by Muller,^® is considered one of 
the' 'eversporting*' displacemcatits. Presumably the normal allele of white, 
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Upon its transposition (by means of the inversion) to heterochromatin, 
becomes unstable and mutates somatically in the developing eye disc to 
the recessive allele, thereby producing the characteristic mottled pheno¬ 
type. An extra F-chromosome increases the stability of and the 
phenotype becomes more nearly normal. 

In the experiments described here, use was made of this effect of an 
extra F-chromosome. Phenotypically distinguishable XY an(| XYY 
males from the stock were x-rayed simultaneously and their progeny 
examined for induced visible (attached-Af method)*^ and sex-linked re¬ 
cessive lethal {CIB method)^® mutations. Phenotypically distinguishable 
XX and XX Y females from the same stock were also irradiated simul¬ 
taneously and their progeny examined for visibles.^* 

In conducting the experiments on x-rayed males, the treated flies were 
bred singly (pair matings) and the males removed after three days to insure 
testing of only those sperm which were mature at the time of treatment. 
In the case of irradiated females, the treated flies were bred singly (pair 
matings) to males, from the attached-X stock, which carried the sex-linked 
recessive fu^; eggs were collected* over a ten-day period. For both the 
male and female series, parallel unirradiated cultures were run as controls. 

In the experiments on irradiated males, only certain types of sperm were 
studied. The X Y males from the stock form X- and F-bearing sperm 
in the expected ratio of 1:1. The XYY males form four kinds of sperm, 
XF-, F-, FF- and X-bearing in the ratio of approximately 7:7:1:1 (this 
ratio indicates preferential synapsis of the two F-chroniosomes at meiosis: 
FF synapsis in approximately 76% of spermatocytes and XY synapsis 
in 24%). The CIB method, which was employed for detecting sex-linked 
recessive lethals, tests only X-bearing sperm from XY males and X- and 
XF-bearing sperm from XYY males. In these tests for induced lethals 
in sperm, it was not possible with the CIB stock employed to distinguish 
between X- and XF-bearing sperm of the XYY males. With the at- 
tached-X method for visibles, however, such a distinction could be made. 
In the data presented below, where the total visible rate was measured, 
both types of sperm from XY males and all four types from XYY males 
are included. 

The XXF females from the stock form four kinds of eggs: XF, 
X, XX and F, in the approximate ratio of 9:9:1:1. In the irradiation 
studies on the XXFfemales, XF, X and XX eggs were scored. 

Results .—On the basis of the experiments performed, three types of 
comparison can be made: first, a comparison of the frequency of visible 
mutations induced in the X- and XF-bearing sperm of XYY males and in 
the X-bearing sperm of both XF and XYY males; second, a comparison 
of the relative frequencies of visible mutations in the progeny of irradiated 
XX and XXF females; third, a comparison of the relative frequencies 
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of total visible and sex-linked recessive lethal mutations in the progeny of 
irradiated XY and XYY males. 

In terms of the actual data, these three comparisons are as follows: 
(1) The XY sperm of treated XYY males show a lower visible mutation 
rate than X-bearing sperm from the same males (22 mutants^* in 2974 
flies, or 0.74% as opposed to 9 mutants in 521 flies, or 1.73%; the exact 
P value of this difference, as determined by chi square, is 0.062—see table 


TABLE 1 

Visible Mutations Scored According to Type op Sperm 



TOTAL 

NO. or 

MUTATION 

P VALUE UF 


FLIEM MUTANTS 

KATE. % 

DIFFERENCE 


Irradiated^^ {4000 r) 



.Y sperm from X V males 

1452 

36 

2.47 

0.4:14 

X sperm from XVV males 

53) 

9 

1.73 

0.062 

X V sperm from X TV males 

2974 

22 

0.74 



Control ( Untreated) 



X sperm from X Y males 

1176 

4 

0.34 

0.062 

X sperm from XVV males 

243 

0 

0.00 

0.77 

.V y sperm from XYY males 

1758 

2 

0.11 



TABLE 2 






V^isiBLE Mutation Frbuurncy in Fkmal 

BS 



NU. OF 

TOTAL 

FI.IBtt FER 

NO. OP 

MUTAITON 

P VALOR 


CULTUKKF 

FLIES 

culture mutants 

RATE, 

DIFFKRBMCK 



Irradiated {2000 r) 




XK females 

123 

2615 

21.2 

12 

0.46 

0.990 

XX Y females 

270 

4679 

17.3 

2.3 

0.49 




Control {Untreated) 




XX females 

41 

1660 

40.5 

0 

0.00 


XAK females 

42 

1325 

31.6 

0 

0.00 



1), The X-bearing sperm from the two kinds of males show mutation 
rates which are not significantly different (36 mutants in 1452 flies, or 
2.47%, and 9 mutants in 521 flies, or 1.73%; the P value of this difference 
is 0.434—-see table 1). (2) There is no significant difference in the visible 
mutation rates in x-rayed XX K and XX females (23 mutants in 4879 
flies, or 0.49%, as opposed to 12 mutants in 2615 flies, or 0.46%; the P 
value of this difference is 0.996—see table 2). (3) The total visible nmta* 
tion rate for irradiated A YY males is significantly lower than that for 
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XY males (32 mutants in 6498 flies, or 0.49%, as opposed to 37 mutants in 
3151 flies, or 1.17%, the difference having a P value of 0.0005—see table 
3). And, in the case of the sex-linked recessive lethals,^* where the ob¬ 
servations are completely objective, the mutation rate obtained for the 
XYY males is much lower than the rate obtained for XF males (22 cultures 
out of a total of 344 showed lethals, giving a rate of 6.40%, as opposed to 
35 cultures out of a total of 286, giving a rate of 12.24%; the P value of 
the difference is 0.014—see table 4). 

Discussion ^—In connection with the experiments presented here, there 
are three points which bear discussion. 

TABLE ? 



Visible Mutation Frequency in Males 



NO, OF 
cuuTiiHRa 

TOTAL FLIBS PB« NO. OP 

PLlKft CVLTUHR MUTANTS 

MUTATION 
HATB, % 

P VALOR 
DIFFBKENCK 



Irradiated {4000 r) 




Jry males 

421 

3151 7.48 

37 

1.17 

0.0006 

XrVm&lts 

6.55 

6498 9.77 

32 

0.49 




Control (Untreated) 




X Y males 

48 

2180 46.4 

3 

0.14 

0.065 

XYY males 

61 

3145 61.6 

2 

0.064 




TABLE 4 




Rbcbssxve Sbx-Linket> Lbthal Mutation Frequency in Malbs 


totai,. Ft 
cni.Tt;«Ks 

NO. OF CULTUaita 

WITH LlfTHAI- 

MUTATION 
KATB, % 


P VALUB or 
niFFEKBNCR 



Irradiated (4000 r) 




X Y males 

286 

35 

12.24 


0.014 

XYY males 

344 

22 

6.40 





Control (Untreated) 




XY males 

347 

2 

0.58 


0.086 

Xyy males 

189 

2 

1.06 




In the first place, it is demonstrated that an extra F-chromosome, when 
present in the male, significantly decreases both the visible and sex-linked 
lethal mutation rates. Moreover, there are two lines of evidence which 
indicate that the influence of the extra F is not exerted until after meiosis: 
(1) the visible mutation rate induced in X-bearing sperm ol XY males is 
nol significantly different from the rate induced in X-bearing sperm of 
XYY males; (2) -YF-bearing sperm from XYY males show a lower 
frequency of induced visibles than Jf-bearing sperm from the same males. 
It is not possible in the sex-linked recessive lethal series to determine 
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whether the action of the extra Y precedes or follows meiosis, since the 
X- and XK-bearing sperm of the X 77 males are indistinguishable. 

Second, the exact mode of action of the extra 7 in the sperm is not 
understood. The extra heterochromatin may shield the chromosomes from 
the ionizing effects of the x-rays, or it may provide a reservoir of material 
for chromosome restitution, thereby decreasing the frequency of chromo¬ 
somal rearrangements and consequently decreasing the frequency of 
position effects. If the latter were true, the lack of effect of the 7 in 
treated females might be understandable, since interchromosomal re¬ 
arrangements are known to occur at a negligible rate in irradiated eggs. 
Recent preliminary studies of Dr. H. B. Glass seem to indicate that the 
frequency of reciprocal translocations induced by x-rays in Drosophila 
eggs can be increased if the females are exposed to infra-red following x-ray 
treatment (personal communication). This work suggests a type of experi¬ 
ment which may throw light on the mode of action of the 7-chromosome 
in the present experiments. If an extra 7 decreases the frequency of inter¬ 
chromosomal exchange, infra-red post-treatment of irradiated females 
should provide experimental conditions favorable for the detection of 
such action. Additional experiments which may help to throw light on 
the failure of the 7 action in females are planned. They will involve a 
comparative study on sex-linked recessive lethal mutations induced in 
XX and XX 7 females. 

Finally, if the extra 7 chromosome retards maturation so that there are 
more immature germ cells in X77 testes than in XY testes, this might 
conceivably account for the lowered mutation rate.‘*~’^ Experiments 
to test this possibility are already under way. 

Summary .—The results of experiments described here show that an 
extra 7-chromosome, when present in the male of Drosophila melanogaster, 
decreases x-ray induced visible and sex-linked lethal mutation frequency. 
In the female, an extra 7 appears to be without effect. The possible mode 
of action of the 7 has been discussed and future lines of investigation 
proposed. 

* This work was done during the tenure of Frcdoctoratc Fellowships from the Donner 
Foundation and from the U. S. Public Health Service (National Cancer Institute). 

' Wright, S., Am. Nat,, 79. 289-303 (1945). 

* Heltz, E., Plania. Arckiv fUr Viusenschaftliche Botanik, Ahteilung E der Zdtschrift 
far Biologie, 18, 571-636 (1932). 

» Schultz, J., Proc. Vllth Int. Genet. Cong., Edinburgh, pp. 257-262 (1941). 

* Cospersson, T., and Schultz, J., Nature, 142, 294-295 (1938). 

^ Demerec, M.. Genetics, 25, 618-627 (1940). 

< Gowen, J. W., and Gay, E. H., these Proceedings, 19, 122-126 (1933). 

’ Mampell, K., Genetics, 30, 498-505 (1945). 

« Mampell, K., Ibid., 31. 589-597 (1946). 

»The author is indebted to Dr. Jack Schultz for this stock. 
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« Muller, H, J., J, Genet, 22, 299-334 (1930), 

No attempt was made to detect autosomal recessives. 

** The Ft progenies derived from XYY males and ClB females were examined micro- 
scopically in order to eliminate the possibility that patrocUnous sons resulting from 
secondary non-disjunction might mask a lethal. 

'* Breeding tests were conducted on all dies showing conspicuous, symmetrical altera¬ 
tions in phenotype, and such changes were scored as mutants even in those cases where 
inviability or sterility prevented actual progeny counts. 

' ^ It should be noted that it was not possible to compare the recessive lethal rates in 
the two kinds of sperm (X and XY) from males, as was possible in the case of 

visibles. 

Gloss, H. B., Genetics, 25, 117 (1940). 

Metz, C. W., and Bozeman, M. L., Carnegie insi. Wash. Year Hook, 41, 237-242 
{1942). 

Reynolds, J. P., these Proceedings, 27, 204-208 (1941). 

Harris, B. B., J, Hered,, 20, 299-302 (1929). 

’» Kossikov, K. V., Genetics, 22, 213-224 (1937). 

*» Cooper, K. W., /. Morph., 84, 81-121 (1949). 

** X-raying was done at the University of Pennsylvania Hospital, through the courtesy 
of the Department of Radiology. A medium-voltage therapy machine was used with 
no filter; target distance, 17 cm.: average output, 450 r ptr minute; current main¬ 
tained at 8 milliamperes and 135 kilovolts. 


ON A THEOREM OF WEVL CONCERNING THGENVALUES OF 
LINEAR TRANSFORMATIONS. /* 

By Ky Fan 

Department of Mathemaitcs, University of Notre Damk 
Communicated by Hermann Weyl, September 22, 1949 

H. WeyU recently proved the following theorem: 

Theorem. Let A be a linear transformation in the n-dimensional unitary 
space Let the eigenvalues of A and A M be denoted by and «<(/ < 
i^ w), respectively, which are so arranged that 

lXil> |Xzl> ... > |X,1, Ki> Ka> ... > (II 

For any non-decreasing function w(/) on i > 0 such that w(g') is a convex 
function of t and a>(0) « lim w(f) « 0, \i and Ki satiny the inequalities; 

t«(|X«l’)< (1 <«<»). (2) 

• *» I # 1 

In the present note, we prove three related theorems. Theorem 1 
gives an extremum property of the sum of the first q eigenvalues for 
Hermitian transformations. This property furnishes a recurrent charac- 
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terization of successive eigenvalues without rcsferring to any eigenvector. 
Theorem 2 gives a similar but stronger property for all normal transforma¬ 
tions, For an arbitrary linear transformation A and for a positive integer 
5, we have in Theorem 3 inequalities comparing the eigenvalues of {A*)*A* 
with those of ,<4M. Finally we shall see that Weyl's theorem in the most 
important case o){t) » * 1, 2, 3. . ..) can be derived from Theorems 

1 and 3. The general case of Weyl’s theorem will be discussed in a forth¬ 
coming note.2 All linear transformations considered here are assumed 
to be in the n-dimensional luiitary space but the results can be 
easily carried over to completely continuous linear operators in Hilbert 
space, especially to continuous kernels of linear integral equations. 
Theorem 1. Let the eigenvalues of a llermitian transformation H be 

so arranged that X| > > ... > X„, For any positive integer q < n, the 

0 0 

sums 2 X< and ^ are, respectively, the maximum and minimum of 

i ^ \ * - 1 

Q 

53 (Hxjf Xj), when q orthonormal vectors Xj {1 < j < q) vary in the space.^ 
y - 1 

Proof: Let ^<(1 < i < n) be an orthonormal set of eigenvectors of 
H: H<Ci — For each j, we write 

(Hxj, xf) ^ KY, |(x:y, ipi) I® + 53 (^< *Pi) I* + 

1-1 1-1 

Y (3) 

*«»9 -f-1 

If » 1, then 

(Hx„ Xj) < + i: (X, - X,) |(x,. Vi) I* 

i 1 

and therefore 

i.h~ i{Hx„x,)> E !(*/.»>,) 1*1. (4) 

f - 1 > - 1 i * I ; ^ 1 

0 

H Xj {I < j < q) are orthonormal, then Vi) 1* lk«ll* = 1, so 

that the right-hand &de of (4) is > 0. But the left-hand side vanishes for 
Xj * (1 5 i S 3). This proves the maximum property. 

Theorem 2. Let X* be the eigenvalues of a normal transformation N so 
arranged |Xi | > |Xj | > ... > |X, i. Let s,qbetwo positive integers 

(3 ^ »)• Then E I*' ^ maximum of E ^ 

i — 1 y — 1 

over all unitary transformations and X] (1 < j ^ q) runs over all sets of g 
orihonormal vectors in C,. 
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Proof: We need only prove the inequality 

t\\(UN)%\\^< t (5) 

j m 1 i ^ I 

As \\UNxi\\^ * {N^Nxjt Xj)y the case 5 = 1 of (5) follows from Theorem 1 . 
We proceed by induction, assuming that (5) is true for $, Let ^<(1 <i<n) 
be an orthonormal set of eigenvectors of N: N^pi «= Consider a 

unitary transformation U and q orthononnal vectors (1 < j < q)* We 

have \\{UN)^'^^X)\\^ == ^ If we split this sum 

i - 1 

into three parts in a way similar to (3), we see that for each 7 ; 

ll(t/iV)‘+>;c,ll» < IX, |=-I|(t/Ar)‘^,|l2 + E (lx, - |X, I*)- \aUNVx,. ^,) 1*. 

i 1 

(fi) 

As 0:^(1 < j < q) are orthonormal, we have for each i: 

i \{{UN)%.^i)\^< m*u^y<Pi\\^ = \\(U*Nyu*<p,\y. (7) 
y - 1 

Using first ( 6 ), then (7) and our assumption of induction (i.e. (5) is true 
for 5 ), we get 

Ejx,|»+* -^EJ|((/iV)*+‘«,|l»> .Eax,|» - |x,|’)[|x,i»* - 

( 8 ) 

Denote by d, the expression on the right-hand side of ( 8 ), we have 

d,+. - rf. - (ix,i» - |x,+,i’)[E |x,l“' - E (9) 

» - 1 » - 1 

As U*<piil < i< q) are orthonormal, our assumption of induction shows 
that the right-hand side of (9) is > 0, and dg^i > dg. Rut di « 0, hence 
dg > 0. This proves that (5) is also true for 5 + 1. 

Theorem 3. Let A be an arbitrary linear transformation and s be any 
positive integer. Let the eigenvalues of be denoted by = 

x<) and so arranged that > • • • > Then for any positive 

integer q < we have 

4 < E (10) 

i m X I « 1 

Proof : Let A « UH be the polar decomposition of A , where U is uni¬ 
tary and H is the non-negative square root of A'^A. The eigenvalues of 
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H are By Theorem 2, any q orthonormal vectors < j < q) 

satisfy 

t {(ArA^x.^x,) = t \\iuiirxj\\^< (11) 

j ^ i i * 1 ^ 1 

Q 

But by Theorem 1, is the maximum of the first X sum in (11), 

I ^ 1 

when the q orthoriormal vectors Xj vary. Thus (10) is proved. 

We now prove the case co(/) = ^"(a' = 1, 2, 3, ...) of Weyl's theorem. 
Here we use the same notation as in the theorem stated at the beginning 
of this note. Using Schur's superdiagonal form of matrices, it is clear 
that there exist n orthonormal vectors yi(l < i < n) such that |\i < 

11^(1 ^ ^ n) and therefore \\i\^ < But applying 

» 1 1-1 

Theorem 1 to .4M, we find X] ^ Hence 

j ** 1 * « 1 

E \K 1^ < i: >cu (12) 

1 j « 1 

As in Theorem 3, we denote by the eigenvalues of (^4')*^* arranged in 
descending order (in particular, « Kt). A])plying (12) to the trans¬ 
formation i4^ we get 

E |x,r’^< 

* =• 1 * * 1 

which together with (10) gives the case «(/) = C of (2). 

This work was supported iu part by the OlUce of Naval Research. 

* Weyl, H., “Inequalities between the Two Kinds of Eigenvalues of u Linear Trans¬ 
formation," thetie Procbbdings, 35, 408-411 (1949). 

* Fan, K., “On a Theorem of Weyl concerning Eigenvalues of Linear Transforma¬ 
tions. 11," to be published in these I^ockkdings. 

Q Q 

* An alternative form of Theorem 1: E^* Ex»+l-“i are, respectively, the 

# - 1 « ^ 1 

maximum and minimum of the trace of HP, when P runs over all projections on q- 
dhncnstoual linear subspaccs. There is also a similar alternative form of Theorem 2. 
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ON SELF-ADJOINT DIFFERENTIAL EQUATIONS OF SECOND 

ORDER 

Bv Walter Leighton 

Department ok Mathematics, Washington University 
Communicated by Marston Morse, September 21, 1949 

This note is an abstract of a longer paper which will be published else¬ 
where. 

The paper is concerned with the behavior near x — + of solutions of 
the self-adjoint differential equation 

(r{x)y'y + p(x)y == 0, (1) 

where r{x) > 0 and r(x), r\x) and p{x) arc continuous functions of the 
real variable x for .v > 0. The theorem which follows enables one to com^ 
pare the rapidity of oscillation of a solution of (1) with that of a solution of 

{r{x)z’y + px{x)z = 0. (2) 

Theorem 1. If for all solutions y(x) and z{x) of (/) and (2), n^spectively, 
the function 

W{x) « r{x)[y(x)z'(x) - y'(x)s(x)] 

either is eventually of fixed sign or has the limit zero as x becomes infinite^ 
the zeros of some solution y(x) eventually separate those of each non null solu¬ 
tion sCy) , and^ vice versa. 

Corollary, If all solutions y(x) and z{x) are bounded and if the limit 

lini \p - pi\dx 

ar —► CO 

exists {in the strict sense), the conclusion of Theorem 1 is valid. 

The results stated are valid whether or not the solutions of (1) and of (2) 
are oscillatory near x = oo. 

In studying (1) it is frequently useful to write linearly independent 
solutions of this equation in the canonical form 

u{x) sin p(x), u(x) cos v{x) (3) 

used by Milne, Fatou and others. Here u(x) and may be assumed 
to be positive for ^c> 0. A companion theorem of an earlier result^ is tins. 

Theorem 2. If p{x) > 0 and p{x)r{x) is monotone decreasing as x 
increases, there exists a positive constant such that u{x) > c^for x> a> 0. 

If r = 1, and pix) > 0 and of class write p{x) » The 

following theorem may then be stated. 

Theorem 3. Suppose G “ positive for x large. If Q is 

monotone increasing as x increases, each solution y(a£:) of (1) has the property 
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that | 3 'Cv)| < Mq{x)y ivhere M is a positive consUint. If Q decreases mono* 
tonely as x increases^ corresponding to each solution there exists a positive 
constant m such that 


u{x) > mq{x), 

where u(x) is any coefficient in {3). 

A number of necessary conditions that solutions of (1) be oscillatory 
(i.e,, sufficient conditions for non-oscillation) near x — oo arc given. A 
principal theorem is the following. 

Thkorkm 4. If r 1 and x^p{x) — ^/iisa positive monotone function 
of Xt a necessary condition that a solution y(A') of {!) he oscillatory near x = t» 
is that 

!>»' Sc [(•«"/»(■'■) - = oo. 

A number of corollaries may be stated. The following is of interest as 
a companion result to an earlier one given by the present author.*' 

CoRonLAKY. If p{x)r{x) is a positive monotone function of .r for x large, 
a necessary condition that solutions y{x) of (!) be oscillatory neighboring x ~ 
00 is that not both limits 

p{x)dx 

exist. 

Proofs of the theorems stated and of other related results, as well as a 
more complete bibliography, will be given in the longer jiaper of which 
this is an abstract. 

^ These pRocBKDiNfos, 35, 190 (1949). 

^Ibid., 35, 193 (1949). 



THE COEFFICIENT PROBLEM FOR BOUNDED SCIILICIIT 

FUNCTIONS* 

By H. L. RoYDENf 
Stanford ITnivkrsity 

CommunicLiled by S. Lefschetz, September 9, 1949 

The theory of the class of bounded schlicht functions is in some respects 
more symmetric than that of the general class of schlicht functions, and 
it is the purpose of the present paper to give some of the preliminary theory 
and to indicate some of the problems attached to this class of functions. 
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L Consider the two classes of functions: the class S, consisting of all 
functions of the form 

^ = /(2) “ Z + + ... 

which are regular and schlicht in \z\ < 1; the class CBS, consisting of all 
functions of the form 


w ~ f{z) = biz + bttZ^ + b^^ + ... 

with > 0, which are regular, schlicht and bounded by unity in |z| < 1. 
The set of all the points (a 2 , ...» a«) which bclotig to functions of class 
8 form, in (2« — 2)-dimensional space, the closed domain I '„, which has 
been studied by Schaeffer and vSpencer.® vSimilarly, the set of all points 
{bu ^ 2 i . . .1 bn) belonging to functions of class (B8 ff)rm a region Dn in 
(2n — 1) “dimensional S])ace. Each bounded function of class S is trans¬ 
formed into a function of (BS on division by its maximum modulus, and 
each function of (B S is transformed into a bounded function of 8 on division 
by bi. 

Since the class CBS becomes compact with the addition of the function 

«= 0, the region “Urt + 0 (the origin) is closed. It can be shown that a 
necessary and sufficient condition that the point {bu be an 

interior point of is the existence of a function/(z) c belonging to the 
point and bounded by r < 1 in | z] < 1. Hence \)„ + 0 is the closure of 
its interior. 

Each interior point (fla, of Vn determines a segment (6j, bia^, 

.. ., h\a„) of V-n as hi varies from 0 to h*, the maximum value bi can have 
for the point {bu b\a*u . . ., bia„) to belong to t),,. The end points can be 
the only points of intersection with the boutidary of + 0, since all the 
other points are interior points. Now bi will be the reciprocal of the 
minimum of the maximum moduli of the functions of class 8 belonging 
to the point (a 2 , .., a„). We have > 0, since the interior points of 

Vn possess bounded functioUvS.® 

To construct starting from one first constructs a cone in (2n — 1)- 
diraensional space with vertex at the origin and base Vn in the hyperplane 

== 1. Cut each ray from the origin to an interior point of off at a 
vertical distance b* from the origin. The segments from the origin to 
(bu biCh, ..forni 

It now follows that b* is a continuous function of the point ( 02 , ...» 
an)f for if b\ had more than one limit point as we? approach the point (aj, 
...»a«) we would have more than one boundary point of Vn on the segment 
(bu bi<h, .. biUn), 0 < bi ^ bu which is impossible. From this follows 
the continuity of the minimum of the maximum moduli of the functions 
of 8 belonging to interior points of 

Since Vn is topologically equivalent to the closed (2n — 2)-dimensional 
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sphere, + 0 is equivalent to the closed (2n — 1)-dimensional sphere. 

2. I^et the continuous, real valued function F have a continuous and 
non-vanishing gradient in an open set containing 4“ 0. Then on the 
basis of the formula (2.5.2) of reference 6, one has the following lemma, 
which has also been obtained by Charzyiislci.^ 

Lemma ; Every function w = /(s) of class $ belonging to a point {bu 
bi, . ., b^) where F attains its maximum in must satisfy the differential 
equation 

/ z dw\ ^ 

(- = C)(=) (1) 

where 


R{w) 


n - 1 


L 



M — 1 


E 




( 2 ) 


Moreover, the functions R{w) and Q{z) are real and non-negative on the unit 

bF 

circumference, and each has at least one zero there. If we set Fi^ *= , then 

OOa 


0. 




n 



FA 


(»+ 1 ) 

» 


k » 1 


0^p ^ ^p 

jSo ^!iF\bi + l>kPk (’^) 

* * - 

Bo - ^hFdh + Re Z kb,F„ 

k ^ 2 


Thus it is clear that an equation of the form (1) is satisfied by the func¬ 
tions belonging to a dense set of boundary points, and by a limiting process 
such an equation is seen to be satisfied at every boundary point (except of 
course at (0, . 0)), where now the arc merely certain constants. 

Such equations will be called lD„-equations, provided that if k is the largest 
integer such that Bk ^ 0, then bi^k = Bt and all « 0 for v > k. This 
last condition is obviously necessary for the existence of solutions analytic 
at s »= 0. A function w ~ /(s) which is regular in | z| < 1 and which has 
a positive derivative at the origin will be called a i)„-function if it satisfies 
a Drt-equation. We must have b\ < 1 for f{z) to be bounded by unity, 
but this is the only restriction to be placed on bi. 

If f «= dz/z, we let be the set of arcs /?c(f) » cx)nstant which 

have one or both end-points at a zero of Q(z). This F^-structure has been 
investigated in The r«-structure is similarly defined in connection with 
i?(w), and in our case it has exactly the same form as the r,t-structure. 
Using methods similar to those in reference 0, the following theorem 
can be established. 



mo 


MATHEMA71CS: H. L. ROVVEN 


pROC. K. A. S. 


Theorem I: If w ^ f(z) is a then it is schlickt in |«| < i 

and maps | s j < 1 onto the interior of the unit circle minus a subcontinuum 
of Tif containing the circle jujj ^ By continuation from xvithin \z\ < 1 
ike function f{z) is regular on [gj = i with the exception of finitely many 
points where it has the local development 

m = E - c’’')'/"', 

^ 0 


m a positive integer. 

Let Cff, be a subcontinuum of P,/; interior to and containing the circle 
\w\ = 1. Let 

\l/(w) == w + aw” + ^ 4- ... 

be regular, schlicht and bounded by unity in the complement of C,r in 
| 7 c| < L Then, using the method of Teichmiiller,^ we can show that 
Re{uffn~\) ^ 0, with equality if and only if \l^(w) — w. From this follows 
Theorem IL 

Theorem II: Every Vn’f'unction belongs to some boundary point of 
and to any given boundary point of “Un {except (0, 0, .. 0)) there belongs 

one and only one "^^-function. 

Theorem III: Of all the functions of class S which belong to the interior 
point (^ 2 , On) of V„.j Ihe one which has the smallest maximum modulus 
is unique and is 1/b] times the 'S>,rf^nction belonging to the point (6*, b^a^, 

. • ■. of the boundary of t)„. 

This is a modification of a problem considered by Carath^odory and 
Fejer,^ who did not require their functions to be schlicht, 

3, If a part of the boundary of tJn is smooth, then we can choose the 
function F of our lemma in such a manner that it vanishes on any given 
open subset S of this part of the boundary and is non-positive on the 
remainder of the boundary. Then by the lemma equation (1) is satisfied 
at each ps)int of S by the function belonging to this point. Hence at each 
point of 5 there is a complex number k of unit modulus such that 

QCk) - 0, Q\k) - 0. (4) 

If we assume 0, a necessary and sufficient condition for the ex¬ 

istence of a K satisfying equations (4) is the vanishing of their resultant. 
The By are given by (3), where the Fv now determine the normal direction 
to the boundary of *0^. Thus the resultant becomes a non-linear first 
order partial differential equation for S. 

If we consider the second of equations (4) as determining k(5w By), then 
the resultant is equivalent to 


2Q{k) « 0 . 


( 5 ) 



VoL, af), 1949 


MATHEMATtC^: //. L, HOYDEI^ 


601 


The charactexistics of (5) are given by® 


dh 

dt 





y 


H ~ 1 


E 

-»+1 


bB 

k' C ^ + 2Q'(k) 

bFi 


bK 

bK 


Since Q'{k) — 0 , this results in 


diH 

dt 


= kb^ + 2 53 (^ - v)dk 


(«) 


These are the same as the equations obtained by equating coefficients 
in the differential equation 


/) _ /) 1 + KS 

dt ds 1 — KZ' 


(7) 


which was obtained by Lowner* and shown to apply to arbitrary slit 
mappings. In our case the function g{Zf i) maps onto the complement of a 
subcontinuum of a fixed Fifl-structure. With increasing / the subcontinuum 
is cut away until a time to when g(z, k) = z. With decreasing t the sub¬ 
continuum grows and g{z, f) 0 as f -- co. Thus the points (1,0, ...» 
0) and (0, 0, . . 0) arc critical points of the differential equation (5), 

Had we started with the function R{w) instead of we should have 
obtained a different equation whose characteristics are 

- -(^* + 2 * 2 ^'“+"). 

(It V ^ 1 


These correspond to the dual Ldwner equation 

d/(2, t) d + Kf 

bt •'l -f nf 


4. We conclude by giving the form of the body “Uj. Here 0{z) must 
be of the form c(e'^z~' + 2 + e~ '*z) and R{w) must be 6 ic(e‘V~' 4 - 2 + 
e~ ‘V). Equation (1) becomes 


+ e'") 


dw 

Vwi 


{z + C '") 


dz 

Vz* 


Hence by integration 

biZ w 

^ we^Y 

The functions w « f(z) defined by ( 8 ) map the unit circle onto the unit 
circle minus a straight slit orthogonal to the unit circle at w - — e 
Calculating the coefficient of 62 we get 62 = — 2(6i — bi^) or b% - 
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2bx{l — bi). This is an equation for the boundary of Da and is in accord 
with the result of Pick.^ 

It is interesting to note that for « = 2 the resultant of equations (4) 
becomes == 4t\Bi\'K Writing we have 

bxKFr^ + « iy^bxI^, + rFrY, (9) 

Since we can change the argument of 62 without changing its modulus 
merely by rotating both the z and w planes* F must be independent of 9 , 
Thus (9) becomes an ordinary diilerential equation which separates and 
integrates into 



Since r == 0 at = 1* c must be zero giving r = 2(^i ~ by^) as before. 

* This paper was written while the author was etigaged on a project sponsored by 
the Office of Naval Research (Contract Nd-ori, 154, Task III). 
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.JtEROBIC FORMATION OF FUiMARlC ACID IN THE MOLD 
RHIZOPUS NIGRICANS: SYNTHESIS BY DIRECT C 2 CONDEN^ 

SATION* 

By J. W. Foster,! • Carson, D. S. Anthony, J. B. Davis,! W. E. 

Jefferson and M. V. Long 

Department op Bacteriology, University op Texas, Austin, Texas, and Biology 
Division, Oak Ridge National Laworatory, Oak Ridge, Tennessee 

Communicated by S. A. Waksman, October 21, 1949 

Recent studies^ have demonstrated that fmnaric acid formation from 
glucose by Rhizopus nigricans No. 45 involves at least two mechanisms, 
one of which is aerobic, the other anaerobic. The latter involves a bulk 
fixation of CO 2 via oxalacetate, in confinnation of the reaction qualitatively 
demonstrated in this mold eig'ht years ago witli radioactive carbon dioxide 

The aerobic mechanism is the subject of the present work. Methods 
of cultivation and handling of the mold, submerged mycelium and 
analytical procedures are those given in detail by Foster and Davis* 
and additional details will be given where necessary. 

Experiments and Results. —Relation of C 2 Compounds to Funmrate Forma¬ 
tion from Glucose: Using washed vSubinerged mycelium the essential 
surface culture results of Butkewitsch and Federoff*’ ® and Foster and 
Waksman* were confirmed, namely: aerobically ethanol accumulates in 
the early stages of the carbohydrate utilization, and gradually disapjxiars, 
with a concomitant increase in fumarate, implying that alcohol is an inter¬ 
mediate between glucose and fumarate. Also confimied was the formation 
of fumarate from alcohol as the sole carbon source, as well as from acetate, 
first noted by Takahashi and Asai m 1927.^ A systematic study of fuma¬ 
rate formation from Ca compounds (an aerobic process) was, therefore, 
undertaken. 

Conversion of Alcohol to Fumarate: Extensive experimentation indicates 
the following conditions are essential for high efficiency of this conversion: 
(a) good aeration conditions, such as agitating thin layers on a reciprocal- 
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type shaking machine; (hj initial alcohol concentration of 2 to 3%; 
(c) the growth medium in which the mycelium for the alcohol ex^ieriment 
is obtained must be neutralized to prevent a sharp drop in pH due to 
fumarate formation from the sugar; if the pH falls below 5*0 the mycelium 
is inferior for this purpose; (d) phosphate cannot lx‘ used for the tieutraliza- 
tion because it yields inferior niycelium; excess precipitated calcium 
carbonate has proved very satisfactory. 

The washed mycelium, which is now furtiished alcohol, must be allowed 
to become acid. In the neutral range alcohol convSum])tion is less, and 
conversion to fumarate is lacking altogether or is small. Enough CaCOa 
can be carried over from the growth medium, trapped in the mycelial 
chimps, or adhering to the mueilagiaous coatings on the hyphae, so as to 
maintain the pH high enough to supprCvSs fumarate formation from alcohol. 
Washing the niycelium briefly two or three times in 0.2 N HCl dissolves 
this CaCOa without injuring the mycelium. Excessive contact with the 
HCl is injurious. After u water wash a portion of the mycelium placed 
in water and agitated violently should show no CaCOa shaken loose and 
settling out. The optimum acidity for conversion of alcohol to fumaric 
acid is about pH 3 to 4, yet maximum conversions are obtained only when 
the pH initially is 0 to 7 and is allowed to fall due to fumaric acid accumu¬ 
lation in the now unbuffered medium; under good conditions the value 
falls to about pH 2.5 before the conversion of alcohol is affected harmfully. 

In properly conducted exj>eriments aseptic techniques are unnecessary, 
due to the high acidity which develops. In these experiments, 1.2 g. 
wet weight (^ 0.2 g. dry wt.) mycelium was used i>er 25 ml. of 2% ethanol 
in 25()-ml. Erlenmeyer flasks. After 4 to 5 days shakirjg at 28^C. and 
correction for small evaporation losses, filtrates from these cultures con¬ 
tain from 4 to 0 mg. free fumaric acid per ml. The highest we have 
obtained is 7.9 mg. per ml. Doubtless higher amounts could be obtained 
by partial neutralization. Generally ethanol consumption amounts to 
4 to 10 mg. per ml. Analytical data show this is equivalent to about 50 
to 80% weight conversion of ethanol to fumaric acid. This represents 
approximately 40 to 60% molar conversion efficiency. Actually, the three 
highest values we have observed have been weight conversion = 84, 86 
and 91% («* molar conversions of 67, 68 and 72%). Fumarate is never 
obtained from mycelium in the absence of substrate (alcohol). 

Two things are remarkable about tliis process^—the high yields of 
fumaric acid and the purity of the product. Paper chromatography 
(solvent =« butanol-proiiiOnic acid)** of a culture filtrate containing about 
500 Mg- fumaric acid showed no other detectable acid spots under our 
conditions. This means that other metabolic acidic impurities were 
present in amounts less than about 1% of the amount of fumaric acid. 
However, after substantial concentration, namely, ether extraction and 
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crystallization of futnaric acid from a watef'solution of the residue, malic 
acid could be identified in the mother liquor from the crystallization. It 
showed an acid spot of RF =* 0.43 on a paper chromatogram. The purified 
fumaric acid was identified as such by melting point and the KMn 04 
unsaturation test. 

Acetate Conversion: The conversion of acetate to fumarate has been 
studied under a great variety of conditioUSj the best weight conversion 
never exceeding 30% (— 29% on molar basis). Neutral conditions are 
essential here, as utilization of acetate is greatly reduced on the add side 
and fumarate formation is not observed at all. In confirmation of Butke- 
witsch and Fedcroff’s®* studies with surface pads, some succinic acid is 
also formed with submerged mycelium. In one of our experiments 7.2 mg. 
acetate per mb was consumed, yielding 1.92 mg. fumarate and 0.26 mg. 
succinate. The succinate was measured manometrically using a succinic 
dehydrogenase preparation from pig heart. 

The discrepancy in yields from alcohol and acetate make it likely that 
acetic acid itself is not the substance undergoing conversion to fumarate, 
at least in the pathway from ethanol. An active C« compound probably 
is generated more efficiently from ethanol than from acetate, and though 
we have established that phosphate is essential for the conversion,“ 
assiduous tests for acetyl phosphate** have been consistently negative, both 
on filtrates and ground mycelium extracts. 

Conversion of Succinate: Fumarate formation from C 2 compounds and 
the fact that succinate accumulates in acetate cultures implies the inter¬ 
mediary formation of succinate followed by dehydrogenation to fumarate. 

Demonstration of the dehydrogenation reaction is, therefore, essential 
for the premise that fumarate formation from Ca compounds proceeds 
via succinate. Living Rhizopus nigrimns mycelium is inert toward 
succinic acid, when tested manometrically for oxygen uptake. This is 
true at acid or neutral pH values. However, desiccated mycelium actively 
oxidizes succinate, indicating that permeability limitations account for 
the negative results with living mycelium. Judging from the amount of 
oxygen taken up, the oxidation of succinate does not proceed beyond 
fumarate in desiccated preparations, which by themselves display some 
endogenous 0» consumption. In one experiment with 0.01 mM. suc¬ 
cinate in phosphate buffer at pH 7.4, the oxygen uptake leveled off sharply 
to the endogenous rate, at which point the following O 2 uptake values were 
obtained: endogenous flask 96^1-; succinate flask « 200 ^ 1 -; difference 
due to succinate « 104 fd, O*; theoretical for oxidation of succinate to 
fumarate * 112 /^l. O 2 . Each vessel had 30 mg. dry mold material. 

Experimsnls on CO 9 Fixation: Because this organism can syntliesize 
appreciable amounts of fumatate via CO 2 fixation with glucose as the 
substrate,* examination of CO« fixation mechanisms appeared desirable in 
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the alcohol experiments. A double fixation^ namely, C 2 + COa ^ Ca; 
Ca + CO 2 C 4 would be involved, and of exceptional efficiency. The 
following experiments appear to preclude these mechanisms: (fit) fumarate 
formation is tmdtminished in a COrfree atmosphere secured in a closed 
system by the presence of alkali and partial vacuum; (b) fumarate forma¬ 
tion is not accelerated or enhanced by elevated CO 3 tensions; (c) experi¬ 
ments with radioactive carbon dioxide (C^^Os) and unlabeled ethanol show 
that COg could not possibly account for the major portion of the total 
fumarate formed. Acid-permanganate degradation (see later) of the 
fumaric acid formed in this experiment showed that the radioactivity 
was predominantly in the carboxyl groups as compared to methine carbon. 
In view of the fact that this mold has been demonstrated to possess oxal- 
acetic acid decarboxylase, it is almost certain that the carboxyl radio¬ 
activity results from reversible decarboxylation of oxalacetate arising 
from fumarate via malate. Carbon dioxide is, therefore, a negligible factor 
in synthesis of fumarate from alcohol. 

Theoretical Consideration of the Above Results with Respect to a Tricar^ 
boxyUc Add Cycle Mechanism: For two reasons the yield data seem to 
eliminate the tricarboxylic acid cycle in the formation of the C 4 dicarboxylic 
acids (fumaric). 

First, theoretical molar yields of C 4 from Q via a Ce-cycle are 67%. 
In the mold system, yields equaling and possibly exceeding these have been 
obtained. That the Krebs cycle could operate in this case at its theo¬ 
retical efficiency in producing C 4 is improbable, due to other degradation 
outlets for the intermediates. The fumarate yields from alcohol are in 
reality substantially higher than those reported above because they are 
based on total alcohol which had disappeared, after corrections from 
suitable evaporation controls. Actually some of the alcohol was assimi¬ 
lated by the mold mycelium. In one alcohol experiment the dry weight 
increase in mold mycelium was equivalent to 15% of the alcohol which had 
been consumed. Since this occurred in the absence of a nitrogen source 
and minerals, it is considered to represent oxidative assimilation. 

Second, for each molecule of C4 formed, the tricarboxylic acid cyde 
would require a C 4 molecule to begin with. This would have to come from 
ethanol, i.e., a Q, which is the only substrate available. Thus, a func¬ 
tioning Krebs cycle in this system would still require a C 4 synthesis from 
Ca by some extremely efficient mechanism. 

Since COa fixation has been eliminated (see above) as a major mechanispi, 
attention was, therefore, directed to a consideration of a 2Cg-condensation 
origin of the fumarate. None of the above experimental data are in* 
consistent with this possibdity, and indeed, the 3 rield data are stron^y 
suggestive of this mechanic. Labeled ethanol it possible to put 

this theory to the final test. 
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Experiments Using 0*-Labeled EtkanoL — Methods: Methyl-labeled 
ethanol and carbinol-labeled ethanol were obtained from Tracerlab, Inc, 
To avoid volatilization hazards, as well as to obtain CO 3 measurements, 
these experiments were conducted in 104iter desiccators with ordinary air 
atmospliere. Other details were exactly as in the previous experiments 
with non-labeled ethanol,** * The cocks were opened daily to compensate 
for oxygen consumption. Only one flask was placed in a desiccator. The 
whole apparatus, with the flask fastened in position was placed on a shaker. 
Both kinds of labeled ethanol were run with portions of the same batch of 
mycelium and at the same time for 4 days. The radioactive alcohols were 
diluted with ordinary ethanol to a final concentration of 2%. At the end 
of the experiments a 300-ml. aliquot of the gas phase was removed with an 
evacuated bulb, the CO 2 absorbed in alkali, precipitated and weighed as 
BaCOa on a porcelain filter disc. Radioactivity measurements were tnade 
directly from the disc with a mica window Geiger-Miiller counter. All 
radioactivity measurements on BaCOs were measured as close as possible 
to infinite thickness and corrected for self-absorption when necessary. 
All counts actually measured were at least 10 times the background, and 
most were 20 to 200 times. Radioactivity of other organic compounds 
was measured as BaCOs obtained from wet oxidation using persulfate- 
AgNOa.** The lilM^rated CO 2 was absorbed in NaOH and collated as 
BaCOa by addition of BaCb. 

At time of analysis the culture with methyl-labeled ethanol had 5.4 mg. 
fumaric acid per ml., and that with carbinol-labeled ethanol 6.7 mg. per 
ml., determined by a mercurous fumarate method modified from Stotz.** 
Aliquots of the clear culture filtrates were adjusted to pH ^10 and about 
two-thirds the volume distilled off. The residue was acidified to pH ^^2.0 
with H*S 04 and extracted with ether overnight in a Kutscher-Steudel 
extractor. The ether in the extract was evaporated, and all remaining 
traces of volatile matter removed by maintaining the re.sidue under high 
vacuum at 80®C. for 30 minutes. The light tan deposit of fumaric acid 
was dissolved in hot water, filtered and concentrated in an ait stream on a 
liot plate to incipient crystallization. After standing in a refrigerator 
overnight, the ^stals of radioactive fumaric acid were collected and 
washed on a sintered glass funnel. Yield from the carbinol-labeled 
alcohol was 52 mg, and from the metbyHabeled ethanol 32 mg. Both 
preparations melted at 274--275®C. in a sealed tube as compared to 272.5®C. 
for pure fumaric acid under our conditions* 

About 6 mg. of each kind of labeled fumaric acid was combusted for 
total radioactivity and another 10 to 12 mg* degraded with acid-per¬ 
manganate for location of the labeled carbons. Allen and Ruben^^ have 
shown that this oxidation liberates 3 moles COj and 1 mole of formic acid 
fier thole of fumarate^ and that the formic acid is derived exclusively from 
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one of the niethine carbons of the fuiriamte. The other inethinc-carbon 
and the two carboxyls make up the threni C ()2 liberated. In confirmation, 
we have, with unlabeled fumarate, identified formic acid as a product of 
this oxidation under our conditions by ether extraction and its Duclaux 
distillation constants. Formate separation also has been done by steam 
distillation direct from the oxidation mixture after destruction of the 
residual KMn 04 with HaOj. The oxidation mixture contained 11 mg. 
fumaric acid in fi ml., 20 ml. 0.2 N KM 11 O 4 and 14 ml. 3 N HaS 04 . The 
oxidation is complete in less than 10 minutes at room temperature, but the 
formate slowly is further oxidized. The oxidations were carried out in 
160-mL capacity Warburg vessels connected to manometers containing 
mercury, and when theoretical amounts of CO 2 had been liberated (— three- 
fourths of the fumarate carbon) the flask was placed in ice water to retard 
formate oxidation. Alkali was introduced through the vent in one side 
artn, and the CO 2 abscirbed. The oxidatum mixture was removed for 
formate sepaiation, and the CO 2 precipitated as BaCO^ and taken for 
radioactivity measurements. 

In the case of radioactive fumarate, inactive carrier formic and acetic 
adds (0.3 mE, of each) were added prior to ether extraction and Duclaux 
distillation. Two successive extractions with 10 volumes of ether netted 
about 90% recovery of the acid.s. The ratios of acetic/formie acid ob¬ 
tained in the Duclaux distillations from both kinds of labeled fumaric acid 
were so shifted by the ether extracts that formic acid definitely must have 
been contributed by the degradation of fumaric acid. The Duclaux 
constants are indispensable in ascertaining the radioactivity of the formic 
acid produced from fumarate. Radioaciiivity of the various Duclaux 
fractions should be proportional to the characteristic formic acid values in a 
Duclaux distillation, otlierwise the radioactivity in the preparation cannot 
be due to formic acid. After t)ie titration values were obtained, the various 
Duclaux fractions were oxidized to CO 2 for radioactivity determinations. 

Restdls with Fumaric Acid from CarJnnof Labeled Ethanol: The formic 
acid in this case was devoid of radioactivity eveji when measured as gaseous 
COa with the vibrating reed electrometer which is ^ 10 times more sensitive 
than our solid counting procedure. There was a small amount of steam 
distillable radioactivity (^2% of the total) but it doubtless came from 
impurities in the fumarate, for it bore no relation to the formate distillation 
curve. The fumaric acid itself had a specific activity of 1.2 (counts/sec./ 
mg. BaCOs), located entirely in the carboxyls, in view of the inactivity of 
methine-carbon. experiment demonstrates conclusively that a direct 

C% condensation has taken place, and furthermore^ that no other rea0i<ms took 
place whereby carbinoLcarbm of ethanol is converted to me^ne-ccurhon of 
fumaric acid. That is, no mixing takes place. It means the following 
conversion must have occurred: 
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Fuinaric Acid 

Based on the fact that phosphate and succinate appear to l>e involved, 
accordinjj to the earlier experiments, the supposition is made that Inter¬ 
mediate 1 is an ‘^active” C 2 compound, possibly phosphorylated, and 
Interniediate II is the primary product of the condensation reaction, pre¬ 
sumably an “active” succinate. 

The starting radioactive alcohol usetl in this expen inent had a specific 
activity of 1.67. The reduced specific activity (1.2) of the fumaratc formed 
from this alcohol could result only from a dilution of the radioactive 
carboxyls by inactive carboxyls. The probable mechanism : some of the 
alcohol is oxidized to CO 2 . The CO 2 at the end of the experiment had a 
specific activity 1.2, representing inactive CO 2 from methyl carbons as 
well as endogenous respiration, and radioactive carbon from carbinol. 
Thus, due to dilution, the specific activity of the CO 2 is much less than that 
of the carbinol group of the alcohol (2 X 1.67 ~ After fumarate is 

formed via direct Oi condensation, the initially highly radioactive carboxyl 
groups are diluted with lower specific activity COsj probably via reversible 
exchange by oxalaeetatc decarboxylase, an enzyme known to be active in 
this organism.^ 

Results with Fumaric Acid frohi MeihyFljiheM Ethanol: The formic 
acid derived from this fumarate was decidedly radioacti\x, as was the 
COa representing three-fourths of the fumarate. This latter contains, of 
course, one metliine carbon, equivalent to the formic acid carbon. The 
radioactivity was unquestionably due to formic acid, since radioactivity 
measurements precisely paralleled titration values of the lJuclaux fractions 
representing pure formic acid. The last fraction, the most accurate becaUvSe 
of its size, contained by titration 65% of the total formic acid distilled. 
This fraction also was found to contain (i5% of the total radioactivity of 
the formic acid. 

The specific activity of the starting ethanol in this experiment was 1.83, 
and that of the isolated fumaric acid 2.18. This increase can be accounted 
for only by entrance of labeled carbon into the initially nbn-radioactive 
carboxyls of the fumarate. Here, also, an exchange between labeled CO® 
and the fumarate carboxyls must have occurred, again probably involving 
the participation of the oxalacetate decarboxylase in this organism, The 
labeled CO® had a specific activity of 0.8, and was derived from oxidation of 
some ethanol. The incorporation of 0*^0® into unlabeled carboxyl nat- 
mally results in increased specific activity of the fumarate. It is interest¬ 
ing that the exchange reaction in the carbinoMabeled alcohol experiment 


CHaC'HoOH 

CHsC^^HaOH 

Ethanol 
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reduced the specific activity of the fumarate formed, and increased it in 
this experiment. These experimentally observed results ore, therefore* 
what one would expect. 

Tlie specific activities of the methine-carbon and carboxyl-carbon of 
this fumarate were 3.6 atid 0.7, respectively, as determined by measure¬ 
ments on formate and COs from permanganate oxidation* Since the 
specific activity of the methyl group of the starting alcohol was determined 
to be 3.66, it is evident that a direct conversion of the ethanol methyl group 
to fumarate methine group must have occurred. 

Discussion. —In recent years experiments on bacteria, yeast, fungi and 
animal tissue have suggested strongly the existence of the 2 C condensation 
reaction (Thunberg-Wieland condensation). Although the evidence has, 
up to this point, been held in some dispute (see comprehensive literature 
reviews and critical analyses by Wood,^^ and Bloch, the experiments in 
this paper decisively establish the 2 C 2 condensation reaction. Thus, a 
third mechanism of formation of the C 4 dicarboxylic acids is added to the 
other two generally accepted as functioning in aerobic cellular respiration: 
CO2 fixation yielding oxalacetic acid, and decarboxylation of a-ketoglutaric 
yielding succinate. Just what part, if any, the 2 C 2 condensation plays 
in various living systems in furnishing (eventually) oxalacetic acid for 
the tricarboxylic acid respiratory cycle is yet to be ascertained. 

Apart from the reaction itself, of particular significance appear to be the 
results indicating entrance of COa into carboxyl groups of the fumaric add 
which itsdf is synthesized via a mechanism not concerned with COa fixation* 
This COa entrance is assumed to occur through reversible decarboxylation 
of pre-existing oxalacetate (or malate) in equilibrium with the fumarate* 
It would be of interest to determine if this mode of entrance of CO 2 could 
account for some of the carboxyl-labeled organic adds formed in the 
numerous Krebs type experiments which have heretofore been done with 
labeled CO2 or NaHCOa. 

In view of the prominent r61e Cj compounds play in the metabolism of 
fungi,it is not surprising that the condensation reaction'' should 
have a spedal significance in these organisms. With adequate oxygen, 
carbohydrate in mold cultures is oxidized via oxidative decarboxylation of 
pyruvate, the resulting active Cj (acetyl phosphate?) forming organic 
acids and/or CO 2 eventually. However, physical nature of mold 
mycelium in masses almost automatically limits oxygen availability during 
carbohydrate utilization, and anaerobic alcoholic fermentation ensues. 
Upon exhaustion of carbohydrate, the mold now slowly oxidiases^^ 
alcohol, generating organic adds and/or CCb Just as it does fn>m 
directly. This mechanism whereby the mold eventuaMy ob^hls its full 
quota of energy and catbon from the original carbcAydmte tod accumu¬ 
lates adds is possible because ethanol oxidation yii^s 
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same or similar active Ca fraction as p 3 rruvate oxidation. The oxidation 
merely proceeds via a roundabout route, which has been named the 
“alcohol excursion/' These results also indicate why alcohol has so often 
been considered disputably the intermediate in organic acid formation from 
sugars by fungi. 

The formation of pure fumaric acid in high yields labeled predominantly 
in methine-carbons ^ould make possible the availability of similarly 
labeled analogs, such as oxalacetic acid, malic acid, succinic add, aspartic 
add, a-ketoglutaric acid, etc,, having value as tracers in metabolism 
studies. It also provides now the only feasible method of synthesizing 
methine-labded maldc anhydride, a vital intermediate in chemical syn¬ 
thesis of many suitably labeled ring-t 3 rpe organic compounds, induding 
carcinogens. 

Summary ,—Conditions for obtaining high yields of fumaric acid from 
ethanol by Rhizopus nigricans are specified. Yields of fumaric acid were 
so high that the tricarboxylic add cyde as a meclianism of formation of 
fumarate is excluded. Yields of fumarate from acetate are one-tliird 
those from alcohol. Experiments with unlabeled ethanol and C^^-labeled 
carbon dioxide eliminate a COs fixation mechanism of fumarate synthesis. 
The mold possesses an enzyme which oxidizes succinate to fumarate. 

Fumarate formed from methyl-labeled ethanol contains the same 
spedfic activity in the methine-carbon as that of the methyl group from 
the starting ethanol. The carboxyls contain a small amount of radio* 
activity due to a reversible decarboxylation reaction probably involving 
oxalacetate decarboxylase. 

Fumarate from carbinoHabeled ethanol contained no radioactivity 
in the methine-carbons, but abundantly in the carboxyls. All the evi¬ 
dence proves unequivocally that the C* dicarboxylic acid synthesis occurs 
by direct 2Ca condensation as hypothesized originally by Thunberg. The 
implications of this reaction in the tricarboxylic add cycle of respiration 
and in synthesis of tracer intermediates for biochemistry and synthetic 
organic chemistry are discussed. 
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GEOMETRY OF REDO CIO) MOMENT SPACES 
By S* Kari.in and L. S. 

Thk rand Corporation, Santa Monica, Cai-ikornia 
Communicated by-j, vou Neumann, Oedober 7, 1^M9 

L A normalized distribution function ou the closed unit interval 
[0, 1] is any real, non-decreasing function continuous to the right, 
with </)( —0) — 0, ^(l) == 1. The distribution with sallus of one at / and 
coUvStant elsewhere is denoted by T,. The «th wanient of is 

nni<t>) = 

The region of «-dimensional Euclidean space coinprivSing the points Xi = 
^ n, for all distributions is the. reduced moment sTace 

IB”. The region comprising the points of the fortn X{ ~ yitUt) ~ t^ is a 
twisted curve, denoted by C'*. is closed and convex, and for w > 2 
its set of extreme points is [)re.cisely fli". 

Theorem. If x is in the boundary of 50" then there is a unique distribution 
<l> with moments = Xu onul x can be represented as a convex combimition of 
extreme points in just one way, mimely 

Xi = f\Hi{i,)imt)- 

If X is interior to 50", then the associated distribution and the convex repre¬ 
sentation are not unique. 

Denote by 5(x) the number of extreme points participating in the convex 
representation of a boundary imint .r of S”, and ^(.v) the same but wdth the 
points (0, 0, ..., 0) and (1, 1, ..., 1) counted half. Let H(x) be the com¬ 
mon intersection of all the supiK)rting planes to 50” at x; let a(.r) denote the 
dimension of c(x) the dimension of n 50”. 

Theorem. Ifx is any boundary point of S” then 

2b(x) - a(x) + 1, 
h{x) ~ r(A') + 1. 


By a suitable extension of the definitions, these relations can be made to 
hold for points interior ami exterior to 50”. In particular, there are two 
distinct “mininiar’ representations of the interior ixfints, with bix) ™ 
(n + l)/2, corresponding to the representations of two boundary points 
of 50”^*. The boundary of B” may be partitioned into 2n disjoint *‘faces,'’ 
lia and A”, of surface dimension a, a =« 0, 11, where a(:c) - a 
for X € A” or Aj. is constant over these* faces, and indicates the 

order of curvature of the surface. Fur the entire boundary, a — 1 < 2c < 
a+h 
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2. The set of polynomials P(t) of degree n or less which are non¬ 
negative over [0, 1] may be conceived as a conical region in the (n + 1)- 
dimensional Euclidean space of the coefficients. If the polynomials are 
normalized by 

Pmt - 1 

a convex, closed, n-dimensional region 5" is obtained. Its extreme points 
are precisely those polynomials that have n roots (counting multiplicity) 
in [0, 1]: they fall into two disjoint components distinguished by the sign 
of the leading coefficient. The entire region is spanned by extreme 
points taken two at a time; in fact: 

Theorem. If P is in then there is a unique representation 

m m ■“ I 

Pit) = a n (t- + /3/(l - t) II it ~ ty)\ ifn=^ 2m. 

j-i j-i 

nt m 

P{t) ^ at TL (t - hjY + /3(1 - /) n {t - r/w = 2m + 1, 

j~\ jml 

with ct> Ot 0, 0 < ti< . . . < < 1. P is interior to jp** if and only 

if all of the inegualiiies are strict 

Denote by b{P) the munber of distinct roots of P{t); b{P) the same 
counting roots at 0 and 1 as half. Then for P on the boundary of P”; 

5(P) = n - a{P) 

2b{P) = n ~ c(F), 

a(P) and c{P) being defined geometrically as in section 1. The boundary 
of P" may be partitioned into 2n disjoint components Me and c — 0, 
1, 1, with c{P) = c for P in or CK?. 

3. A convex cone in (n + l)-dimensional space is a set which contains 
the point ax + fix' whenever it contains x and x'\ a and fi being any non¬ 
negative real numbers.^ The conjugate cone C* to a convex cone C is the 
set of points y which satisfy 

n 

S all < C. 

C* is convex closed, and if C is closed then C** « C, 

If B** and P'* are made into convex cones in (n -f l)-dimensional space 
by dropping the two normalizing conditions suid XPdi « 1, 

then they are mutually conjugate. Geometrically stated, this means that 
the codrdinates of a boundary point of B* are the coefficients of a plane of 
support to P”, and vice versa. Interior points correspond to separating 
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planes, exterior points to secant planes. If x is in the boundary of 
and if P is interior to the (convex) set of points in the boundary of P" 
which generate planes of support to S’* at x, then P is said to be conjugate 
to X. 

Thboukm. If X is conjugate to P, or P conjugate to .r, then 

a(x) + c{P) ~ 6'(ac) + a(P) = « — 1, 
b{x) = b{P), h(x) = 5(P). 

The duality of conjugate cones is fundamental in the geometrical inter¬ 
pretation of the theory of two-person, zero-sum games. Motivation for 
the present study came from the consideration of games described by 
polynomial payoff functions over the unit square. 

4. In this section, results will be given only for the case « = 2m, 
Analogous results hold for odd dimensions. 

The duality just described leads easily to the well-known fact,^ that 
^0 = 1, Mo • > are the moments of a distribution if and only if the 

quadratic forms 

m rn 

2 and 2 XiXjiui^j-.! “ M(-fi) 

are non-negative. The first principal minors are 


MO ■ 

- • M* 

and Aj 

x= 

Ml — W 

• • Mi Mi+i 


• Mtk. 



Ml — Ml+l • • 

- - M2i-1 ^ U2l 


^ — 0, 1, . . w, Z - 1, 2, . . m, respectively. These determinants may 
be used to characterize the faces 3Co***» of In fact, if x is in 

Jto'" then, setting b - (a + l)/2, 

> 0, I ^ k < b; 0, b < k < m; 

> 0 , 1 < Z < 6; Ai = 0, b<l<m. 

If X is in then interchange upper and lower bars. 

If an interior point (mi, ...» Mam-i) of is given, then the extreme 

values possible for are found by solving 0 and Atm = 0, The 

lower value, designated comes from the first equation, the upper, 
from the second. The supporting planes at the opposite boundary 
points (moi ..., it 2 m) and (mo, ..., fltm) are unique and correspond to the 
polynomials (Pa„j(Z)]^ and Z(1 -• Z)(PAn»(Z)]* of P*’’* (when normalized), 
where 
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Mo . . . Mm -^i 1 

Ml ^ 

Mm * * ' M2 w"J 

Ml “* M2 • • • Mm — l Mm 1 

M2 — Ms / 

AmW - ‘ 

Mm Mw i 1 • ^ • M^m — S M2m —1 

'rhe Spectra of tbc unique distribution ^ and ^ corresponding to these 
opposite boundary points are the roots of P^m(.t) iind /(I — 
respectively. The two sets of roots interlock strictly (cf. the representa¬ 
tion of section 2) and the cumulative weights of the two distributions 
interlock as well, so that ^(t) — ^(/) has a sign change at each salt us point 
of £ and 

The polynomials P^,^, A = 0, J, . . m, are orthogonal with respect to 
the weight factor while / = 1,2, . . w, arc orthogonal with 

respect to /(I — t)d^{t). These systems of polynomials, together with the 
analogs for odd «, are the basis for a new geometric approach to the theory 
of orthogonal polynomials. 

Theorem. 7'here is a 1:1:1 conespimimee between {a) the interior of 
S®"' (//) the set of ordered pairs of polynomials (ind (c) the 

open simplex of strictly interlocking roots 0 ^ U< ti< hm - P 

The representation of section 2 is thus linked to the polynomials of this 
section and to the interior of S'**” ^ 

I}, In this section certain geometric features of the reduced moment 
space B" and its dual P” will be given. B" can be inscribed in a very nat¬ 
ural simplex §” whose vertices are given by 



Its dual is the simplex inscribed in spanned by the polynomials 

K - (j)(1 - A - 0,1, 
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(which must be normalized by the factor + 1). The barycentric co¬ 
ordinates with re>spect to of a point x of 50” are 

^v,k ” ^/^-O k ~ 0, 1, . . . , W, 

where <t> is a distribution having moments /i/(0) ~ V/, f — 1, 2, . . ., n. 
This gives a geometric interpretation to the (piantities i- which play so 
important a r61e in the literature <>n moment theory.? I'he relation of 
to 50” leads to several qualitative results on tnoment spaces, and in 
particidar gives a simple geometrical proof of HausdorfTs Theorem. 

An interesting point in the interior of each is that given by the 
continuous distribution — t) whose moments 

i*:t ... •2w - ] 

2 “i • ... • 2?; 

satisfy, for any w, = {jx,, f The supporting planes at (mi, 

. . ., and (mi, Mii. • > M«) are parallel, anotlier unique property of this 
moment sequence. The pcdynoniials Pimy n — 2w, for these moments 
are (up to a constant factor) the TchebychefF polynomials of the first and 
second kind. 

The center of gravity of the simplex is given by the rectangular dis¬ 
tribution </>(/) — t, whose moments 1, ^ ' 2 , • ■ . give rise in similar fashion 

to the Legendre and the first associated Legendre })olynomials. The 
centroid of the dual simplex is P(t) 1. 

Finally, the «-dimensional volume of 50” has the interesting value 

- n B{t, i), 

I — 1 

where B is the beta function. 

0. A similar account cun be made for moment s})aces based on an 
arbitrary finite set of moments With certain adaptations, most of 

the foregoing analysis and geometry can be carried over to infinite moment 
sequences, and to distributions over the infinite intervals [0, and 
[ — cx> , 00 ] . These results and their proof, and additional theorems 
unstated here, will be published elsewhere. 

' Rrein, M., and Snntlian, 1>.. Ann. Math., 41, S5(V-583 (1940). 

* Shohat, J, A., and Taniarkiti, J. D., The Problem of Alornents, American Mathe¬ 
matical Society, New York, 1943, p. 77. 

* Widder, D, V., The Laplace Transform, Princeton University Press, Princeton, 
1941, ch. HI. 
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ON n-DIMENSIGNAL CONCEPTS OF BOUNDED VARIATION, 
ABSOLUTE CONTINUITY AND GENERALIZED JACOBIAN 

By T. Rado and P. V . Reichblderfer 
Ohio State University, Columbus 
Communicated by Marston Morse, October 17, 1941) 

Background .—A real-valued function x »= f{u) may be thought of as 
defining a mapping /; U^ where U^, designate Euclidean 1- 

spaces (real number-lines). In this interpretation the fundamental con¬ 
cepts of bounded variation, absolute continuity and derivative acquire 
important and suggestive geometrical meaning. To obtain fruitful n- 
dimensional generalizations of these fundamental concepts, it is then 
natural to study mappings J: Z7" —► where [/”, are Euclidean »- 
spaces with points u = {ux, ..., w»), x - (xu ...»The general objec¬ 
tive is to develop concepts of bounded variation, absolute continuity 
and generalized Jacobian, which yield a theory comparable in utility 
and scope with the classical one-dimensional tlieoiy. Various ap¬ 
proaches to this general objective may be found in the literature. The 
present note is concerned with the line of thought presented in reference 1. 
The theory in reference 1 is developed for the case n == 2, For this case, 
the theory may be considered as essentially complete, due to the sustained 
efforts of many mathematicians. The generalization to the «-dimensional 
case represents a long-range program of great interest and great difficulty. 
The purpose of this note is to report on progress achieved by the writers 
in this general direction. We shall present in detail the precise definitions 
of the ^-dimensional concepts of bounded variation, absolute continuity 
and generalized Jacobian which we use in our work, and we shall describe 
applications to the transformation of multiple integrals, a topic which is 
discussed in Part IV of reference 1 for the case n = 2. 

Banc Concepts .—Let Do be a bounded domain (connected open set) in 
the space U^, and let f: Dq X" be a bounded continuous mapping from 
Do into the space X^. . In analogy with the 2-dimensional case it is ex- 
jiedient to assign to every point x oi X’* qm essential multiplicity relative 
to the mapping /. For the 2-dimensional case, various equivalent defi¬ 
nitions of the essential multiplicity are available—in fact, four such essen¬ 
tial multiplicities were actually used in the literature. In reference 2 
these essential multiplicities are denoted by Sif, respectively. 

Since they differ from each other only on countable sets, they can be used 
interchangeably throughout the 2-diniensional theory. However, the 
corresponding essential multiplicities in n dimensions may differ from each 
other on sets of positive measure. Recent results of Federer® indicate 
that the multiplicity corresponding to the largest one of the four multi- 
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plicities just mentioned, tiamely is the appropriate one for the «- 
dimensional case. In the work of Fedcrer, the definition of this multi¬ 
plicity is stated, in a very convenient manner, in terms of relative Cech 
cohomology groups. This essential multiplicity is usetl in the present 
note, and is denoted by K. For the concept of absolute continuity several 
equivalent definitions are available in the 2-diincnsional case. For the 
^-dimensional case the choice is again restricted; we found it appropriate 
to adopt the definition proposed in reference 4. Finally, for the w-di- 
metisional generalized Jacobian we found it convenient to adopt the form 
of the definition suggested in reference 5 for the 2-dinietisional case. Pre¬ 
cise definitions of these basic concepts follow. 

The Index fJL{x, f, D), —Given a bounded continuous mapping T: Do 
X” as above, let .Vo be any point in A'". A domain D is tenned admissible 
for Xofft Do if the closure cD of D is contained in Do and xo is not in the image 
of the frontier frD of D under /. If D is admissible for xq, /, Do, there 
exist in pairs of compact sets B satisfying the following conditions; 
(i)/r.4 is a subset of B, and B is a subset oi A; (ii) A — B h not empty and 
is connected; (iii) the image of cD under /is contained in A; (iv) the image 
of frD under / is contained in B; (v) Xo is in ^ — il. Under these condi¬ 
tions the pair A, B termed admissible for /, D. Assunu'. that A, B 
is admissible for Xu, f, £>, and consider the mapping f\cD: {cD, frD) 

(A, B)* This mapping induces a homomorphism It: ir(A, B) —^ lP{cD, 
frD), where TP denotes the M-dimensiona! Cech cohomology group with 
integral coefficients. Both of the groups involved are infinite cyclic, and 
by a suitable orientation process one may select once for all standard 
generators go, gAo for the groups lP{cD, frD), JP{A, B), respectively. 
Then higAn) - h^go, where k is an integer (positive, negative or zero). 
This integer k is defined to be the index ft{xo, /, D) ; it can be easily shown 
to depend solely upon Xo, f, D as the notation suggests. If /, D) is 
not zero, then D is termed an indicator domain for Xo, /, A). An indicator 
domain D is termed positive (negative) if the sign of /i(:vo, /, D) is positive 
(negative). 

The Essential Multiplicity FuncUon K{x, /, a be a generic 

notation fur a finite system of pairwise disjoint indicator domains D for 
^‘o» /i Do. Then K{xo, f, Do) is defined to be the least uj^jier Vxmnd of 
SI D) I for D in <r, with respect to all systems <r. If each D occurring 

in the system is restricted to be a positive (negative) indicator domain, 
one obtains the definition of the multiplicity functions /, A)» 

{K-{xo,f,Do)). 

The Essential Maximal Model Continuum ,—A continuum c is termed an 
essential maximal model continuum for xq, /, Do if c is a component of the 
inverse of Xo under / in Do, and every neighborhood of c contains in its 
interior an indicator domain D which contains c. The essential set 
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E(fy Do) coiKsists of all jK)itits Wo in Da which belon^f to an essential maximal 
model continuum for /(«o),/, Du. 

Kssentuil Bounded Varialiony Kssenluil Absohtte Continuity. The 
mapping; / is said to be eB V in Du (essentially of bounded variation in Du) 
if K{Xy j\ i>(>) is sumrnable. The mapping / is said to be eAC in Du (essen¬ 
tially absolutely continuous in Du) if (i) it is eB ] in Du, and (ii) for every 
subset h of E{f, Du) which has measure zero, it is true that the meastire of 
the image of b under / is also zero. 

The Signed Essenfiul Multiplicity Function Uv.iA', f, Du). Tliis is defined 
to be A’■* (;v,/, Du) — K {x, f, Du) unless both A'^ and K are infinite. 
When f is €B\^ in Du, uAx, f, Du) is defined almost everywhere in and 
is sumrnable. If D is an admissible dtuuaiu for .to, f. Do, and A (.to, f, D) 
is finite, then the index /, D) and the signed essential multiplicity 
M«(^o» /» D) have the stime value. 

The Essentml Generalized Jacobian JAn, 7’). Assume that / is cBV in 
Du. For each open interval / in Du, the signed essential multiplicity func¬ 
tion Ueix, f, T) is defined almost everywhere iti A"” and is summable. The 
Lebesgue integral of mA-v, /, T) yiehls a function of intervals 1 in Du which 
possesses a derivative almost ever^^where in Dui this derivative is the 
essential generalized Jacobitm J,.{u,f). 

Application to the Transformation of nduple Integrals. In terms of 
the preceding concepts, transformation formulae for w-tuple integrals 
are established which represent eomj)lete generalizations of the 2-dimcn- 
sional formulae in reference 1, IV.4.4, IV.4.0, IV.4.7, iV.4.9; with the 
signed essential multiplicity u, replacing the function v in these formulae. 
As a generalization of reference 1, IV.4.S, it is shown that if / is eBV in 
Du, then the integral over Du of | JXu,f ) | is less than or equal to the integral 
over A''" of K(x,f, Du), the sign of equality holding if and only if / is eAC 
in Du. The range of applicability of these w-dimensional transformation 
formulae depends upon the scope of the eAC mappings. It is shown that 
this class is closed under various limit processes, the results representing 
complete gfbneralizations of the closure theorems in reference 1, IV.4.11, 
IV.4.12, IV.4.15, IV.4.10, IV.4.17, IV.4.18, IV.4.19. It is demonstrated 
that if / is eB V in Du and if the coordinate functions defining / possess 
complete differentials almost everywhere in Du, then J^(u, f) agrees with 
the ordinary Jacobian almost everywhere in Du. Consequently the «- 
dimensional transh>rniation fr>rniulae contain, as very special cases, various 
special results established in previous literature. Many further results 
presented in Part IV of reference 1 admit of a complete generalization to 
n dimensions. 

A detailed presentation of our work is now being prepared for publication. 

^ Pado, T,, “lA'ttgtb and nrrrkart MathcmiiiU nl Sotivty ColltHjuim PtihluaHons, 

vol. 30, New York, 104K, 
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® Riiclo, T., "Two-Dimensional Concepts of Boundcrl \'ariatioit ami Absolute Con¬ 
tinuity/’ Ouk(^ Math. JI, 14, 587 Uf)8 (1947). 

^ Federer, H., "Kssentiid Multiplicity and Lebes^ue Area," Fkoc. N'Ai t,. Acai>. Sci., 
34, on-Old (1948). 

^ Rado, T., "On F'ssentially Absolutely Continuous Plane Triinsfonnations," IhiU. 
Am. Math. Sot., 55, 029-032 (1949). 

^ Keichelderfer, P. V., "Law of IVansformation for Kssential Gtmeralizcd Jacobiutis,” 
Duke Math. JL, 10, 73 8,3 (1949). 


QUADRATIC RELATIONS INVOLVING THE NUMBERS OF 
SOLUTJONSOF CERTAIN TYPES OF EQUATIONS IN A FINITE 

FIELD 

By H. S. VLvNoiVKk 

Dkpartmhnt of Appi.iei) Mathematjcs, Universitv ok Texas 
Coininunicated October 7, 1949 

In two i)revi()us papers* the writer coiisideretl the problem of finding 
the number of sets ,v, /, such that 

g' ■' + 1 - 0, (1) 

where m\ and nn are integers 0 < nty < />” — 1; 0 < < p” ~ 1; // — 

1^0 (mod Wi), 0 (mod Wo), g is a primitive ro(d in a finite field 

F{p**)y p an odd prime, i a given integer in the set 0, 1, . . ., mi — I; j a 
given integer in the set 0, 1, . . ., mj — 1, .v in the set 0, 1, . . m/ — 1; 
/ in the set 0, 1, . mV — 1; /)” — 1 == niymy ~ . Denoting the 

number of possible vsets 5, t by (i, explicit expression in terms of 

p and n for the expression 

WlWz* 

i ~ 0, . . . wii “1 
7 “ 0 , , , . — 1 

in the two Cases I. Wi = m 2 , IL miWj = /?'*-*-], (mi, m 2 ) ~ 1, was set up. 
In the present paper we obtain, using much simpler methods, similar 
results for mi and m 2 any divisors of — 1, also quadratic relations of a 
different type when mi = m 2 . In Hua and Vandiver*^ an expression for 
the number of solutions of (1) was derived, noting that the equation 

rj.Vi”** + C2X2”^^ + Cl = 0 (2) 

in F(p^) may be put in the form (1), when CiOiC^xix^ ^ 0, but the use of 
this form** is inconvenient for our present purpose. We have recourse to 
some results in another paper by the writer.’* 

If we keep i and j fixed the number of solutions of (1) is mjm 2 (i, j) where 
(i, j) is the number of different sets .s', / which are possible in tin* relation 
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(3) and in the respective ranges just mentioned for s and /. Let now 
{kt Om the number of different solutions Si, /j of 

^ ^ 0. (3) 

with m the L. C. M. of m\ and m 2 , with both and /] in the range 0, 1, . . . 
((^« — \)/m) — 1. Consider the expression 

0 to w — 1 

0(a) - E (*. (^) 

fe, I 

where a ^ and M — Uikm/mi + Utlmlmt. This may also be 

written as 

0 to m — 1 

E {K 

k, X 

where a\ «= g 2 »ir/mi^ _ ^ 2 *ir/mi Pijrther this may be reduced to** 

«2*) “ Z)(i» (o) 

i, J 

where i ranges independently over 0» 1, ...» mi — I atid j iiidependcntly 
over 0, 1, . .., m 2 — 1, with {k, 1) = {k, r)nmi 

^(av. arm<xr\ ar^) - (o 

with aS“ 9 ^ 1, aj* 9 ^ 1, 9 ^ 1, since it is known that 0 {a)d{a"'^) « p*' 

under the conditions, Wi ^ ^ 0 (mod m);u 2 ^ ^0 (mod m); and Wi ^ + 

Wi m 2 mi 

U 2 ^ ^0 (mod m), which reduce to the former conditions. Now for a 
nt2 

fixed i and J, with i' and Ui ranging independently over 0, 1, ..., mi — 1, 
and and ^2 ranging independently over 0, 1, ...» m 2 — 1, we have 

m^?n 2 {i, j) - E (*', (7) 

rj\uuut 

for when we carry out the sutnmation on the right with respect to the w’s 
every term vanishes except when i' - i{tnod nii) and f « jimod m 2 ) 

simultaneously, since == 0, ^ ^ 0 (mod mi) and it equals mi for 

n\ 

k - i), with a similar result involving aa. Using (4), consider the relatuni 

E + h,j + *) = E iioiT, 

*.i Uh ui% «i' 

- <»,' - - M' - ku,' 

Carrying out the summation on the right we find that every term vanishes 
except when Ui + «/ sa 0 (mod nti) and «» + «*' ss 0 (mod m*) simul- 
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taneously, hence the rij^ht-hand member reduces to mi/nj times the ex¬ 
pression 

Zm'. aV)Hccr'. (8) 

Wl, «I 

Now as in the proof of Theorem 1 of N, we consider the five cases: 

I. aV = 3, «;■ = 1. 

II. aT = 1, a?’ 7^ 1. 

III. aT 9^ I, «;• = 1. 

IV. ara?* = 1, aT ^ 1. 1- 

V. aTaT 7^ 1. aT 5^ 1, aT ^ 1. 

For Case I we find that (8) reduces to (p” — 2)*. For Case II, we find 
since ^(1, a“') = —1 for a"’ 9 ^ 1, the value and similarly for Case 

t«S 

III. In Case IV, using the relation — 1 as in the proof of (15) of 

d - 1 

N, we find that the corresponding terms reduce to 2 ~ where 

p « 1 

d is the G. C. D. of nti and and mi = syd. 

For Case V we find that the corresponding terms become 

p”{ E 

Ml ^ 0 r = 1 

ttj ^ 0 

Hence summing the terms for Cases I to V, inclusive, gives from 

wiW2XI(^i)(^ + === (P^ — 2)^ + XI ^2**' + S ^1*^' + 

i.j u\w^ a til ?<« 0 

'e «!*-*>"■ + />-( E -"e *"!**0 ; 

» «= 1 Ui 0 p « I 

u* 0 

This relation may be expressed, in terms of rational integers only, as 
follows; 

vSet 


miifitii, j) = V and V(i, j) == S^ 
V(t,i+ k) = 5,if ^ 1, 

V{i.j + k) = 5, if at" = 1, 

V(t + h,j) - 5, if «?’■ 1, 

V{i + h,S) - 5,if = 1, 

V{i + A, j + *) « 5, if af' -"^9^1, 

Vii + h,j + k) ^ 5, if «r“ - “ = 1, 
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where in each of the above h ^ 0 (mod mi), k ^ 0 (mod mj). We find 
by the use of (9), 


Si - (/>” - 2)2 + nil + m, + d - S + p^{{mi - l)(m2 - 1) - + I) 

“ - 1)2 - (p” - l)(wi + nh + f/) + (10) 

and similarly 

5, == (/.« ^ 1)2 - {// - l)mi, (11) 

5;, (// - 1)2 - (>« ^ l)(nii + tl), (12) 

54 - (// - 1)*^ - (p" - l)m2, (13) 

- (P" - 1)-^ - (P” - l)(m, + ^), (14) 

5c - (p" - 1)‘^ (15) 

5t - (p" - 1)2 - dip^ - 1). (10) 

Hence we have 


Theorem I. Let (f, ;) represent the number of sets s, t satisfying (3) with 
i and j fixed, s in the range 0, Ij .... mi' — ./, / in the range 0, I, .. 

^ L R being a primitive toot of the finite field PXP”)^ P prime, then the 
rekitions {10) to (16), inclusive, hold with nii and m*i divisors of p** — l,d the 
G. C. D. of mi and ni^t with mi = Sid. 

In addition to expressing 5i as the sum of squares in (10) we may obtain 
other expressions from the above theorem involving sums of squares. For 
example we have 

'EiiiJ) - (.i + h,j + k)Y - 25, - 25, (17) 

». y 

where 5 *^ 1. 

We now consider some other types of quadratic relations between 
numbers of solutions of (1) with the particular case when mi = — m. 

Let a - ^ 2 *ir/w 

w — l 

«.v, r = E (p. r + ip). 

» » 0 

We shall show how to find an explicit expression for 

m - 1 

£ r + * -<4 • 

r « 0 

To effect this we employ the relation (G) and (7a) for mi == m% ^ m. We 
have 

(18) 
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where all the quantities involved in the summation on the right range, 
independently over 0, 1, .. — 1. The second factor in the right-hand 

member of this can be written in the form 


A = 

MIMl 
Ml' m/ 


^ ^ ^ ^MaO^^»'(M* + mu') 

(19) 


which reduces to zero unless 


Ml + ^^M 2 0 

Ml' + m' ^ 0 
M 2 + M 2 ' ^ 0 

modulo simultaneously. Hence 

M 2 

which in view of (6), (7), and (7a), and the known values of each ^ when 
a*"' — 1, we obtain (A. Hiu*witz^) 

m 1 

E M * =(/>"-4)m'; (20) 

r < 0 

m ■ 1 

E 4 = iP" - 4)m' + p\ (21) 

r «. 0 

with ^ and s — 1 each prime to m, ^ 0 (mod m), wm' 

From (20) and (21) we obtain 

"e' (a..,-a„, + »)* = 2/>’‘ 

r 0 

which gives representations (possibly not all different) of 2p^ as the sum 
of w squares. Similarly (17) gives analogous representations of various 
types of integers. 

It is easy to see that we may generalize (20) to include the cases when 
5 or 5 “ 1 may not be prime to m. 

1 These PRoCBKniNOS, 33, 236-242 (1947); 34. 62 66 (1948). 

^ Ibid,, 35, 481-487 (1949). However, that paper (which will be referred to as A^) 
employs a classification of various equations of the type (1) which we shall use here. 

« These Prockkdin<js, 32, 317 -319 (1946), Davenport and Hassc, Jnur, fur die 
Maihematih (Crelk), 172, 174 (1935) used an analogous expression involving characters 
and the number of solutions of (2) without the restriction nxnt 0. 

* Jmr. fiir die Mathematik (Crelle), 136, 390 (1909) for n « 1 and m an odd prime. 
The success of Hurwitz* method appears to depend on the fact that he restricts m in 
this way. His argument is quite long. 
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ON THE USE OF INDETERMINATES IN THE THEORY OF 
EXPONENTIAL SUMS 

By H. S. Vandiver 

Dkpartmbnt of Applied Mathematics, University op Texas 
Comniumeated Octolicr 31, 1649 

CotivSider the sum 

<A(«) = E (1) 

a 

where a ranges over all the elements of a finite field of order 

with p an odd prime, /xi, ^2 ^md /uti + M 2 axe integers, none divisible by iw, 
a ^ jg given by g*”** “ = a, where g is a primitive root of 

^md(o) ^ Q pn ^ 1 s= 0 (mod m). Many relations^ have been given 
involving equation (1) but few of these express all that may be inferred 
from the proofs given for them. But to have given the whole story would 
have led to quite complicated formulas in many cases, so to illustrate the 
points we have in mind we start our discussion with some of the simplest 
relations along these lines. 

It is known that 


^(a)^(a-‘) = p\ (2) 

if each of mu M 2 » mi + M 2 5^^ (mod m). If we seek the equivalent of this 
using indeterminates, we note that we can write 

- />« + V{x)Fix), (3) 

where F(x) is the irreducible polynomial of degree ^(w), the indicator of 
w, with rational integral coefficients which vanishes for all the primitive 
roots of X** = 1, and V(x) is a polynomial witfi rational integral coefficients. 
The relation (3) holds since 

- p^ (3a) 

vanishes for any root of F(x) = 0 and therefore is a polynomial which is a 
multiple of F{x). Now for m composite F{x) can be quite a complicated 
polynomial. Bid it is possible^ to prove (2) so that the only property of a 
employed is + ... + 1 « 0. Hence we are entitled to 

state in place of equation (3), 

+ W{x) , ( 4 ) 

X ^ I 

since equation (3a) is a polynomial wbich vanishes for all the roots, 
of *•“* -|- *"“* + ... + 1 =“ 0. Now we first give a very simple example 
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to show that (4) is more powerftd than (3). If we substitute x = 1 in 
equation (3), we obtain, if we let m = r > 1, ^ prime 

^(1)» = /?« + qW{\) ss (mod g), 

whereas if we substitute ac »= 1 in equation (4), we have x(l)* sss (mod 

Among the things we can do with such identities as equations (3) and 
(4) is to differentiate them. Starting with equation (3), we have for m = 
differentiating with respect to x, calling A(x) the ordinary derivative of 
each member and setting x — 1 in the result, 

^(1) ^qV'(l) (mod 

The same procedure with equation (4) gives 

/4(1) ^0 (mod q^). 

Hence equation (4) has again given us more information than (3), 

The above remarks show that when m is prime the relation (3) is the 
same as (4) so that the use of an indeterminate yields nothing more than 
we obtain from equation (3). 

The form (1) is an expression associated witli cyclotoiny but the writer 
has noted that many other types of exponential sums, apparently not 
related to this topic, have been considered by various writers and results 
derived concerning them with the use of the single property 

! + «+...+ - 0 , 

if wth roots of unity are employed. Hence our observations will apply to 
these latter types also. On the other hand, such questions as the factori¬ 
zation into ideals of (^(a)) makes use of the fact that the degree of the 
field is <^(w), the indicator of w, so that we may expect nothing new, by the 
use of our methods, along this line. 

Before proceeding to the proof of some more general results we shall ex¬ 
plain the idea of formal exponential differentiation* which we wish to em¬ 
ploy. We first consider a polynomial f{x) in x with coefficients in i?, 
where R is the ring of integers in a) an algebraic field including cc, 
or considering x as an integral transcendental adjunction, we consider 
a quantity in R[x]. We first find the ordinary derivative/'( at) of f(x) 
and then multiply by x defining the formal exponential derivative, with 
respect to x, as We may prove easily the relation, if A and B are 

in 

- t, (”) (5) 

i mi V / 

We employ as a definition 
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where F and G are in 
We now prove 

Theorem I. Let a - and 

f(x) = OrXf + &r + . . . + ^n, 

where the are in the ring R of integers in K ( 7 , a], an algebraic field including 
a. Suppose that f{x) = 0 for x ^ a, and g(:r) is another 

polynomial in jRfx], assuming the ideal (g(Qf“), m) =« (1) in R with u an integer 
such that if — 1, then k contains at least two distinct prime factors. Then 

[^■©1 

In ^the above, A means that the fraction/(jc)/g(x) is differentiated s 
limes using formal exponential differentiation. For the proof we have 
since/(jc) vanishes for x — a, 'S 

_ 1 

fix) « —-T Vix), 

JC X 

with F(ac) in i?[jc] and 

/W _ x” - 1 K(a:) 

g\x) X - I iix)' 

Using equation (6) we have 

(«^) 

We note also that for i < / 

- 1) 

which for x « a** reduces to an integer divisible by m, as well as 

[x« -- 1],.^ * 0. 


Also if we express, after employing equation (6), 



as a simple fraction in its lowest terms, the denominator is a power of 
:)f: — 1. When we substitute :r ** a" in (x — 1)* we obtain a unit* in 
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K{y, a) by the hypothesis concerning a“. Now examine 



and differentiate it as the product of V(x) and (g{x))^^ as in equation (9) 
The result may be expressed as a simple fraction whose denominator is ii 
power of g{x), and by the hypothesis concerning given in our theorem 
the left-hand member of equation (7) may be reduced to a fraction of the 
form 


(ji) 

? 

with w and (iin R and cj (mod m), m) = (1). This proves relation 
(7). 

In applying Theorem I it is clear that/(x) does not have to be given 
explicitly as a polynomial; we may, for example, work with /(a:) expressed 
as a product of polynomials. 

We do not have 

for all values of /, but we may extend Theorem I to include x - 1, under 
a certain assumption concerning/(I). For in equation (1) let, if Vt is in 
Rlxl 

V{x) - (X l)Ki + 5, 

where 6 is in R, Substitution in equation (1) gives 

fix) = (A,-”' - i)r,(ic) + 5^^-^ 

.t ~ I 

Assume /(I) ^0 (mod m'^) we obtain by setting x ^ 

/(I) (mod m^), 

or 5 mr, with r in R. It is then easy to see that Theorem J is also true 
if a" is replaced by unity if we add the assumption 

/(I) =3 0 (mod w^). 

For other cases which do not come under the assumption of Theorem I, 
we note that if we have m === i a prime and/(:r) = 0 for a, ..., 
then 

/W ^ Jg* - 1 Vjx) 

gix) X - I' gix) ' 
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also 

= * + 2‘JC* + ... + (/ - 

We have the identical congruence 

1 + + ac® + ... + jc*“* ^ {x — 1)'"”^ (mod /), 

whence, employing equation (5) 

X + + ... + (/ ““ ^(x - ly-^-'^hix) (mod 1), 

for some h{x) in and this shows that for i < I 
on g(‘^) given in Theorem I we have 

where X ~ (1 — a). 

^ Cf. for example for « — 1, Bachmatin, P., Die Lehre von der Kreisteilung, ed. 2, 
Leipzig and Berlin, Teubncr (1921), pp. 8fM13, 122-160; Weber, H., Lekrbuch der 
Algebra, Braunschweig, Vieweg, (1896), ed. 1, vol. 1, 564-574, vol. 2, 632-638; for n 
general, Mitchell, H. H., Trans. Am. Math. Soc., 17, 167 (1916), Ann. Math. H, 18, 
120 (1917); Davenport, H., and Hasse. H., J. f. Math. (Crelle), 172, 162-164 (1936) 
and other references in the Report of the Committee on Algebraic Numbers, National 
Research Council, Bull. Nat. Research Council, U. S., pt. 3, No. 28, 60-63, Washington 
(1923). 

* Mitchell, H. H., loc. cit., first reference. 

» These Proceedings. 28, 24-27 (1942). 

* Hilbert, D., Gesammelte Abhandlungen Bd. 1, Berlin, Springer (1932), pp. 199, 203. 

* If / is an odd prime dividing m then the method of introducing an indeterminate and 
obtaining congruences, modulo /, from relations involving exponential sums has been 
employed in various connections. For example, Kummer proceeded in this way in 
obtaining the so-called Kummer criteria for the solutioti of 

se* + y + s* - 0 

in integers (cf. Vandiver, Ann. Math. II, 21, 73-78 (1919) for a proof in modem form). 
Further (these Proceedings, 34 , 197-203 (1948)) such devices were employed by the 
writer to obtain congmences involving the /th power character 

where a « «*<^/***, m sa 0 (mod /), p is a prime ideal In K{a), and N(p) is the norm of p. 
Also the writer, Trans. Am. Math. Soc., 32, 401 (1929), lemma II, us^ similar methods 
when m w / to find an explicit expression for 



— 1 and the restriction 

( 10 ) 


when p is any prime ideal in JCfet). 
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SOME RECENT APPROA CUES TO THE EXPERIMENTAL STUD F 
OF HUMAN FATIGUE 

By Leonard Carmichael, John L. Kennedy and Leonard C. Mead 
Tufts Cou.eob, Medford, Massachusetts 
Read before the Academy, October 25, 1949 

More than a quarter of a century ago it was proposed that the word 
fatigue be banished from the vocabulary of science.® As the title of this 
paper attests, this sentence of expulsion has never been enforced. The 
reason that the concept of fatigue retains its place in scientific writing is 
not hard to seek. Everyone personally feels that he knows what it is to 
be tired or fatigued. But in spite of this common-sense understanding, a 
rigorous definition acceptable to all workers in this field has never been 
devised. Sometimes today the word fatigue is used to apply to subjective 
feelings. More often it is used to describe ()bjectively measurable changes 
in behavior or in underlying physiological mechanisms which follow con¬ 
tinued activity. 

Most scientists who have not themselves studied fatigue probably think 
of it in relation to characteristic work curves. These textbook curves 
ordinarily show with continued work a gradual decrement, as developed 
in the cla.ssical work of Mosso"^ with the ergograph. Unfortunately a 
transfer of the idea of this continuous work decrement to an understanding 
of the behavior of the total Uving organism in normal life situations is often 
most misleading. 

The first of the experimental approaches to the study of fatigue in the 
normal adult human individual to which we wish to make brief reference 
in this paper is an experiment conducted by Caruuchael, Dearborn, Hoff¬ 
man and their associates on the continuous recording of the eye movements 
during long periods of continuous reading.^ 

The most imjwtant conclusion drawn from these experiments is that 
if subjects are sufficiently highly motivated they can continue to read 
with undiminished comprehension for six hours. During this whole period 
also there was no statistically significant change in any detail of the many 
movements of the eyes which are required in reading. It should be noted 
that while these reading experiments seetned to show clearly that 40 
subjects could read for six hours without a work decretnent, a less higWy 
motivated group of subjects in a previous experiment had begun to show 
lapses in continuous reading in a foxur-hour period of work. 

Other experiments may now be mentioned which were conducted several 
years ago under a National Defense Research Committee contract under 
the direction of Mead,*' The general purpose of these stud¬ 

ies was to determine the conditions undex which a decrement in be- 
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havior could be measured in subjects performing certain military jobs. 
The typical performances studied were stereoscopic ranging and eye-hand 
tracking. Measurements of other types of performance were also included. 
The usual ])recautio!is which are maintained in modern fatigue research 
were observed, including the conduct of preliminary practice sessions 
prior to the experiment proper so given as to eliminate imj)rovement 
through learning. 

Four subjects were required to follow a 74-hour schedule broken as 
follows: 42 hours on duty, which consisted of visual lookout, sterer)ranging 
or tracking; 10 hours sleeping; S hours eating; and S hours at liberty. 
The periods during which these activities were engaged in were irregular. 
The stressful feature of this experiiueiit was the irregularity and unpre 
dictability of routines. The results showed no consistent decrement in 
visual lookout performance (minil)er of target lights reported), in stereo- 
precision or stereoconsistency scores, or in tracking. 

Despite these objective indications of lack of fatigue, the observers 
complained of increasing feelings of fatigue as the test prf)gressed, par¬ 
ticularly during the last duty period from 4:00 a. m. to 12:00 noon after 
2 V 2 hours’ sleep. vSome social discord between subjects was noted. 

Another experinient ititended to induce a greater amount of physiolog¬ 
ical fatigue was arranged.In this experiment subjects began work at 
2:00 P. M. Friday and action was continued without sleep through 
11:00 A. M. the following Sunday. Sets of visual ranging and tracking 
tests were again given intermittently during this period as in the previous 
test. In order to sustain interest in good stereoperfonnance during the 
trials, bonuses of 40 cents were paid on the first four trials if any precision 
score was better than that obtained during preliminary practice. During 
the subsequent nine sets of experimental trials, a bonus was paid if a score 
was better than that obtained during the first four experimental trials. 
The objective measures of fatigue were comparisons of performances 
during the first and the last 24 hours. Other observations and records 
that were taken during the course of the experiment were eye movements 
during ranging and tracking, accuracy and time to complete multiplication 
problems, reading rate and comprehension, and hand steadiness. An 
attempt was made to measure changes in group morale by observing 
behavior during card games scheduled at three stages of the three-day 
I)eriad. As in the previous experiments reported here, objective evidences 
of fatigue were negative in these tests. Stereoprecision and consistency 
scores during the first and last 24 hours showed no statistically significant 
differences. Tracking accuracy actually increased as the test progressed. 
This finding may perhaps be attributed to insufficient pre-test practi^. 
Eye movement records and the speed and accuracy of multiplication 
showed no significant change. Hand steadiness increased during the first 
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28 hours and then reinained constant. Reading speed showed a drop on 
the last two tests on Sunday morning, but reading comprehension main¬ 
tained a constant level throughout. Activity, talkativeness and socia¬ 
bility declined during the first 24 hours. The second card game on Satur¬ 
day aftern(K>n was done quietly and without much interest. Social com¬ 
munication dwindled still more after this second game. A game scheduled , 
for vSunday morning was cancelled because the subjects seemed so un¬ 
responsive, No important indications of irritability or discontent were 
observed. Toward the end of the experiment conversation, when it oc¬ 
curred, was centered on how, when and how long the subjects were going 
to sleep when the experiment was over. These appearances of sluggishness 
tended to disappear during meals and during the taking of the various 
tests. Again it was notable that no j>erformance decrement was apparent 
in behavior which was objectively measured even after such long periods 
of sleep deprivation. 

In another study an additional attempt was made to induce objective 
and measurable signs of fatigue by increasing the duress of the experi¬ 
mental conditions.** Ten male subjects were now not only required to 
undergo a sleep deficit but also to carry out protracted physical exercise. 
The test battery consisted of the following measures: (1) mean and 
standard deviation scores of stereorange settings, (2) differential brightness 
matching, (3) complex visual reaction time, (4) the average time per minute 
when the tracking error exceeded an arbitrary value, (5) the number of 
words correctly crossed out in a persistence test. This latter test con¬ 
sisted of crossing out all words containing both an “a"’ and a *‘t’' on pages 
of Spanish, printed solid. There were 30 pages of Spanish in all and the 
subject worked for three minutes on each page for a total of 90 minutes. 
Bonus payments were again made for exceptional {)erformance. A week's 
preliminary practice was given on all tests except the persistence test. 
The pre-test baseline for the persistence test occurred on the evening before 
the experiment proper began. The visual tests were now administered 
before and after three 10-mile walks so that the subjects took the tests 
four times and walked a total of 30 miles. 

With respect to stereoscopic ranging, eye-hand tracking, differential 
brightness discrimination, and complex visual reaction time, no statis¬ 
tically significant difference between behavior when starting the tests and 
after sleeplessness and exercise was found. A statistically significant 
decrement was found in the persistence tests before and after the long 
hike. The performance on this test after the exercise was superior at the 
outset of the 90-minute work period to that found before the exercise. In 
other words, the subjects were physically capable of performing this 
monotonous task after exercise but were either unable or unwilling to exert 
themselves to maintain this level of performance. Toward the end of the 
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experiment and after the W-mile walk the subjects almost literally 
“drooped” in the laboratory. Yet on the four diflferent visual tests they 
pulled themselves together for the time required to make the necessary 
resjwnses so that their performance was still in general as satisfactory as 
at first. 

These experiments so far seem to suggest that a performance decrement 
is unlikely to be demonstrated on tasks which require discrete and short* 
time periods for their execution.*^ In all these experiments, including a 
comparison of the two reading experiments noted above, it seems that 
decrement in performance should be looked for with respect to an indi¬ 
vidual’s interest, willingness, effort or motivation to perform a given 
task. If the task is continuous and of long duration, it is likely that the 
first existence of a physiological work decrement will be found in a decline 
in the subject’s desire to make himself do the task especially for long- 
continued periods of time. 

Another experiment was conducted to test the generalizations just 
made.®’® In this study a central eye-hand pursuit task had to be per¬ 
formed continuously while attention and occasional response had to be 
given simultaneously to a number of peripheral subtasks. The time for 
correctly performing any one of these tasks was recorded on separate clocks. 
Whenever cither the central task or one of the subtasks was not perfomied 
adequately, the moving target would stop its motion. The total time to 
complete this complex task was the main criterion of performance. 

Nine male college students took this test periodically throughout a three- 
day period in which they were deprived of sleep. Measurements of stereo- 
ranging were also taken at intervals during the three days. Monetary 
bonuses were again used to keep motivation high. The total-time scores 
required to complete the complex task showed a significant decrement 
between the first and thini days. But, as expected, no deficit in stereo- 
ranging was found. 

These re^ts support the conclusion of the previous experiments, 
namely, that performance decrements due to physiological stress may be 
expected to occur in tasks which require continuous and prolonged effort, 
The fact that a decrement did occur in i>erformiug the complex task after 
the loss of 50 hours of sleep raises the interesting question as to whether 
the decline was due to actual physiological incapacity or to a breakdown of 
the willingness of the subjects to expend effort to keep the performance up 
to standard. 

Because of the importatice of “motivation” in these experiments and 
for other reasons, Kennedy, Travis and their associates developed 
a sensitive measure of muscle tonus which could be recorded con¬ 
tinuously. They were interested in discovering wheth^ or not 

this measure might be a valid indicator of drowsiness or loss of motivation 
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or lapses in alertness; that is, they were attempting to find a physiological 
process of which records could be made and which would parallel the 
fluctuations in a continuous performance, previously noted in this paper 
as characterizing the onset of fatigue as measured in the behavior of the 
total organism during long-continued periods of activity. 

Muscle fibers when they contract produce characteristic potential 
changes. After much exploration it was found that if electrodes were 
placed on the skin over the frontalis muscle just above the eyebrows rec¬ 
ords could be secured that were significantly related to the alertness of the 
subjects studied. 

A 4-channel electroencephalograph, with associated pre-amplifiers and 
power amplifiers, electronic counters, a voltage discriminator for counting 
spikes above a given amplitude, and an integrator or accumulator for con¬ 
tinuously integrating the output from the muscle each second, was as¬ 
sembled. 

This device has now been made in a portable form and tested in sub¬ 
marines, trucks and aircraft. In general, the results secured with this 
alertness indicator indicate that there is a definite quantitative relationship 
between the electric output of the chosen muscle group and the level of 
alertness of the subject. The highest alertness is associated with maximal 
muscle potential output and this output fluctuates in relation to the state 
of the subject until the lowest output in sleep is secured. 

In conclusion then it may be said of the experiments briefly summarized 
here that they agree in the showing that so-called “fatigue’' as it presents 
itself in the performance of the total normal adult human being has certain 
special characteristics. When tlie task required is not beyond the subject’s 
normal ability, but when it is continued for a long time, the change in per¬ 
formance first noted is in apparently involuntary lapses in an otherwise 
continuous and effective performance. As such continuous and monoto¬ 
nous tasks go on there seems to be a conflict between motivation, or the desire 
to continue, and level of performance. When the subject sets himself to 
cany out a skilled performance after even a long period of interpolated 
physical work he is typically able to perform as weU as in a rested state. 
In general, however, as time without rest progresses the number and dura¬ 
tion of lapses increase until in a typical case sleep ensues. The pattern of 
human fatigue as given in these experiments is thus seen to be one of 
periodic blocks or interruptions in performance of varying frequency and 
duration rather than the continuous decrement as shown in the work curves 
secured in the study of isolated muscld groups. 

VCarmkhael, L., and Dearborn, W. P., Reading and Visual Fatigue, Boston, 
Houghton Mifflin Co., 1947. 
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ON THE INTERPRETA TION OF MULTI-HIT SUR VIVAL 

CURVES* 

By K. C. Atwood and A. NoRMANf 
Department op Zoology, Columbia University 
Communicated by E. N. Harvey, September 7, 1949 

/nlrodMcitow.—Survival curves, which comprise a large proportion of the 
data on the effects of radiation on microorganisms, generally fall into two 
categories: the exponential or single-hit and the sigmoid or multi-hit. It 
is unfortunate that in the interpretation of such data few criteria have 
been available other than the form ol the curves themselves, but this alone 
has provided sufficient grounds for speculation on some properties of tlic 
organisms. Exponential survival can be explained either on the basis of a 
single fait to kill*' ‘ or a population distributed exponentially with respect 
to resistance to radiation.' Several considerations which make the single- 
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hit hy}K>thesis seem the more plausible have been pointed out.^' ^ Lea^ 
further proposed that lethal mutation might account for the bactericidal 
effects of radiation, a notion which arises naturally from the finding of 
single-hit gene mutations in higher organisms, but which has been neither 
supported nor disproved by experiment. Curves of the sigmoid type may 
be interpreted in a similar variety of ways. If the distribution hypothesis 
ivS rejected, the number of hits, required to produce some criterion of 
inviability can b<^ estimated from the shape of the curve. On this basis, 
the values of n for different types of radiation on the same material can 
be compared,** or some biological situation can be examined which may be 
expected to alter 

Theoretical, Any determination of n rests ultimately upon some 
assumption about the way in which the sublethal hits arc accumulated. 
The hypotheses proj)osed to describe multi-hit curves reduce to two which 
differ in this basic assumption. The first and most often used of these 
may be derived as follows; Let D be the average number of hits occurring 
within a unit volume, and let a be the sensitive volume of the organism. 
Then aD is the average number of hits within the sensitive volume a. If 
the hits occur independently and at random, the probability that X hits 
fall within the Volume a is given by: 


Pw 


aD (.aD)-'^ 

ii ■ 


( 1 ) 


If n hits within a arc required to kill an organism, then all those having 
less than n hits survive and the probability of survival is: 


S = 



A'! ■ 


( 2 ) 


The assumption implicit in equation (2) is that the presence of one or 
more hits within the sensitive volume ha.s no influence on the probability 
of obtaining further effective hits. 

Since the second multi-hit hypothesis follows directly from the single-hit 
hypothesis, the latter will be briefly reiterated. Let N be the number of 
organisms surviving a dose, D, of radiation. Let No be the corresponding 
number at £> =» 0 and let ife be a constant independent of D, Then a 
single-hit curve is defined by: 


dN 

"dD 


kN 


(3) 


which integrated is 




N - Noe 
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and the surviving fraction is 

From equation (5) it is seen that a plot of log fraction surviving against 
dose is a straight line of slope — 

Now consider a population of organisms each of which contains n units 
such that the units are inactivated according to equation (5) and the 
presence of one or more viable units insures the viability of the organism. 
The probability that all the units in such a group of n become inactivated 
is: 

= (1 - e-*")*. (6) 

Then the proportion of organisms surviving is: 

5 = 1 - (1 - (7) 

The assumption here is not simply that n hits per organism are required, 
but that each of n particles within the organism must be hit at least once. 
It is evident that equation (7) may also be derived as a special case of 
equation (2).* Expressions (2) and (7) describe curves of the same general 
form, and for low dose and high values of n where terms of the order of 
{kDY/n! can be ignored, they become identical. It is impossible in most 
cases to decide from experimental data which equation should be used 
as a working model. Nevertheless, the choice is important because it is 
possible for numerical values of n obtained from one experiment to differ 
by an order of magnitude, depending upon which hypothesis is chosen. 
As will be seen later in this paper, there are additional criteria which 
point to expression (7), or some development thereof to cover additional 
assumptions, as the more reasonable in the interpretation of multi-hit 
curves. 

The use of equation (2) and its extension to more complex cases has been 
discussed at length elsewhere,®* hence we confine ourselves to exploring 
some features of equation (7). 

Expanding equation (7): 

S - 1 - (1 - ne"*® e""*®). (8) 

It is seen that as D increases, the terms containing 
etc., become negligible in comparison to Thus, at high dose: 

log 5 “ log « — kD. (9) 

Extrapolating equation (9) to D » 0 gives n (Fig. 1). Having obtmned 
values for n and k we should be able to reconstruct the cemvex portion of 
the curve from equation (7) and show that the reconstruction fits the experi- 
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Ordinate, survival. Abscissa, dose in 
arbitrary units. Theoretical curves for 5 ■■ 
1 _ (1 > ,-**)« * « 1 . From left to right 
n is 1, 3, 5, 8, 20 and 100. Linear portions 
of the curves are extrapolated to J? — 0. 



Ordinate, 5 for lower curves* 
g for upper curves. Abscissa* 
dose in arbitrary units. Lower 
curves; Solid line is theoretical 
curve for S - 1 - (1 - 
where n *■ 4 and k «• 0.43. 
Broken line same* but n has the 
distribution: 7% 1* 16% 2* 
20% 3* 21% 4* 16% 5, 11% 6* 
7% 7 and 3% 8, which averages 
4. Upper curves: Triangles are 
points computed from solid line 
curve by formula: g —In 
(1 — iO- Squares ore points 
similarly computed from broken 
line curve. The g plot for dis¬ 
tributed n is linear at higher 
survival than for constant n. 
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mental data in this region if equation (7) holds. However, while the 
basic assumption from which equation (7) is derived may hold, equation 
(7) may not be sufficient to describe experimental data because of at least 
two additional eventualities which seem, a priori, likely to be encountered. 
First, n may not be a fixed number when D — 0, hut instead n might have 
some distribution in the population. Second, more than one process 
might be simultaneously occurring within each organism, each process 
having its own value of n and k. In other words, there might be several 
classes oi sensitive units with the presence of at least one viable member 
of each class necessary for survival. 

In the case of a population distributed for «, equation (7) becomes: 

5 - 1 - tC’id - + C,(l - + ... + G(1 - 

( 10 ) 

where Ci + C2 + * . + G = 1 and Ct represents the fraction of the 
population having units. For high dose, as in equation (8), (1 — 
^ j With this substitution, e(|uation (10) becomes: 

.V = ant + ... + Qn,). (11) 

Thus: 

log 5 = —kD + log X) Cifit = log n — kD (12) 

i « 1 
I 

where w ^ is the ordinary arithmetical average. Thus extra- 

i « 1 

polation to 2) — 0 of the linear portion of equation (10) on a semi-log plot 
gives the average value of n for the distribution present at D — 0. 

The shaj>e of the curve will be changed according to tlie type of dis¬ 
tribution, since the presence of fractions of the population having values of 
n below the average value will cause the curve to fall off more rapidly than 
it would when n is a constant (Fig. 2, lower curves). Such changes are 
difficult to interpret by inspection or curve fitting, but can be perceived 
more easily from a setnidog plot of — ln(l — S) against dose (Fig. 2, 
upper curves). The use of this device is justified as follows: 

From equation (fi), let p = e be the probability that a unit (within 
an organism) survives. Let P be the probability tliat m units survive 
within an organism containing a total of n units. Then: 


= (”) (1 - p)-‘ 


(13) 



VoL. 35, 1949 


ZOOLOGY: ATWOOD AND NORMAN 


701 


As D becomes large, p approaches 0 and, 

(14) 

t! 

where 

g - np ^ (15) 

The probability that an organism is killed is the probability that no units 
survive, and where equation (14) holds is: 

P(«.0) * (16) 

Thus is equated to the fraction of organisms killed, and from experi¬ 
mental data and equation (16) we can solve for g, which is the expected 
number of surviving units per organivSm. Then, from equation (15), when 
D is large: 

log g = log n — kD. (17) 

Agaiti extrapolating to D «= 0 we reach log w. Note that equation 
(17) has the same form as equation (9), and that the extrapolated line in 
both cases represents the theoretical survival curve of the units as a func¬ 
tion of dose. But log g will have a linear relation to dose wherever ap¬ 
proximation (14) h(>lds, and expression (14) states that the surviv¬ 
ing units have a Poisson distribution among the organisms. Thus, if 
the initial distribution (where D — 0) resembles more or less a Poisson 
distribution, then log g versus D will continue to be more or less linear 
into the low dose range. If, at — 0, « is a constiint as in equation (7), 
log g will have spurious values at low doses (Fig. 2, top curve). Inter¬ 
mediate initial distributions will give values of g between these two ex¬ 
tremes. 

Now suppose that there are two classes of sensitive units with / of one 
sort and n of another within the same organism, and that the inactivation 
of all of either class kills the organism. Let P(A) be the i)robability that 
an organism survives process A affecting the class of units of number I 
and P(B) be tlie probability that an organism survives process B affecting 
the class of units of number n. Then the probability that an organism 
survives is the probability that it survives both processes, 

P{AB) « P(A)P(B), (18) 

if the two processes are independent. From equation (16): 

P(A) « 1 - g-** 1 - g- (19) 

and. 
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P(J3) - 1 - c"*’ = 1-e-” **". 

Thus, 

PiAB) = (1 - - «"*■) = 1 - «“'■ - «"** + «-<*• + *■' 

( 20 ) 

li n'> It then at low dose P(B) ^ 1 and P(i4B) w P{A), and P{i4) 
will approxunate 1 — more or less well, depending on the initial 
distribution of the units of average number Z, and on the dose reached 
before P{B) becomes noticeably less than 1, When a sufficiently high dose 
is reached, expression (20) holds. 

Where S = P(AB) is the survival of both processes, and g ^ — ln(l — 5), 
the plot of log g versus D forms two lines (Fig. 3, middle curve). The 
first line represents the process prevailing in the low dose region, approaches 
a slope of —/si, and if this slope is reached, extrapolates to / at — 0. 
The second line represents the combined processes, approaches a slope of 
— {ki + kt) and extrapolates to Zn at Z> 0. The extension to more 
than two processes is obvious. It is also evident that in practice, the 
possibility of inferring two or more processes is dependent on the relative 
values of n, Z, ku etc. The presence of an inflection point in the g curve 
(as in Fig. 3, lower curve) will, however, in general indicate more than one 
process even though the process affecting the class of units of lowest num¬ 
ber may not have proceeded far enough to validate equation (17) before 
it is masked by the next process. 

Let us now consider the multi-process case likely to be encountered if 
the effect of radiation is predominantly on the genetic apparatus of organ¬ 
isms in which the genetic material is present in more than one set. Let 
n be the number of sets of genes, each set consisting of m genes, or each 
set being of such length as to include m deficiencies of average length. 
From equations (18) and (7): 

5 « n (1 - (1 - (21) 

i - 1 

In particular, where ■« ft, * ... = ft„ » ft, i.c., where all genes or 
regions have the same sensitivity; 

5 - [1 - (1 - «-*‘®)*]“ (22) 

At high dose, by the usual approximation, 

Sw***""*® ( 28 ) 

and extrapolation to Z? «> 0 of the linear portion of log 5, whose slope is 
—tnk, gives the value tog (»)". 
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The above may be summarized 
as follows: 

(a) For curvea of the form of 
equations (7) or (10) a semi-log plot 
of S versus Z) is a curve approach¬ 
ing a line of slope — as D increases. 

(b) Extrapolation of the linear 
portion of such a curve to D — 0 
gives w. 

(c) If at D = 0, n has a distri¬ 
bution, then extrapolation as above 
gives the average value of n. 

(rf) The shape of the curve is 
altered by such a distribution and 
also by the eventuality that killing 
by two or more independent proc¬ 
esses occurs. 

(e) A multi-process effect changes 
the slope of the linear portion of the 
curve and changes the meaning of 
its intercept at Z? = 0. The pres¬ 
ence of these complications is more 
evident on inspection if g -- In- 
(I — 5) is plotted instead of 5.** 

Experimentnl,~~~To show how the 
theory yields a reasonable result 
when applied to experimental data 
and how the g plot facilitates inter¬ 
pretation some data on ultra-violet 
irradiation of Neurospora crassa 
macroconidia will be presented (to 
be reported in greater detail else¬ 
where) . Since the macroconidia are 
known to be multi-nucleate, equa¬ 
tion (21) will hold at least with 
respect to processes occurring within 
the nuclei. 

The ultra-violet source was a 
30-inch Westinghouse sterilamp low- 
pressure mercury vapor tube stated 
to deliver 85 per cent of its energy in 
the 2537 A* region. Suspensions 
containing ca. 200,000 conidia per 



FIGURE 3 

Orditiatc, S for upper curve, g for lower 
curves. Middle curve has been moved 
down one decade and lowest curve two 
decade. Abscissa, dose in arbitrary 
units. Upper curve: Theoretical curve 
for simultaneous survival of two processes, 
one with k ^ 0.43 and the distribution of 
n given in Fig, 2, and the other having 
k •= 1 and n ** 100. Middle curve: g 
computed from upper curve. Lower 
curve: g computed from theoretical sur¬ 
vival of two processes, one having k 
0.43 and « - 3 (constant), and the other 
having «» 1 and n * 100. 
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cubic centimeter in 0.9 per cent saline were exposed in an open petri plate 
at a distance of 15 ctn. from the center of the tube. The plate was tilted 
at an angle of 15^ from tlic horizontal and slowly rotated throughout ex¬ 
posure. The average depth of suspension was 5 mm. 



nr- 
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FIGURE 4 


Ordinate, 5’ for tipper curve, g for lower curve. Lower 
curve moved down one decade. Abscissa, seconds of ex¬ 
posure to ultra-violet light under conditions given in 
text. Upper curve: Survival of macroconidia of 
Neurospora crassa heterokaryon (1033-422)A-(6531- 
4637)A. Lower curve: g, computed from experimen¬ 
tal points. 

The strain used was a heterokaryon having as one component the double 
mutant aminobenzoicless-morphological, {1633-422)A, and the other the 
double mutant pantotheuicless-albino (5531-4637)A. This gives normal 
growth and produces macroconidia on minimal medium. The criterion 
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of viability was the ability to form a visible colony in a sorbose medium, 
Plates were incubated at 37° in darkness for five days. All handling of 
irradiated suspensions was done by the light of red photographic safe- 
lights to prevent photoreactivation. 

Table 1 shows the survival relative to exposure time in seconds and the 
corresponding values of g. Figure 4 shews the semi-log plot of S and g. 

We note from the g plot in figure 4 that the conidia seem to be killed by 
more than one j^rocess, the low dose portion having an intercept at 4. 
Subsequently, the intercept assumes a minimum value of ca. 130. Fur¬ 
ther, since the values of g form nearly a straight line at low dose, 
we conclude that 4 is an average value for the number of some sensitive 
unit present in the conidia at Z> = 0. 

Figure 5 shows the distribution of nuclei in the conidia of the stock used 
in this experiment, as determined by counts done on preparations fixed 
and stained by a modification of Robinow’s technique,*'* The average is 
2.67 nuclei per conidittm. If the killing at low dose is related to tlie 
number of nuclei present, then 1.5 hits per miclcus arq required to agree 


TABLK I 


The 

Sttrvivai. olf Macroconidia 

KXPOSED TO 

UiTRA-Vioi.ET Light 

Time, 

oeeondH 

.V 

l-.V 

g 

30 

0.84 

0.16 

1.8 

60 

0.59 

0.41 

0.89 

00 

0.31 

0.60 

0.37 

.120 

0.088 

0.912 

0.092 

160 

0.016 

0.984 

0.016 

180 

0.0027 

0.9973 

0.0027 


with n — 4. Independent findings of GoodgaP^ and Giles'** using niicro- 
conidta known to be uninucleate show that these have a 1.5 hit curve 
with ultra-violet. Thus, it seems probable that the 4-h2t component found 
here is related to the number of nuclei in the macroconidia, 

This relationship must mean that there is some region in each nucleus 
which is especially sensitive and is responsible for practically all the effect 
at low dose. If the entire curve is interpreted according to equation (21) 
we would conclude that at higher doses additional less sensitive regions 
begin to contribute to the effect. An alternative interpretation based 
on equation (20) is that there is a very sensitive region as above, but that 
there is another single independent process involving ca. 30 units of greater 
sensitivity, and not necessarily related to the nuclei. Obviously, further 
criteria are necessary to distinguish between these possibilities. The 
reason for the finding of a 1.5-hit curve for uninucleate conidia is not yet 
clear. 

I>i«:M55«m.““The reasons for preferring the single-unit action inter¬ 
pretation of exponential curves have been discussed by Lea, Haines and 
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Cottlsott.* Since the theory presented here is based on the assumption 
that organisms contain units which themselves are inactivated exponen¬ 
tially, the arguments advanced by Lea, ei aL, in favor of the single-unit 
action interpretation ,are again applicable. If we accept these, then the 
question of whether the theory is reasonable will depend on our reasons for 
believing that microorganisms showing multi-hit survival contain a num¬ 
ber of discrete units rather than a target requiring a certain number of hits. 



KIOURB s 

Distribution of nuclei in conidia of stock used iu Fig. 4; 2134 conldia 
were scored. 

In the special cases we have found where equation (7) has been used pre¬ 
viously, the reasons for preferring it to equation (2) are obvious: One of 
these cases is an explanation of spurious multi-hit curves due to clumping 
of bacteria* and the other is the experiment of Luria and Latarjet 
derigned to follow the increase in numbers of intracellular bacterio¬ 
phage by means of the survival curves of the infective centers.* ^ue- 
tion (22) has recently been given by XrUria and Dulbecco** in the estimation 
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of the number of genetic units in a phage particle. In other cases where 
values of n are reported (see review by Zimmer^*), they have apparently 
been obtained by fitting the experimental data to theoretical curves pre¬ 
pared from equation (2), 

A strong argument for the more general use of equation (21) as a working 
hypothesis is the repeated demonstration in various microorganisms of 
genetic mechanisms comparable to those in higher organisms. It is evi¬ 
dent that organisms in which the genetic material is duplicated in some 
way, as by diploidy, polyploidy or luulti-nucleatedness, may be expected 
to give multi-hit curves, and these should be of type (21), but not type 
(2), in so far as the effects of radiation on the genetic apparatus affect 
viability. In general, where lethality is due to the exhaustive inactivation 
of groups of identical essential parts, equation (2) must be rejected. 

In the case of a large number, tn, of identical units any n m of which 
are indispensible, the probability of obtaining an effective hit would not 
be decreased significantly even when « — 1 of the units had already been 
altered. This satisfies the requirements of equation (2). However, it 
seems unlikely that an organism could be killed by a process which is so 
far from exhaustive. 

There are further considerations which make equation (2) seem un¬ 
tenable even when biological criteria are lacking. This becomes clear 
when we try to think of the observed biological effects in terms of under¬ 
lying molecular transformations. Assume that a dose, D, has a proba¬ 
bility, pt of changing one of n molecules. Subsequently, an identical dose 
will have a probability less than p of causing the same change in one of the 
w — 1 remaining unaffected molecules. This is true regardless of whether 
the transformation of tlie molecule results from the absorption of a quantum 
directly (since the probability of such an absorption is proportional to the 
number of molecules present) or whether the transformation is the end 
result of a series of chemical reactions, since the probability of occurrence 
of the reaction which involves the essential molecule is also proportional to 
the number of such molecules present. 

This situation is contrary to the assumption underlying equation (2). 
In attempting to construct models consistent with the assumptions under¬ 
lying equation (2) we encounter serious difficulties. For example, a model 
based on a tiiolecule requiring the absorption of n quanta before it is 
transformed is objectionable because it implies au unheard of stability of 
the intermediate excited states, and also leads to intensity dependence. 
In short, the existence of such a molecule seems contrary to established 
photochemical principles. 

It should be emphasized Uiat equation (7) does not imply any necessity 
for regarding the units as targets upon which a hit must be scored directly, 
since the units themselves would show exponential survival regardless of 



708 


ZOOrxyOY: ATWOOD a ND NORMAN 


Proc. N. a. S. 


whether the action is direct or indirect.*^ Thus^ with radiations giving 
different ion-densities any differences in the survival curves which are 
found to be inconsistent with target geometry do not invalidate equation 
(7) or its corollaries as a model for multi-hit curves. The finding of 
lowered values of n with radiations of high ion density^is consistent 
with the the()ry whether or not there is significant indirect effect. With 
direct effect, this would be due to the increased probability of an ionizing 
particle traversing more than one unit, and since ionizations produced 
between the units would be ineffective, there would be a concomitant 
decrease in k. With indirect effect, n would also decrease with increasing 
ion density if each ionizing particle i)roduced sufticient ionizations to in¬ 
activate more than one unit, but here no change in k would be expected 
since each ionization would have an equal chance of being effective. In 
situations described by equation (21) an increase in m might be fomid 
with high energy radiations due to the equalizing of sensitivity between 
the various regions or genes involved. As an isolated effect this would 
increase the over-all value of k. However, as we can hardly expect any 
of these effects to be observed in pure form, it seems most reasonable in 
comparing multi-hit curves with different types of radiation to consider 
the differences in terms of a balance between the various factors tending 
to shift the parameters «, m and k, 

Summury. —It is j>roposed that sigmoid survival curves can be inter¬ 
preted profitably on a multi-unit, single hit per unit hypothesis, and some 
consequences of this hypothesis are examined. An aid to the analysis of 
experimental data is given and its use is illustrated. Reasons are given 
for preferring the multi-unit hypothesis to the usual multi-hit hypothesis. 
Some data on the ultra-violet irradiation of Neurospora crassa conidia 
are analyzed, 
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ATYPICAL PIGMENT^CELL DIFFERHNTIATION IN 
EMBRYONIC TELEOSTEAN GRAFTS AND ISOLATES 

By Jank M. Oppknheimeu 

Departmrnt or BiOLOGV, Brvn Mawr College, and Osborn Zoologjcal 

I.ABORATORV, YaLE UnIVERSITV 
Communicated by J. S, Nicholas, October 10, 1949 

The occasional occurrence of red blood corpuscles and of clironiatophores 
in otherwise non-differentiating isolates and grafts from teleostcan gastrulae 
has been casually mentioned in an earlier j)ublication ^ concerned with other 
problems than pigment-cell formation. In view of the increasing interest 
in pigment-cell formation since that time, ensuing uj)on DuShane's^ 
establishment of the neural crest origin of the melanophores in the am¬ 
phibian, it now seems relevant to present some of the data concerning the 
atypical differentiation of teleostean chromatophores. 

Fundulus Germ-Ring Crafts—In this series of experiments, portions of 
the germ-ring located 90*^ or 180° from the midline of the embryonic shield 
of Fundtdus heleroditus gastrulae (cf. Fig, 1 B, Opj^enheinier^) were grafted 
to the embryonic shield or to the extra-embryonic membrane of gastrulae 
of the same vSpecies. In thirty-seven cases either the whole grafts or 
portions of them continued development but failed to undergo typical 
histogenesis and differentiated no axial structures. In sixteen of these, 
however, red blood corpuscles differentiated, and in ten of these sixteen 
grafts melanophores differentiated. The ten grarts differentiating melano¬ 
phores included five implanted on yolk-sac epithelium, and three which 
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were implanted onto the embryonic shield but which, in whole or in part, 
remained external to the host epithelium and failed to differentiate 
typically. In the remaining two cases parts of the grafts were incorporated 
into the host embryos and differentiated axial structures, but adjacent 
portions of them remained undifferentiated. 

In some cases, only a single melanophore was differentiated within the 
grafts, in others a larger number was present. Only those grafts are 
included among the ten positive cases enumerated above which contained 
melanophores located more or less centrally in the mass of cells; grafts 
to which melanophores were applied only at the surface are excluded from 
consideration in the possibility that in these cases host melanophores 
might have migrated to cover the grafts. 

In the absence of heteroplastic grafting, tliere is indirect evidence only 
that the melanophores were derived from graft rather than host cells. 
In several cases the melanophores were considerably more densely packed 
in the grafts than in the adjacent host tissues, and there is no particular 
reason to suppose that the grafts should attract chromatophores from the 
host tissues in such numbers as to trap them in higher concentration than 
usual. In some cases unbroken host epithelium separated graft and 
host tissues, presumably presenting a barrier to migration. The graft 
melanophores were occasionally intermingled with the masses of red blood 
corpuscles which are known to have developed in situ since connecting 
blood vessels between graft and host were absent. 

Only heteroplastic transplantation or the grafting of materials from 
vitally stained embryos can furnish direct proof that the melanophores 
are formed by graft rather than host cells in such experiments as these. 
Fortunately, however, supplementary data are available from other types 
of experiment which demonstrate that chromatophores are also similarly 
differentiated in some cases by isolates rather than transplants from teleo- 
stean gastrulae. 

EpipUUys Germ-Ring IsokUes .—^Tbe embryos of Epiplatys fascialcUus can 
be divided at late gastrula stages in such a way (cf. Fig. 1 A , Oppenheimer') 
that the portion of the germ-ring most remote from the embryonic shield 
can be isolated with part of the yolk from the portion of the egg containing 
the shield. Such isolates develop for several days in Ringer’s solution. 
Though in some cases they exhibit certain phenomena of growth which 
simulate the form erf the tail, they undergo no histogenesis of axial struc¬ 
tures. Of twelve such aggregates stuped, one developed red blood 
corpuscles, one formed a single melanophore and a third differentiated a 
number of xanthophores. One explant of pwspectivc tailbud region, 
isdated immediately after the closure of the blastopore, formed bpth 
melanophores and xanthophores although otherwise undifferentiated. 

Fundulus Isolated Blastoderms *—Blastoderms of Fuftdidus hsteroditus 
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separated from the yolk and cultivated in double-strength Holtfreter's 
solution under some conditions fonn hyperblastulae, masses of non- 
differentiated cells provided with a large vesicle at one pole.* Of approxi¬ 
mately seventy-five hyperblastulae studied, one only developed a single 
melanophore of typical size and configuration. 

Discussion .—The production of chromatophores by the grafts and 
isolates described above suggests that in the teleost under certain experi¬ 
mental conditions pigment-cells can be differentiated by cells which 
normally do not contribute to the teleostean counterpart of the neural 
crest. The 90^ genn-ring of Fundulus nonnally contributes primarily 
mesoderm to the embryo;^ and the 180® germ-ring is unrelated to nervous 
system formation except in so far as it contributes to the tailbud blastema 
from which neural derivatives later may arise. While it is theoretically 
possible, it is highly improbable that the chromatophores in these cases 
have been differentiated only by the particular cells destined to form 
them later after their passage through the tailbud blastema. The differen¬ 
tiation of pigment-cells under these conditions is therefore presumably the 
result of what the exj^rimental embryologists call **bedeutungsfremde 
Selbstdifferenzierung. ’ ’ 

This interpretation, however, is not incompatible with the possibility 
that in teleosts the chromatophores nonnally arise from cells corresponding 
to those of the neural crest of other vertebrates, as suggested by the 
results of the transplantation experiments of Lopashov* on three spedes 
of teleosts, and in line with the neural crest origin of pigment-cells in 
amphibians,2 birds® and mammals.^ It merely signifies that under certain 
abnormal conditions, other than the usual cells can take over the function 
of pigment-cell formation. 

The differentiation of red blood corpuscles in the same series of prepara¬ 
tions, and in some cases by the same grafts that differentiated the chromato¬ 
phores, suggests that the production of these ceU types is the result of a 
generalized type of reaction. Somewhat comparable differentiation of red 
blood corpuscles in otherwise non-differentiating grafts has been described 
for the chick and somewhat analogous to this condition may be the 
differentiation in chick embryonic grafts of ganglion cells formed in the 
absence of differentiation of central nervous tissue.* 

Whatever the factors may be in these grafts and isolates that suppress 
their typical differentiation or that fail to support it, they seem to be allied 
with factors that foster the atypical production of chromatophores by cells 
originally destined to fulfil other functions. The fact that such condi¬ 
tions obtain is of twofold significance. In the first place, they suggest 
thdt in the teleosts at least, great caution must be exercised in the inter¬ 
pretation of transplantation- or explantation-ex|>eriments designed to 
elucidate the normal development of pigment-cdls. More positively, 
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they offer tlie hope that since in these fonns pignient-'Cells can be produced 
under experimental conditions by other than ty]:>ically differentiating cells, 
it may prove experirnenbilly feasible in them to analyze some of the factors 
responsible for this abnormal differentiation, and hence to shed further 
light on the nonnal mechanism of production of these cells in the typically 
differentiating embryo. 

Summary,—-Omits of germ-ring of Fundulus heteroditus gastriilae, 
exhibiting no other typical histogenesis, have in some cases been found 
to differentiate red blood corpuscles and raelanophores. Red blood cells, 
melanophores and occasionally xanthoj)hores have been found present in 
tail-shaped structures lacking other histological differentiation formed by 
ixjrtions of Epiplatys fasciokitus germ ring isolated in Ringer’s solution. 
In a single case out of approximately seventy-five studied, a nielauophore 
was differentiated in the absence of other histogenesis by a liy{)erblastula 
formed by an early Fundulus heteroditus blastoderm removed from the 
yolk and cultivated in double-strength Holtfreter’s solution. These 
facts in no way negate the possibility that in teleosts chromatophores are 
normally provided by cells comparable to the neural crest of amphibians, 
birds and mammals. They suggest, however, that under certain experi¬ 
mental conditions not adequate to foster normal histogenesis, cells other 
than those destined for such differentiation are capable of forming pigment- 
cells. 
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In the article “Studies on the Biochemical Genetics of Yeast, “ these 
Proceedings, pages 456-464, August, 1949, the reference^* on p. 459, 8th 
line up, and on p. 460, 5th line down, should be and among the refer¬ 
ences on p. 404 should be inserted: 

Burkholder, P. R., and Giles, N, H., Jr., Am, 7. Botany, 34, 345-348 
(1947). Seymour Pomrer 
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